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ABSTRACT

This paper addresses the problem of distributed estimation of
a parameter vector in the presence of noisy input and out-
put data as well as data faults, performed by a wireless sen-
sor network in which only local interactions among the nodes
are allowed. In the presence of unreliable observations, stan-
dard estimators become biased and perform poorly in low sig-
nal-to-noise ratios. We propose two different distributed ap-
proaches based on the Expectation-Maximization algorithm:
in the first one the regressors are estimated at each iteration,
whereas the second one does not require explicit regressor
estimation. Numerical results show that the proposed me-
thods approach the performance of a clairvoyant scheme with
knowledge of the random data faults.

Index Terms— Diffusion, distributed estimation, expec-
tation-maximization, sensor networks, total least squares.

1. INTRODUCTION

We study the problem of distributed estimation of an unknown
parameter vector when both the observations (output data)
and the regressors (input data) are assumed noisy. The es-
timation is performed by a wireless sensor network (WSN)
where the nodes are allowed to communicate within a small
neighborhood only, and where some nodes may be subject
to random transducer faults, in which case, the sensor is as-
sumed to observe only noise [1,2]. When dealing with noisy
input and output data, a good alternative is the Total Least
Squares (TLS) solution [3, 4], for which distributed imple-
mentations have been reported in the literature [5-7]. How-
ever, in the presence of data faults in the output data, the stan-
dard TLS estimation becomes biased, with the consequent
penalty in the Mean Square Error (MSE). Treating the ran-
dom data faults as hidden random variables, we derive two
distributed estimators based on the Expectation-Maximiza-
tion (EM) algorithm, a numerical method to compute the ma-
ximum-likelihood (ML) estimator in the presence of incom-
plete observations [9, 10]. As in previous contributions, the
information is spread across the network by means of dif-
fusion strategies [11], where a slower term for information
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diffusion is combined with a faster term for information av-
eraging [7,8]. The estimation is performed based on a single
data snapshot collected by each node, i.e., there is no new
data streaming in. The two implementations proposed differ
in that, in the first one, the regressors are estimated at each
iteration of the EM algorithm, whereas in the second they are
not.

2. PROBLEM STATEMENT

Consider the problem of estimating a parameter vector €
R’ based on a set of noisy observations

yi=aihi T + w;, (1)
Z,‘:hi + v; (2)
where w; ~ N(0,02) and v; ~ N(0,7%02I}) for all i =
1,...,N. The random variables {a;} are i.i.d. Bernoulli

distributed with Pr(a; = 1) = p, and reflect whether a sen-
sor has been subjected to a data fault: a; = 1 shows that
the ¢-th sensor correctly acquired the corresponding obser-
vation, whereas a; = 0 shows that only noise was sensed.
We assume that {a;, w;, vy} are statistically independent for
all {4, j, k}. Note that in case of a data fault at the i-th sen-
sor, only (1) is affected, but not (2). The regressors h; are
only observed through the noisy estimates z;, and the ra-
tio 72 of the regressor noise variance to the output noise va-
riance is assumed known'!. Whereas x is the parameter of
interest, p, o2 and {h;} are regarded as deterministic, un-
known nuisance parameters. Let us define y = [y; -+ yn ]T’
H = [T ;h%], Z = [2T -+ 2] and A = diag(a)
with @ = [a; --- an]”. When knowledge of A is available,
the clairvoyant Ordinary Least Squares (CV-OLS) estimator
can be computed as

Zcv.oLs=arg Inmin Hy - AZ$”2 = (ZTAZ)_lzTAy. 3)

This is the ML estimator of  when 2 = 0. However, this
estimator is biased if the input data is noisy (> > 0). For
known A, the ML estimators of  and {h;} in (1)-(2) are the
solutions to

min *|y ~ AHz|* +|Z ~ H|} @)

ntroducing different unknown variances would result in an overparam-
eterized problem, yielding lack of identifiability.



where |- | r denotes the Frobenius norm. Problem (4) is a gen-
eralized TLS problem [4], and its solution (clairvoyant TLS)
is given by

T

[ LCV-TLS ] = least eigenvector Of[ fff ]A[ Z ry ].05

—1/r

If one assumes A = I in (4), the standard TLS solution &y s
is obtained. However, &5 becomes biased when data faults
are present. Therefore, in the sequel we discuss a means to
compute the ML estimator for the problem (1)-(2) when the
{a;} are unknown. Two solutions based on the EM algorithm
are derived, which differ in their treatment of the regressor
matrix H.

3. ML ESTIMATION VIA THE EM ALGORITHM

Let = [T kT ... hL &% p]T. Due to the indepen-
dence of the data, the likelihood function of 0 is given by

N N
W, Z210)=][fwil0)-]]f(z16) 6)

i=1 j=1
where
1 _wi=hl=)? _ i
fyil G)Zﬁ pe 207 4+ (1—=ple 27| (7a)
yi¥ea
Fa10)= o A (7b)
Zj =——¢€ 2r202
(2mr202)%

Maximizing (6) w.r.t. @ in closed form is not possible, and
one has to resort to numerical methods. The EM algorithm
is particularly well suited to problems like the one at hand
in which hidden random variables (the {a;} in this case) are
present. We denote {y, Z} as the incomplete data set and
{y, Z,a} as the complete data set. Assume for the moment
a centralized approach in which a single node has access to
the set {y, Z}. Then, at iteration ¢ of the EM algorithm one
performs the following:

1. E-step: given an estimate ét and a trial value 6 of 0,

compute the conditional expectation

Q6 6:) = Ea {log f(y. Z,a10) | 6y, 2}
(®)
2. M-step: obtain the estimate for the next iteration as
01 = argmgx@(é; 0,). ©)
Since Z and a are statistically independent we have
After some algebra we get
~ 1 1 2
7Z7a 0)= .o 2:252 (HZ*HHF)
fy 10) (@mr257)
N
1 _ly—ABz? AHsz Ji-a
[ i(11)
(ere?)¥ gite

and taking the logarithm yields

_ N(L+1), . 1 -
tog £y Z,a 6)r ~ 2 iog 2 -z mp;
2réc
1 ~ N
3 (Hy — AH#| ) + > [ailogp + (1 — a;)log(1 — p)].
=1
Further, let ;, t= Eala; | 0,, Y, ] and A, = diag(a;) with
a, = [ar - ] Then, Q(8; ;) can be expressed as
- N(L+1), 1 .
Q6 61)x — ——"—1og6* — = (|12 — HI}
+r2(y — Ha)T Ay(y — HE) + r2yT (I — At)y)
+ S;logp + (N — S;) log(1 — p) (12)

where S't = va=1 a;,+. Note that, since a; is Bernoulli, one
has a; ; = Pr(a; = 1|0, y, Z). Making use of Bayes’ theo-
rem, these a posteriori probabilities can be obtained as follows

f)tpzl,t

~ - (13)
(1- pt)p?,t + ptp217t

Qi t =

with .
Pl = exp ——(yi — ah;{tﬁ:t)Z
bt 267

The new set of estimates is found by maximizing (12) w.r.t.
&, h, 52 and p. Maximizing first (12) w.r.t. p yields

>7 ae{0,1}. (14)

Pet1 = 3 Sk (15)

For the remaining parameters, two different ways can be fol-
lowed at this point: either estimating {h;} at every itera-
tion, or replacing its expression in the log-likelihood function
(LLF), as shown below.

_ Cyclic EM - Estimating H: The estimates for ;1 and
H, . can be found solving
min |Z—H |3+ (y—H&) A, (y—Hz).  (16)
&, H
Although (16) resembles a TLS problem, the presence of the
diagonal weighting matrix A; precludes a closed-form ex-
pression for the solution. Equating to zero the gradients of

(16) w.r.t. Z and ljf , and evaluating the resulting conditions
at & = &1 and H = H;, 1, one respectively obtains

ﬁglAtﬁt-kli’t-kl:I:IZ&-lAtya (17)
H; 1+ TQAthJrlfi’tJrlfi:Z:rl:Z + 7"2At'y§3;p+1~ (18)

From (17), if I:Itﬂ was available, then ;1 could be read-
ily obtained by solving an L x L linear system. Conversely,
if 4,1 was available, then H ++1 could also be explicitly ob-
tained, as the following result shows:



Lemma 1. The solution ﬁt+1 to (18) is a rank-1 perturba-
tion of Z given by Hyy1 = Z + us 1 &1, 1, with

~\—1 .
weersr? (L4 2@ PAr) Ay (y = Z0a).(19)

The proof follows immediately by substituting ﬁt+1 =
Z + ut+1zi:tT+1 in the left-hand side of (18). Note that I +
72||d,41 |2 Ay is a diagonal matrix, and hence its inversion is
computationally cheap. In order to obtain &;; and fIt+1,
we propose a cyclic-minimization (CM) procedure [13]: the
expression in (16) is minimized w.r.t. one of the variables
assuming that the other is fixed, and the process is repeated
until convergence. Starting with some initial (%), and for
k=1,...,K, compute

A 2 0\
HWM=Z 4 12 (I + 12 N*UH At>

<A, (y — Zﬁ:(’“l)) (at-““*l))T .0
and then solve for &%) in
(ﬂ(k))T A H®F) = (fI(k))T Ay. (1)

We then take @41 = @5 and H,41 = H¥). The estimate
for the variance is found in terms of those of « and {h;}:

s2 Ty —PlEe) +1Z - Henly
aE PPN(L+1)

(22)

where '&t =H tT_HAty. We propose to embed the CM itera-
tion just described within the EM iterative procedure, yielding
the modification of the centralized EM algorithm (CEM). In
essence, at each outer EM iteration, only one inner CM itera-
tion is performed, i.e., we take :igo) =x; and K =1. Although
the parameter trajectories of this modified version do not nec-
essarily coincide with those of the true EM algorithm, the sets
of fixed points of both schemes are the same.

Blind EM - Substituting H in the LLF: Next we pro-
pose an alternative approach in which explicit estimation of
h; is not needed. To this end, first we show how to obtain the
scalar products ﬂg:t:it featuring in (14). From Lemma 1, it
follows that H. =4 + utc&tT. Therefore, after some algebra,
one finds

Hig, =y — (I +7%|& P A0) (y — Z&,). (23)
Using this in (14), one obtains

. 2
alyi—z] &)
(yi(l —a) + W)

)
20%

piy = exp 24)

Now note that using again Lemma 1, the cost in (16) can be
minimized w.r.t. H. Substituting the optimum value of H

(which depends on ) in (16) results in the following problem
after some algebraic manipulations:

&r=argmin(y — Z2)" Dy(@) (y ~ 22)  (25)

where D, (&) = (I + r2|&|2A;)~" A,. Note that the cost in
(25) is not quadratic due to the fact that the diagonal weight-
ing matrix D, (&) depends on &. We propose to replace D, =
D,(&;) ~ Dy(&) in (25) in order to obtain a quadratic prob-
lem (weighted least squares), whose solution is

#141=(27D,Z)" ' Z" Dyy. (26)

The estimate of p is as before and given by (15), whereas the
new estimate of o2 is computed as follows

2 (= Z#0)"Dy(y — Zav) +y (I - Ay
b N(L+1)

We refer to this scheme as the blind EM (BEM) estimator. In-
spired by previous distributed approaches [2,5-7,11], we de-
velop distributed implementations of the centralized schemes
presented in this section, which are based on the diffusion
principle of [8]. The key observation is the fact that the global
quantities featuring in the centralized versions can be written
as summations over local quantities.
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4. DISTRIBUTED SOLUTIONS

Assume that each node ¢ = 1,--- , IV only has access to its
own measurements {y;, z;} and can only communicate with
a small subset of neighbors. At each node ¢ and at time k2
a local copy of the parameters {&; y, &Zk’ Pik} (and also
of ﬁ?k for the CEM) is updated in terms of the information
gathered from neighboring nodes. Let W € RV <Y denote a
weight matrix with a nonzero {ij}'" entry W;; only if nodes
7 and j can communicate with each other. We assume that the
network is connected, i.e., there is a path between any pair of
nodes {i,j}. W is assumed symmetric and satisfies W1 =1,
p(W — %) < 1, where 1 is an all-ones vector and p(-) de-
notes spectral radius. The general steps of the distributed EM
estimator are summarized in Table 1, whereas the interme-
diate variables are specified below for each method.

Distributed (D)-CEM: For the D-CEM approach, the a
posteriori probability a; , at node ¢ and at time k in (28) is
computed using

i — Gle Zﬁl 2

Pl = exp _ Gz ahiyin)” ok 4) , ae{0,1} (33)
’ 20’i’ &

and the intermediate variables are given by

F(j, k)=d;chjkhi)y (34)
£ k)=a; kst (35)
fo (3 k) =r*(y2 — yjaj uhl ) @ji1) + |25 — hyi* (36)
2We denote by k (rather than t) the iteration index for the distributed ap-
proaches, in order to emphasize the difference w.r.t. the centralized schemes.




For¢i=1,--- N
1. Initialize a; o and the local estimates ém. Initial-
ize the intermediate variables F'(j, k), f(j, k) and

fu(G, k), ¥ ve{o? a1}
Fork >1
2. E-Step: given OAM compute

Pi 1cPik
Pl wDik+pY  (1=Pix)

(28)

Qi =

3. M-Step: for every v € {02, a, 1}, compute the in-
termediate variables
)= Wi (1= B (G k—1) +an fu (G, K)) (29)
‘1’(i,k)=2j:1W]((1 Br) @, k—1)+x F (5, k)) (30a)
@i, k) =30, Wij (1= Bi)e(j, k—1) +ax f(j, k) (30b)
where f1(j, k) = 1, fa(J, k) = G, Vj, k and

0<é<1, k=1,2,--- (31)

1 1
o =15, Bk=1s
Solve for &; j,+1 in the L x L linear system

Q(% k)ii,kﬁLl = ‘P(la k)

and update

(32)

~2 _ 1 ¢o(ik) A~ $a(ik)
Tik+1 = 72LFD) ¢1(i,k) Pik+1 = G (R)

4. Repeat steps 2 and 3 until convergence.

Table 1. Diffusion-Based Distributed EM Algorithm

Distributed (D)-BEM: For the D-BEM approach, the a
posteriori probabilities in (28) are computed as

T/\
Yi —az; Tk

2

1
a — i T € {0,1}(37
Pik exp< 2&Zk <1+ar2i¢,k|2di,k) ),a 0,137

whereas the intermediate variables are given by

F(j, k)=d;.z;z] (38)
£(5, k)=d; 1y;2; (39)
foGok)=r?(dji(y; — 2] Tj0e1)” + (L= aj0)y5), (40)

with dj = G /(1 + 1225 k2a5).

5. NUMERICAL RESULTS

Computer simulations of the proposed EM-based estimators
have been performed in a network composed of N = 100

Normalized MSE

SNR, dB

Fig. 1. Normalized MSE vs. SNR in dB for the proposed
EM-based estimators, the TLS, the OLS, and their respective
clairvoyant versions CV-TLS and CV-OLS.

nodes randomly deployed on a unit square with an average
connectivity radius r, =0.25. We set L=5, p=0.8 andr=1,
and generate the entries of H as zero-mean i.i.d. Gaussian
random variables of unit variance. The distributed schemes
are run with a Metropolis weight matrix W [14] and 6 =0.8.
The local estimates are initialized as follows: a;0 = P;;1 =
1/2, &;1 =y;zi/zl z; and 62, = y?(1 — @, ). Conditioned
on H., the signal-to-noise (SNR) is given by

xTH"Hx+tr(HTH) < (1+ =) H HF . @1
N(L + 1)02 ~ N(L+1)o?

For the simulations, we take the upper bound in (41) as the
SNR, as it only depends on |z||* and |H|%. The perfor-
mance metric considered is the normalized MSE, defined as

NMSE{(k)} = m S E[|@i(k)—z]3]. @2)

Fig. 1 depicts the NMSE vs. SNR for all methods, for SNR
values in the range [0,24] dB. Note that both CV-TLS and
TLS exhibit a worse performance in the low SNR regime,
caused by numerical problems with the eigenvalue decompo-
sition, while all EM-based methods approach the curve for the
CV-TLS as the SNR increases. As expected, TLS and OLS
exhibit a flooring effect caused by the random data faults,
while CEM and BEM approach the clairvoyant solutions. Of
the two methods proposed, BEM seems to degrade more grace-
fully as the SNR is decreased. Therefore, if estimation of the
regressors is not needed, the D-BEM estimator offers a good
alternative at low complexity. Summing up, the EM-based
proposed methods constitute a better alternative than the TLS
or the OLS when knowledge of the data faults is not available.
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