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Abstract
Traditionally, digital watermarking and data hiding technologies have been evaluated according to robustness, capacity and imperceptibility measures. In this thesis we
address a new performance measure based on security considerations. In our context,
security has to do with the ability of the watermarking systems to properly conceal
the information that must be kept secret, such as the secret keys and the embedded
messages. The results of this thesis show that traditional watermarking techniques
lack, in general, good security properties. This, in conjunction with the often simplistic key management strategies, puts at risk the security of watermarking systems in
many practical situations.
Our security assessment is inspired in a cryptanalytic approach. First, we propose
a formal framework for assessing security, and we choose an information-theoretic security measure based on the work by Shannon in the field of secrecy systems. This
information-theoretic measure is used to quantify in a precise manner the amount of
secret information that is made available to an attacker upon the observation of marked
contents, and it is also the key component of several useful performance bounds. A
second part of this thesis is concerned with more practical security considerations: we
design estimators and algorithms to exploit the security weaknesses identified in the
theoretical analysis, in order to assess security from a practical point of view and compare the obtained results with the theoretical limits predicted by our security measure.
In some cases, surprisingly, the devised estimators achieve performance close to the
theoretical limit. In general however, it is not possible to extract all the available
information with manageable complexity, so several simplifications must be made. It
is also shown how attackers can exploit the non publicly available information after
performing a security attack.
Both analyses, from theoretical and practical points of view, are performed for the
two main groups of watermarking methods: spread spectrum and quantization-based
ones. Watermarking security brings new challenges to the field, so a good understanding of the problem is a must for the design of next-generation watermarking and data
hiding systems.
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un excelente compañero con el que compartı́ parte del trabajo de esta tesis en los
inicios; Juan, el “hombre tranquilo”; Gabi, siempre dispuesto a crear polémica; David,
el más reciente aunque muy prometedor fichaje. Mención especial a Dani, compañero
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Chapter 1
Introduction
1.1

A brief history

Digital watermarking can be defined as the process of embedding information in a
certain digital signal that acts as a “host” or “cover” signal. The invention of digital
watermarking can be traced back to 1954 [90], when Hembrooke filed a patent [130]
describing a method for the identification of music signals through the embedding
of inaudible codes, with the objective of proving ownership. However, it was not
until the early/mid-nineties when the interest in digital watermarking technologies
started to grow significantly, due to the advent of Internet and the wide spread of
digital contents distribution. During the first years, digital watermarking was mainly
intended as a tool for protecting the intellectual property rights over digital works
[213],[209],[52],[95], as originally conceived in [130]. However, the range of potential
applications soon became largely increased: copy protection [51],[144], fingerprinting
(traitor tracing) for piracy deterrence [53],[163],[212], metadata annotation [47],[58],
covert communications (steganography) [34],[56][223],[118], monitoring of broadcast
transmissions [98],[177], authentication of digital items [153],[43],[109], etc., giving rise
to the wider term “information hiding” technologies. A variety of algorithms were
developed for embedding information in still images [40],[132], video [128],[210], audio
[127],[151], text [33],[216], natural language [211],[219], digital circuits [154], and more.
As a result of this intense activity, digital watermarking shortly became a very
active field of research with a promising future, as one can see in the number of workshops, conferences and journals devoted nowadays to watermarking research. However,
it was an excess of self-confidence during these first years what probably led to several
remarkable failures, such as the Secure Digital Music Initiative (SDMI) [21] and the
well-known SDMI challenge [20]. Some voices raised strong criticisms against watermarking technologies [131], claiming that they would never succeed. Fortunately, the
watermarking community reacted in consequence [171], clarifying that digital water-
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marking was still an open topic and far from being a mature technology.
For the moment, digital watermarking technologies have not successfully addressed
some of the challenges they were originally devised to solve, mainly in the Digital
Rights Management field [27]. However, they have found other market opportunities,
and there exist indeed a number of companies successfully exploiting watermarking
technologies in diverse scenarios, such as broadcast monitoring, audience metering, or
audio and video watermarking for forensic applications. Digimarc [7], Teletrax [12],
Philips [2], Thomson [13], Cinea [3], Verimatrix [16], Verance [15], and Aquamobile
[1] are some examples of companies with business models based on digital watermarking technologies. Furthermore, a number of small companies are incorporating
watermarking capabilities to their video surveillance solutions, such as GeoVision [9],
MediaSec [10] and TRedess [14], for instance. Recently, the Digital Watermarking Alliance (DWA) [8] has been created by the sector’s main companies for promoting the
adoption of digital watermarking technologies. Recent reports [152] state that content
identification technologies such as digital watermarking and fingerprinting will experiment a rapid grow in the next years, probably surpassing US $500 million worldwide
by 2012. The main applications will be, according to this report, in Digital Rights
Management (DRM) related applications and forensics. Due to the increasing processing capabilities of handheld devices, other emerging applications such as interactive
advertising (linking printed content to the web) will also enter the picture.1
When talking about DRM related applications, we no longer mean copy control and
conditional access solutions. Indeed, the failure of traditional DRM technologies has
much to do with this restrictive approach that takes into account only the interests of
the industry, neglecting those of consumers. Therefore, there is a common agreement
in the need of rethinking the digital content distribution and DRM models in order
to achieve a better balance of interests [160]. The new models will probably be more
based on content monitoring and traceability approaches than on usage restriction
[38],[50],[146]. As such, watermarking and data hiding will play an important role as
enabling technologies (along with content-based identification) for these new business
models.
Forensic applications, on the other hand, have two main facets:
1. Fingerprinting (traitor tracing) applications, where the objective is to embed information in the digital contents in order to 1) enable their traceability and 2)
link them to particular individuals. This has immediate application in transactional business models where redistribution of the contents is not allowed, in
general, such as pay-TV and online music selling. Fingercasting techniques (joint
decryption and watermark embedding in set top boxes) seem promising in this
1

Interestingly, these trends had been foreseen by Cox et al. some years ago [90].
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regard [30]. The digital cinema industry, through the Digital Cinema Initiative
specification [142], has also planned to benefit from this kind of forensic tools,
requiring the embedding of fingerprints during the public exhibitions of movies.
2. Authentication-like applications, where the aim is to check the authenticity of a
digital item taking advantage of a certain watermark embedded in the content
beforehand. This has a clear application when digital contents want to be used
as legal evidence in a court of law.
Forensic applications are probably the best examples so far of the usefulness of
watermarking technologies. The two cases below are highly illustrative.
• Case 1: The cinema industry vs Sprague and Caridi [4]. This case was
highly publicized. Carmine Caridi, a member of the Academy of Motion Picture
Arts and Sciences, leaked to a friend of his (William Sprague) several promotional
DVDs (screeners) for the Academy Awards during 2003, that the latter illegally
commercialized on Internet. The screeners came from major picture studios,
like Sony Pictures, Universal, Warner Brothers... All of them were protected by
means of digital watermarks for identifying each of the individuals receiving a
promotional copy. The FBI Forensic Services detected the embedded watermark
in several illegal copies, and this automatically led to the primary source of the
leak: Carmine Caridi. After arresting Caridi and Sprague, they were found to
be guilty and sentenced to pay US $600,000 to the cinema industry for the lost
revenues.
• Case 2: Warner Music Group [6]. It is usual that many songs delivered as
promotional copies to radio stations and related media appear on the Internet
and P2P networks before the corresponding music albums are available for sale.
Several years ago, Warner Music Group (WMG) resorted to digital watermarking
technology in the promotional copies of one of their artists’ new album. These
copies were distributed to radio and TV stations all over the world, and shortly
after this, the first copies started to circulate on the Internet. Fortunately for
WMG, the watermarks embedded in the promotional copies permitted to identify
the sources of the leak and take the pertinent legal actions.
Forensics, despite being probably one of the most promising applications of watermarking technologies, is also highly demanding from the technological point of view.
In applications where forensic marking is involved, money and legal issues usually come
into play. Hence, it is of utmost importance to guarantee that the watermarking techniques being used are highly reliable, in such a way that innocent users will not be
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incriminated (this is currently an important problem in the case of fingerprinting for
large populations, for example).
In the next section we will analyze more in detail some of the issues arising from
the legal application of watermarking technologies.

1.2

Legal considerations

Legal aspects are rarely taken into account when considering watermarking technologies. We can find in the literature some references [201],[32], focused on DRM
applications (not specifically addressing watermarking) and the circumvention of Technological Protection Measures (TPMs). These papers are mainly concerned with the
legislative framework for DRM, especially the “Digital Millennium Copyright Act”
(DMCA) [26], and its foreseen influence in the development of future content distribution models. On the other hand, [94] and [160] are more specific to watermarking
techniques, yet focused on DRM and proof of ownership scenarios. The considerations
presented below are more oriented to forensic applications.
1.2.1

Digital images as legal evidence

It is well known that visual evidence (still pictures, videos) is often crucial for
determining the result of a trial. The most recent techniques in digital photography
and video allow to obtain high-quality images that can be provided as valuable proofs,
but there is an inherent reasonable doubt about the authenticity of such images. Of
course, it is possible to tamper with images in analog format, but it is much easier to
do it with digital images (nowadays, any average user has access to powerful editing
tools). In fact, there exist documented cases [48] where it has been proved that digital
retouching techniques were used to incriminate innocents. Currently, it is enough to
suggest that a digital image could have been maliciously modified in order to reject it
as a valid proof, if there is no reliable mechanism for proving its authenticity.
1.2.2

Forensic analysis of digital images

Due to the simplicity for tampering with digital images and videos, the work of the
forensic scientist as a specialist in digital imagery becomes particularly relevant when
using digital images as legal evidence. The forensic scientist establishes whether a certain image is authentic or not. The most important techniques for proving authenticity
are hashing, encryption and watermarking [28]. All these measures must be applied
beforehand (i.e. in a preventive manner). Being conscious of these legal needs, many
companies have incorporated these technological measures as an added value in their
video surveillance solutions ([9],[10],[11],[5], just to reference some examples).
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In spite of this, the introduction of watermarking technology in the legal machinery
is not so easy. Watermarks may be seen as irrefutable tools for authenticating digital
images and videos, but we can identify at least the following shortcomings:
1. At the embedding side: from the very moment that the watermark is embedded
in the original content, a reasonable doubt may arise: is the watermarked image
indeed the same as the original image? Obviously, the watermark must have
been embedded in an imperceptible manner, but the software manipulating the
images (the embedder) will be susceptible of being analyzed and certified.
2. At the decoding side: a serious concern, already raised in [94], is the need for
the application of certain transformations (inversion of a geometrical attack, for
example) to the image under analysis in order to properly detect/decode the
embedded watermark. Moreover, the answer of the watermark detector/decoder
cannot be regarded as 100% reliable. There exist always nonnull false negative
and false positive probabilities, and potential decoding errors.
The above issues are even more critical in the case of medical images, where the
requirements are very restrictive (cf. [180] by the English College of Radiographers).
Obviously, the validity of a scientific method as legal evidence is determined in last
instance by its error rate. Let us consider, for instance, the case of paternity proofs.
Depending on the used method, the false positive probability varies from 0.01% (with
a virtually null false negative rate) up to 1%, being DNA-based methods the most
effective. An error probability of 0.01% is considered, from the legal point of view,
as “beyond any reasonable doubt”. As for watermarking techniques, the theoretical
performance of many of them are around this figure, but the theoretical performance
measures are not always representative of all real scenarios.
In general, judges and lawyers are reluctant to accept as legal evidence new methods and techniques for which there are no documented legal precedents (let us recall
that the introduction of digital imagery in the courts is relatively new). To be more
precise, according to US laws [48], a legal evidence obtained by scientific means is admissible in court only “if the used techniques are commonly accepted by the scientific
community” (United States vs. Kilgus 1978).2 In this regard it is interesting to note
that, albeit watermarking technologies have experimented great advances during the
last decade, in general they have not been tested at such extent. This being said, it
seems that we still have a long way to go before watermarking technologies gain full
legal acknowledgement. The example considered below may be enlightening in this
sense.
2

Actually, a more restrictive requirement was adopted in 1993, known as Daubert (Daubert vs.
Merrell Dow Pharmaceuticals, Inc. 1993).
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1.2.3

An illustrative example: digital signature

A digital signature is a data string which associates a message (in digital form) with
some originating entity (the “signing entity”) [164]. Besides, it guarantees the integrity
of the message and its non-repudiation. The digital signature relies on cryptographic
technology: hash functions (SHA, Secure Hashing Algorithm) and the well known public key cryptographic scheme RSA (Rivest-Shamir-Adelman), invented in 1977 [164].
However, the first law on digital signature was not enacted until 1995 in the Utah state
(US), whereas the first European countries in adopting it were Germany and Italy in
1997 [25],[19], even before the first European directive on the subject [24]. In Spain,
for instance, the law on digital signature was not enforced until late 2003 [18].
In general, the massive deployment of a new technology is possible after two fundamental steps:
1. Reach of a satisfactory degree of maturity for the considered technology. In the
case of digital signature we have to main blocks: on one hand the hash functions,
whose more sophisticated versions can guarantee negligible collision probabilities;
on the other hand, the RSA scheme which has been proved to be secure for more
than two decades now. These two characteristics have made possible to create
secure digital signatures.
2. A standardization process. The definition, use and implementation of a technology must be reflected on internationally recognized standards in order to make
possible its deployment while guaranteing a minimum quality level. In the case
of digital signature, this process began in 1991 [22], dealing with aspects of RSA
and secure systems for electronic transactions, among others.
By translating the above considerations to the watermarking field, it is evident
that we are for the moment immerse in the first stage of the process of adoption of the
technology, working for constructing watermarking systems with provable robustness
and security levels. This is not surprising as watermarking technology is quite recent.
However, despite its short life, watermarking research has evolved enormously. The
next section gives an overview of the major advances that contributed to arrive at this
situation, helping to place this thesis in its proper context.

1.3

Milestones in digital watermarking research

The first digital watermarking and data hiding techniques (devised for digital images
in the early-middle 90s) were ad-hoc algorithms based on elementary image processing
manipulations. During the last years, these technologies have matured considerably.
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Watermarking research no longer pertains solely to the image processing field, but
it has become a complex technology at the crossroads of many technical fields, such
as digital communications, statistics, information theory, optimization (game theory),
perceptual analysis, etc. All these fields have played a fundamental role in the advance
of watermarking technology:
• The contribution of digital communications was in the modeling of watermarking as a classical communications problem, where certain information (the watermark) was to be placed in a channel (the host document) by means of a modulator
(the embedder) and recovered by a receiver (the watermark detector). The model
also allowed for the inclusion of attacks to the watermarking schemes, paving the
way to a rigorous analysis of the problem [39].
• The digital communications approach, together with the introduction of the statistical modeling of the problem, allowed to perform the first rigorous performance
analyses, providing probabilities of false positive/negative in detection applications [134], and Bit Error Rate (BER) in data hiding applications [195].
• Information theory was crucial in establishing the fundamental limits of the considered communications problem [66], [175],[176].
• Optimization and game theory made possible the modeling of the watermarking
problem as a game between embedder and attacker. The derivation of optimal
strategies [173] and worst-case attacks [172] for some cases has been possible.
• The perceptual analysis is key to finding the optimal domains of embedding
and the application of perceptual masks that maximize the power of the watermark without impairing the perceptual quality of the marked assets [39, Chapter 5],[89],[221].
The first milestone in watermarking research is probably the invention of spread
spectrum embedding by Cox et al. [86], inspired in the well known homonymous technique in the field of digital communications [42]. Spread spectrum techniques greatly
increased the robustness of the existing watermarks, withstanding lossy compressions
and many intentional removal attacks. However, spread spectrum (as well as the previous watermarking techniques) were still far from being optimal, since they suffered from
the so-called “host interference”, which is the name given to the serious degradation
of performance due to the interference introduced by the host signal.
The true inflection point in watermarking research came from the realization of watermarking as a problem of communications with side information by Cox et al. [91].
This, together with the rediscovery of the surprising Costa’s result [83] by Chen and
Wornell [62], gave rise to the “side-informed” paradigm. The adaptation of Costa’s
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result (which dates back to 1983) to the watermarking field basically says that, under
certain conditions, the amount of information that can be embedded in a digital content
and successfully recovered by the decoder is not affected by the host interference (even
when the decoder does not have access to the original content) if the embedder properly exploits the availability of the host signal. The side-informed paradigm led to the
development of new and revolutionary data hiding schemes based on structured codebooks [63],[108] (aka quantization-based methods) and Trellis-based embedding [168],
which significantly outperform the former spread spectrum methods in a wide range
of scenarios. Among the side-informed techniques, the most deeply studied are those
based on quantization, and specially those using lattice quantizers [63],[108],[174]. The
idea was extended to spread spectrum schemes as well, giving raise to hybrid methods
usually known as Spread Transform [63] schemes.
Other remarkable inventions and discoveries in the field have been the following:
• The use of channel coding techniques [196],[76] and resynchronization schemes
[182],[36], inspired by the digital communications field.
• The invention of asymmetric and public key watermarking schemes [120],[110].
• The introduction of zero-knowledge watermark detection [31] and other protocols
for secure implementation of transactional watermarking [163].
• The invariability against certain geometrical attacks, either embedding the information in invariant domains [203] or using specific codes for information embedding [197].
• More recently, the proposal and study of universal decoders for coping with geometrical transformations [170], and results on optimal embedding and detection
strategies under limited resources [165],[70].
Despite the tremendous progress done during the last years, watermarking schemes
have been mostly tested against conventional attacks (noise addition, lossy compression, geometrical transformations, etc.) that do not fully exploit the attacker’s knowledge and resources, in general. However, as recognized in [166, Chapter 6], it is realistic
to assume that next-generation attackers will devise much more sophisticated and challenging tools for attacking the watermarking schemes, “possibly obtaining information
about the algorithmic steps of the information hiding schemes”, and trying “to find the
secrets, already having a good enough knowledge about the algorithm itself ”. A wellknown class of this kind of attacks in the watermarking community are the so-called
oracle attacks [156],[74],[65], which exploit the availability of a watermark detector in
order to extract information about the secret parameters of the watermarking algorithm. Recently, other related attacks based on cryptographic-like weaknesses have
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shown their potential [41],[121],[61], so they have started to be seriously considered.
The core of the work presented in this thesis is about the analysis of the latter kind of
attacks, which can be cast in the framework of “watermarking security” [61],[71]. The
detailed objectives are explained in the next section.

1.4

Summary and thesis objectives

As mentioned above, the robustness and fundamental communication limits of the
watermarking / data hiding schemes are well studied topics. This thesis is concerned
with the study of another problem in the watermarking field, which has been rarely
addressed in the literature until very recently: watermarking security. Contrary to
classical robustness studies, security is focused on the capabilities of the watermarking schemes for concealing the secret information. By “secret information” we mean
certain information or parameters of the watermarking schemes that are supposed to
remain secret to any unauthorized party, such as the secret keys used in the embedding/decoding process.
The rigorous study of watermarking security is a necessary step towards the development of mature watermarking technologies in the future, capable of addressing the
requirements mentioned in Section 1.2. Thus, one of the objectives of this thesis is
to propose a formal model for assessing watermarking security. We are interested in
assessing, according to this model, the security of the two main groups of watermarking
methods introduced above: spread spectrum and quantization-based schemes. We will
check whether these watermarking schemes properly conceal the secret information or
not. If it is not the case, we will quantify how much of the secret information can
be disclosed by an attacker. For those cases that have shown to be not secure, we
will propose practical algorithms for disclosing the secret information, in a cryptanalytic fashion. The experimental results will be also used for supporting the conclusions
obtained in the theoretical analysis.
These objectives are addressed in the remaining chapters.
• Chapter 2 motivates the interest in the study of watermarking security, introduces
the fundamental concepts and definitions that will be used throughout this thesis,
and presents the measure for quantifying security. This formal framework has
been published in two conference papers [72],[71], and one journal paper [186].
• Chapter 3 presents a theoretical security analysis of the security of spread spectrum methods. The main results reveal fundamental limits and bounds on security, providing insight into other properties such as the impact of the embedding
parameters and the tradeoff between robustness and security. Moreover, this work
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formalizes and generalizes the work by other authors. One conference paper has
been published [187], and one journal paper has been submitted [191].
• Chapter 4 studies the security of spread spectrum methods from a practical point
of view, proposing estimators for extracting the secret information. Previous
methods proposed by other authors are theoretically analyzed for the first time.
New estimators, mainly based on the blind equalization paradigm, are proposed,
analyzed and tested in a variety of scenarios, comparing their performance to
that of the previous ones. The results have been included in an internal report
[183] and submitted in a journal paper [191].
• Chapter 5 analyzes, for the first time in the literature, the fundamental security
limits of quantization-based data hiding methods. The implementation considered for these methods is by means of nested lattice codes, which is the most
widely extended approach. Surprisingly, these methods will be shown to be
highly secure under some circumstances. In the other cases, their security will
be quantified. The obtained results have been published so far in four conference
papers [185],[192],[193],[189], and two journal papers [194],[190].
• Chapter 6 addresses the problem of practical estimation of the secret information for data hiding schemes using nested lattice codes. The proposed methods are based on the set-theoretic estimation paradigm and in tree search algorithms. The obtained results have been published in four conference papers
[185],[192],[193],[189], and two journal papers [194],[190].
• Finally, Chapter 7 summarizes the main conclusions that can be extracted from
this thesis and presents a series of challenges and open topics that deserve further
analysis in the future.

The present thesis is the first one completely devoted to the problem of watermarking security, although the very first one in addressing the problem was Comesaña [68].
Much of the work presented here is part of the contribution by the University of Vigo
to the European Network of Excellence in Cryptology (ECRYPT) [105], where watermarking technologies are considered as a fundamental component of digital media
security.
The approach followed in this thesis is not focused on particular watermarking
applications, but it rather looks at the fundamental security properties of the information embedding methods. As such, no formal distinction between watermarking and
information hiding terms will be made. One must bear in mind that, although the
approach can be extended to a variety of scenarios, it cannot be directly applied to the
steganography scenario, which falls out of the scope of the present thesis. As a final
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remark, we clarify that no security considerations at the protocol level are done; our
analysis is completely focused on the “physical layer”.
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Chapter 2
A formal framework for assessing
watermarking security

In this chapter, the formal model for the study of watermarking security is introduced.
First, Section 2.1 presents the general model for digital data hiding that will used
throughout this thesis. Section 2.2 exposes the motivations for the study of watermarking security, and provides a a formal formulation of the problem. Section 2.3
poses the need for a fundamental security measure, and justifies the selection of an
information-theoretic measure. The main properties of this measure are addressed in
Section 2.4. Some relevant concepts related to the chosen information-theoretic security measure are defined on Section 2.5. Finally, Section 2.6 presents the different
scenarios for security assessment that will be considered in this thesis.

2.1

General theoretical model of digital data hiding

The generic model for data hiding followed in this thesis is shown in Figure 2.1.
Essentially, digital data hiding can be modeled as a digital communications problem.
First, the digital content to be marked undergoes a certain transformation that outputs
a collection of coefficients (DCT, DWT, FFT. . . ), which are arranged in N column
vectors of length n, denoted by {xk , i = 1, . . . , N }. This set of feature vectors will
be termed “host vectors” or “host signals”. The message to be embedded in the host
vectors may be channel coded, yielding the letters {mk , k = 1, . . . , N }, which belong
to a p-ary alphabet M = {0, 1, . . . , p − 1}. The embedder modifies each host vector
xk , yielding a marked vector yk , that conveys information about the corresponding
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Figure 2.1: Communications model of digital data hiding

message mk .1 The resulting data hiding rate is
R=

1
log2 (p)
n

bits per coefficient. In general, any embedding function can be written as
y k = xk + w k ,

(2.1)

where the vector wk is known as the “watermark” vector. In order to randomize the
embedding function, the latter is made dependent on a secret key, which in Figure 2.1
is represented by the vector θ. The secret key is not directly used by the embedder;
instead, it is previously transformed by means of a certain function ψ(·) (which can be
a simple pseudorandom generator) that yields the secret parameters to be used in the
embedding function.
Once the marked signal is generated, the inverse feature extraction operation is
applied to the set of marked vectors {yk } in order to construct the marked content.
Thereafter, the content may be subject to attacks, which are usually modeled by means
of a probabilistic channel. These attacks are sometimes mere signal processing operations applied to the marked assets that can occur during the normal lifecycle of the
latter. In other cases, however, the attacks are performed by malicious users which try
to get some benefit from the attack: removal of the embedded information, reading of
1

In the embedding operation, the characteristics of the human perceptual system can be taken into
account in order to minimize the perceptual impact without affecting the robustness of the watermark.
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the hidden data, etc. After the possible attacks have taken place, the attacked content is presented to the decoder, which after performing the pertinent operations will
produce an estimate {m̂k , k = 1, . . . , N } of the sequence of embedded messages.
In order to analyze the data hiding problem from a theoretical point of view, the
signals involved in the theoretical analysis will be modeled as random variables, which
will be denoted by capital letters. Instatiations of these random variables will be
denoted by lowercase letters. The probability density function of a random variable X
will be denoted by f (x).
The embedding of information in a host signal invariably introduces a certain
amount of distortion. Due to the imperceptibility requirements usually imposed, it
is necessary to quantify the “embedding distortion” in a precise manner. We will
define the average embedding distortion per dimension as
Dw ,

1
E[||Wi ||2 ],
n

P
where the operator E [·] denotes mathematical expectation, and ||x||2 , i x2i denotes
the squared Euclidean norm of x. In order to quantify the relative powers between
the host and the watermark, we will introduce the “Document to Watermark Ratio”
(DWR):
DWR , 10 log10

1
E[||Xi ||2 ]
n

Dw

.

(2.2)

Although the DWR is not necessarily the best choice for taking into account the perceptual aspects of the distortion in an accurate manner, it is nonetheless a very useful
measure for assessing different embedding functions from a fair point of view, yet making the mathematical formulation of the problem affordable.
In addition to the theoretical model of digital data hiding just presented, we will add
a series of assumptions aimed at simplifying the theoretical analysis in the subsequent
chapters.
1. As for the host vectors {Xi , i = 1, . . . , l}, they will be assumed to be zero mean.
Should this not be true, the mean of the host vectors must be subtracted so
that the theoretical results shown in this thesis will hold. Furthermore, the
different host vectors Xi are assumed to be mutually independent and identically
distributed.
2. The messages {Mk , k = 1, . . . , l} embedded in different blocks are also assumed
to be mutually independent and equiprobable in M.
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3. Although not strictly necessary, we assume that both the selection of the extracted coefficients and the partitioning in length-n blocks of the host is public,
i.e. these operations do not depend on any secret parameter of the watermarking/data hiding scheme.

2.2

Motivation and statement of the problem

As mentioned in the previous section, the secret key θ is an input to some mapping function ψ(·) that outputs the secret parameters of the embedding and decoding
functions. The aim of such parameterization is twofold:
1. it is a way of protecting the digital contents from unauthorized embedding and/or
decoding;
2. it makes the marked contents more robust to attacks.
The latter assertion is easy to see, for instance, in spread-spectrum-based methods:
if the attacker ignores the secret subspace where the watermark lives, the best he
can do is to perform his attack in a “random” direction of the space. However, if
an accurate estimate of the spreading vector is available to the attacker, then he can
put all the attacking power on the estimated subspace, so in that case the advantage
brought about by spreading vanishes. Similar arguments would hold for any method
that performs embedding in a secret subspace or in a secret transform domain [100].
Clearly, when evaluating attacks to data hiding systems it is important to consider
the degree of knowledge about the secret key and about the data hiding scheme being
attacked. Based on that amount of knowledge, the following classification of attacks
to watermarking systems can be introduced.
1. Blind attacks. The attacker just tries to erase/modify the watermark without
taking care of the secret key, even when the watermarking algorithm could be
perfectly known. This is why these attacks are termed “blind”. These are the kind
of attacks traditionally considered in the watermarking literature concerned with
robustness assessment, and they include addition of noise, compression/filtering
attacks, geometric distortions, etc. However, as suggested above, if the attacker
manages to gain some knowledge about the secret key, he could devise more
harmful attacks. In this sense, “blind” attacks represent the most optimistic
scenario for the watermarker.
2. Attacks based on estimation of secret parameters. When the attacker has
knowledge about the data hiding scheme being attacked, he can try to obtain an
estimate of ψ(θ) before attempting at attacking the system since, as discussed
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above, this estimate can help him in succeeding in his task. Notice that we are
talking about estimation of ψ(θ) instead of θ itself; this is so because even when
ψ(θ) and the mapping function ψ(·) are perfectly known, it may not be possible
to recover the secret key θ, since ψ(·) is (or should be) designed so as not to
be easily invertible. However, the knowledge of ψ(θ) is usually enough for the
attacker’s purposes, in general.
3. Tampering attacks. As mentioned above, the observation of the outputs of
the embedder or the decoder only gives information about ψ(θ) but not about
θ; however, the attacker can try other ways for obtaining such information. For
instance, when the watermark embedder/decoder is part of an electronic device
which is publicly available (such as a DVD player), the attacker can try to tamper
with it in order to disclose the secret key. If the attacker manages to get perfect
knowledge about θ, this implies a complete break of the watermarking system
because he could perform the same actions as any authorized user.
It is clear that the first category of attacks just introduced (blind attacks) is concerned with the classical concept of robustness in watermarking and data hiding. The
tampering attacks are also well known in the literature; a possible countermeasure at
a hardware level against these kind of attacks is the use of tamper-proofing devices,
as proposed in [35]. The second category of attacks has been started to being considered more recently and their importance should not be neglected. There are two basic
scenarios where the attacker may attempt estimation of the secret parameters:
• Through the observation of the outputs of the embedder, i.e. the marked signals
[41],[121]. Similarly to cryptographic scenarios, the watermarker is usually given
his own secret key, that he will use repeatedly for marking images; hence, all
the contents (or at least a large number) marked by the same user will contain
information about the same secret key. Typically, a reliable computation of ψ(θ)
will require a large number of signals watermarked with the same secret key, but
once an estimate has been obtained it can be used for attacking more contents
of the same user without additional effort.
• Through queries to the watermark decoder [74], [156]. In some cases the attacker
may have access to a watermark decoder in the form of a black box. He can
take advantage of the answers of the decoder to some chosen inputs in order to
disclose information about the secret parameters of the decoding operation, such
as the shape of the detection region. This kind of attacks, which are well known
in the field of cryptography, receive usually the name of “oracle” or “sensitivity”
attacks.
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Once the attacker has estimated the secret parameters of the embedding and/or
decoding function, he can exploit this knowledge in order to devise powerful attacks
against the data hiding scheme which would not be possible for a “blind” attacker.
The following are some examples:
1. Unauthorized embedding of messages: in copy protection scenarios, for instance,
the attacker may remove the watermark inserted in a certain protected content
and embed later a different message: e.g. he may change the status of a protected
video from ”Copy Never” to ”Copy Once”.
2. Unauthorized decoding of messages embedded in other contents marked with the
same key.
3. Generation of forgeries: in some authentication scenarios, such as the one proposed by Eggers et al. [109], the approach is based on the embedding of a certain
reference message, using a specific secret key. This means that both the secret
message and the secret key remain constant for the contents marked by the same
user, so an attacker with a good estimate of the latter could easily generate a
forgery.
4. Complete watermark removal or “host recovery”: many embedding functions are
invertible if all the embedding parameters are known. This is not surprising, since
the embedding process can be expressed in general as an additive function (cf.
Equation 2.1). If the attacker manages to obtain a good estimate of the secret
parameters of the embedding function, then he could easily estimate the actual
watermark embedded in many cases. Should this be possible, the attacker would
be able to recover the original host signal, completely removing the hidden data.
5. Modification of the marked signal in such a way that the decoded message is
changed with minimum distortion. This could be possible, for instance, after
parameterizing the decoding region with the help of an oracle attack.
The importance of properly concealing the secret parameters of the data hiding
schemes becomes clear from these examples. These considerations motivate a view of
the attacks to data hiding systems from a cryptographic (or better to say, “cryptanalytic”) standpoint. The disclosure of the secret key (or the secret parameters) implies,
roughly speaking, a “break” of the system. The term “break” is familiar in the field of
cryptanalysis. Indeed, the similarities between the latter and the considered problem
are numerous, and analogies between both concepts will be frequently made during this
chapter. We formulate below more precisely the problem to be studied in this thesis.
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Figure 2.2: Considered model for security analysis.

2.2.1

Problem formulation

Although the concept of watermarking security is somewhat diffuse and it is still
a matter of discussion, it is commonly accepted that if the secret parameters of the
embedding/decoding function of a certain data hiding scheme can be estimated, then
the scheme cannot be claimed to be secure. In the remainder of this thesis, we will
work with the following definition in mind.
Definition 2.1. Attacks to security are those aimed at obtaining information from the
secret parameters of the embedding and/or decoding functions.
From this definition, it follows that a data hiding scheme is secure if it properly
conceals the secret parameters. Although this definition of security may appear too
restrictive, it poses two clear advantages over previous definitions:
1. it establishes a clear frontier between robustness and security;
2. it allows to model precisely the problem of watermarking security.
The scenario considered in the remainder of this thesis is the depicted in Figure 2.2:
1. The secret key of a certain user, Θ, is reutilized No times for marking a set of host
vectors {Xk }. This is a reasonable assumption, since a user is very unlikely to
change his secret key every time he watermarks a digital item; in fact, depending
on the considered scenario, the value of No could be fairly large. Due to the
assumptions on the statistical model made in Section 2.1, the marked signals Yk
are all conditionally independent given ψ(Θ), i.e.
f (Y1 , . . . , YNo |ψ(Θ)) =

No
Y

k=1

f (Yk |ψ(Θ)).

(2.3)
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2. The attacker manages to gather an ensemble of marked blocks {Yk , k = 1, . . . , No },
which may belong to different host signals, but all of them were marked with the
same secret key Θ. Besides, some extra “side information” can be available to
the attacker (see Section 2.6 below). The information at hand for the attacker
will be termed “observations”. From this ensemble of observations, he will try
to extract an estimate of the secret parameters ψ(Θ) of the embedding function.
We assume that the transformation ψ(·) is deterministic (in the sense that the
same input always yields the same output). This is desirable from the point of
view of the data hider, since a non-deterministic transformation would introduce
an additional source of randomness for the decoder, impairing the communication. Finally, we further assume that the output of ψ(Θ) is independent both
from the host signals and the embedded messages.2

3. As stated in Section 2.1, the procedures for extracting the features of the to-bemarked content and constructing the host vectors are publicly known, so they
can be obviated in the security model. We will further assume that the remainder parameters of the embedding function are also publicly known. Hence, the
only secret parameter is the secret key and its transformed version ψ(Θ). This
assumption is compliant with Kerckhoffs’ principle [150], well known in the field
of cryptanalysis, which states that the security of a cryptosystem must be based
solely on the secrecy of the secret key.

The problem of watermarking security under these assumptions will be addressed
in this thesis from theoretical and practical points of view. The followed approach
is essentially inspired in the field of cryptanalysis. We are interested in evaluating
whether a certain data hiding scheme properly conceals the secret parameters. If it is
not the case, we are also interested in quantifying how much information about the
secret key leaks from the observations. For those schemes that have shown to not be
secure, we will propose practical algorithms for extracting the information about ψ(Θ).
Bear in mind that if the function ψ(·) is publicly available, the attacker may try to infer
the original secret key with help of the estimate of ψ(Θ). However, such an approach
completely pertains to the domain of cryptanalysis, and as such falls out of the scope
of this thesis. The reader must be also aware that we will not deal with the security
analysis of data hiding schemes against oracle attacks.
2

Notice that in a more general formulation, ψ(Θ) could be made dependent of the host signal at
some extent in order to add more diversity to the secret parameterization of the embedding function.
Nevertheless, this strategy poses serious synchronization problems at the decoder side, and as such it
is rarely used.

2.3 Tools for measuring security

2.3
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From the definition of security given in Section 2.2.1, it follows that the security
of a watermarking system is directly related to the difficulty in estimating the secret
parameters of the embedding function from the observations at hand. Thus, a natural
question is how can we quantify the hardness of such estimation problem. Let us first
recall the classical criteria for evaluating the security of cryptosystems [206]:
• Computational security. This measure is concerned with the computational
effort needed to break a given cryptosystem. If the best known algorithm for
breaking the system demands a high number of computational resources, the
system is said to be computationally secure. Clearly, this measure is not very
useful as it is impossible to prove that a certain cryptosystem is secure (being
secure against a certain attack does not imply being secure against a different
class of attacks).
• Provable security. This measure consists in reducing the proof of security to
another problem which is well understood and known to be difficult, such as the
factorization of integers in prime numbers or many other combinatorial problems,
which are known to be NP-complete. This definition of security is more useful
than the former because it is possible to quantify the minimum effort needed to
break the system. However, the drawback of this approach is that it is impossible
to prove the security of a given cryptosystem in absolute terms, since the security
proof is always relative to some other problem.
• Unconditional security. A cryptosystem is said to be “unconditionally secure”
if it cannot be broken regardless the computational resources employed by the
attacker.
The above criteria can be readily translated to the data hiding scenario:
• A data hiding system would be computationally secure if the computational complexity of the best known algorithm for extracting the secret parameters of the
embedding function is unaffordable.
• A data hiding system would be said to be provably secure if it is proved that
disclosing the randomization applied to the embedding function is a hard computational problem. The main drawback of this approach is that, unlike for
classical cryptography (which deals with discrete variables), perfect disclosure of
the secret parameters is not needed, but an estimate is usually enough for the
attacker’s purposes.
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• A data hiding system is unconditionally secure if it is impossible to obtain any
information about the secret parameters, regardless the computational effort by
the attacker.

We will focus our approach on the third criterion. We are interested in a measuring tool capable of assessing whether a given embedding function is unconditionally
secure or not. In the latter case, it would be useful if the measure could provide the
amount of information that is leaked to the attacker, without resorting to computational considerations. Intuitively, a large information leakage would imply that the
system is potentially less secure. In other words, we look for a measure that reveals
the “fundamental” security weaknesses of a given embedding function.3 This is why we
resort to the seminal work by Shannon on the theory of secrecy systems [205], where
he proposed the mutual information between the secret key and the cyphertexts for
evaluating the security of cryptosystems. Assuming that both the cyphertexts and the
secret key can be modeled as random variables, let {Ck , k = 1, . . . , No } denote a set
of cyphertexts generated with a secret key Θ. The mutual information between the
cyphertexts and the secret key is defined as [84]
I(Θ; C1 , . . . , CNo ) = H(Θ) − H(Θ|C1 , . . . , CNo ),

(2.4)

where H(·) denotes the entropy function [84]. The first term in the right hand side of
(2.4) is the so-called “a priori” entropy of the secret key, and it represents the total
uncertainty about the key. The second term in the right hand side of (2.4) receives the
name of “equivocation”, and represents the remaining uncertainty or “residual entropy”
about the key after the observation of cyphertexts. The mutual information quantifies
in a precise manner the information leakage about the secret key provided by the observation of cyphertexts without imposing any restriction to the computational efforts
of the attacker. Based on the equivocation, Shannon defines the “unicity distance” as
the Nu for which H(Θ|C1 , . . . , CNu ) = 0. Therefore, the unicity distance is the number
of observations needed for the attacker, in average, to reduce his uncertainty about the
secret key to a unique candidate.
The adaptation of Shannon’s measure to the watermarking security framework is
straightforward, but one must be aware of one subtle difference: the paper by Shannon
[205] deals with discrete random variables, whereas watermarking deals usually with
continuous ones; this amounts to replacing the entropies in the computation of the
mutual information by “differential” entropies [84]. Denoting the ith observation by
Oi , the mutual information in the data hiding scenario is defined as
I(ψ(Θ); O1 , . . . , ONo ) = h(ψ(Θ)) − h(ψ(Θ)|O1 , . . . , ONo ).
3

(2.5)

In this thesis we also evaluate the security from a practical point of view, but only with the
purpose of confirming the identified security weaknesses, not with computational security measures in
mind.
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Similarly to (2.4), the first term in the right hand side of (2.5) is the “a priori” entropy
of the secret parameters, and the other term is the equivocation given No observations.
Note that we measure the mutual information between the observations and the secret
parameters, which are a function of the secret key.
As suggested above, the information-theoretic model of watermarking security captures the worst case for the watermarker, because it quantifies the total amount of
information about the secret parameters that is provided by each observation. An
interesting question is the gap between theoretical and practical security, since the
complexity of extracting all such information may be unaffordable, in general. In
this sense, the mutual information I(ψ(Θ); O1 , . . . , ONo ) must be regarded to as the
“achievable rate” in a hypothetical communications problem, where the information
to be transmitted is ψ(Θ), and both the host signal and the embedded messages play
the role of interfering channel. In other words, the information-theoretic analysis will
provide a pessimistic bound on security, a bound which is achievable by means of an
infinite computational power, in general. Of course, the watermarker will be interested
in minimizing the achievable rate about the secret key while simultaneously maximizing I(Y; M |ψ(Θ)), i.e., the achievable rate about the embedded message for a fair
user.4 For a given embedding function and embedding distortion, this can be posed
as an optimization problem where the variable to be optimized is the statistical distribution of the secret key.5 The parameters of the embedding function affect both
the security and the robustness of the scheme; their influence and the relation between
security and robustness can be made patent by the representation of I(Y; M |ψ(Θ))
vs. I(ψ(Θ); O1 , . . . , ON ), yielding a collection of “achievable regions” similar to those
in classical broadcast channels [84].
The study of security from an information-theoretic point of view requires a statistical modeling of all the variables involved in the problem: the host signals, the secret
key, and the embedded messages. The properties of the equivocation and the mutual
information as security measures are discussed in Section 2.4.
2.3.1

How we arrived at this approach

The formulation of the watermarking security problem presented in this thesis and
the choice of the information-theoretic measure are the results of the research on a
continuously-evolving concept that was addressed by numerous authors during the last
years.
During its infancy, digital watermarking research focused on the study of robustness
4

I(Y; M |ψ(Θ)) denotes the mutual information between the watermarked image Y and the embedded message M when the secret key Θ is known.
5
In this optimization problem, a constraint on the a priori entropy of the secret key must be
imposed in order to avoid a trivial solution, such as a deterministic key.
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against simple attacks such as noise addition, coarse quantization, low pass filtering,
etc. Cox and Linnartz [88] were the first to establish a classification of the attacks
to watermarking systems in “intentional” and “non-intentional” attacks, but without
a clear notion of security yet. The pioneer in proposing a theoretical framework for
security in general watermarking scenarios is probably Mittelholzer [169]. The work
in [169], which is inspired on the work by Cachin [56] in the field of steganography,
already introduces the concepts of equivocation and secrecy borrowed from Shannon’s
approach [205]. Mittelholzer considers the security problem in terms of secrecy of the
embedded messages, but his model does take into account the possible information
leakage about the secret key, and its reuse for marking several objects.
A first attempt at clarifying the meaning of security in watermarking is due to
Kalker [145], who proposed definitions for robustness and security in the watermarking
context; however, these definitions were too broad so as to be adopted in formal frameworks. As a result, the classification of attacks and the distinction between robustness
and security continued to be matter of study in certain subsequent works such as [121]
and [41]. The work by Furon et al. in [121] meant a great leap in the development
of the theory of watermarking security due to the establishment of an analogy between watermarking security and cryptography, which had been already suggested by
Hernández et al. in [133]:
• As in cryptography, watermarking systems make use of secret keys. According to
Kerckhoffs’ principle [150] in cryptography, if one wants to provide a quantitative
measure of security, all the parameters of the system must be made public, and
the security must rely only on the secret key.
• Attacks to security can be classified according to the amount of information made
available to the attacker, similarly to the Diffie-Hellman classification of attacks
to cryptosystems [101]. This classification decouples at a great extent the study
of security from the specific watermarking application being considered.
• The “security level” of a watermarking system is said to be the effort required
for disclosing the secret key.
In the work by Barni et al. [41], the restriction imposed by the Kerckhoffs’ principle
was relaxed with the aim of providing a wider view of the security problem. Essentially, watermarking is seen as a game with certain rules that determine what is the
information about the watermarking scheme that is publicly available, giving rise to
“fair” and “unfair” attacks depending on whether the attacker exploits only public
information or, on the contrary, tries to access the secret information. Despite being
quite general, the framework introduced in [41] is not easily applicable to real scenarios.
Instead, the key ideas contained in [121] were the basis for the solid work by Cayre et
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al. [61], where the security of a real watermarking scheme was analyzed for the first
time in a quantitative manner by resorting to the “Fisher information” [115],[84] and
the statistical modeling of the watermarking problem.
Shannon’s approach (i.e. using mutual information as security measure) is finally
recovered for watermarking security in [71]. The main difference between [71] and [61]
turns out to be the information leakage measure. The authors of [61] choose the Fisher
Information instead of Shannon’s mutual information by arguing that when the latter is
applied to continuous random variables it makes no sense as a measure of uncertainty
because it can take negative values. However, this is not a reason for discard it as
an information measure, as will become apparent in Section 2.4. Furthermore, the
Fisher Information presents some drawbacks, such as the computation of the Fisher
information needs the existence and differentiability of the log-likelihood function of the
observations given the key, precluding its application to the analysis of some practical
methods (dither modulation data hiding [63], for instance); fortunately, these problems
do not appear when using the mutual information measure. Nonetheless, the work in
[61] constitutes the main reference for the present thesis.
Besides the information-theoretic models already introduced [169],[61],[71] there
have been very few additional attempts at establishing theoretical measures of watermarking security: in fact, we are only aware of the so-called “computational” security
model proposed in [148], directly inspired in the computational models commonly used
in cryptography (enumerated at the beginning of this section). This model imposes a
complexity constraint to the attacker in the sense that only polynomial time computations are allowed, and the security is related to the probability of successfully inferring
(after an interaction between watermarker and attacker) which secret key out of two
was used for watermarking a certain object. Nevertheless, as recognized in [148], the
application of the computational model to existing watermarking schemes may be very
difficult, and no results in this direction have been published so far. In contrast, the
information-theoretic model presented in this thesis has been already applied for assessing the security of the two main classes of watermarking methods: spread-spectrum
and quantization-based ones.
For further reference on this topic, the reader may want to check the recent survey
by Furon [119]. Watermarking security under this viewpoint is also briefly addressed
in [174, Section X].

2.4

Fundamental properties of information-theoretic measures

The properties of the security measure used in this thesis are given by those of the
mutual information and differential entropy.
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The differential entropy is basically a measure of the randomness of a random
variable. The differential entropy of a random variable V with support domain RV
and pdf f (v) is defined as [84]
h(V) , −

Z

RV

f (v) · log(f (v))dv = −E [log(f (V))] .

(2.6)

The base of the logarithm in the above definition can be arbitrarily chosen. This
choice determines the units of the equivocation and of the mutual information. The
most common choices are base 2 or base e. In this thesis we will work with natural
logarithms (i.e. to the base e), so the equivocations and mutual informations will
be always given in nats. Intuitively, the differential entropy of a continuous random
variable can be interpreted as the logarithm of the volume of its typical set [84, Section
9.2]. Hence, small values of the entropy imply that the outcomes of the considered
random variable are contained with high probability in a small region of space, and
thus the uncertainty is small. A large entropy, on the contrary, means that the values
of the random variable with significative probability are scattered over a large region.
Bear in mind that, as opposed to entropy, the differential entropy can take negative
values (meaning that the volume of the typical set is smaller than unity). In fact, the
differential entropy of a deterministic random variable approaches −∞.
In order to check the properties of the equivocation, we need to recall the concept
of conditional entropy. Let V, A two random variables with pdfs f (v) and f (a),
respectively, and joint pdf f (v, a). Assume also that V and A have support domain
RV and RA , respectively. The entropy of V conditioned on A is defined as [84]
h(V|A) =

Z

h(V|A = a)f (a)da,

(2.7)

RA

where h(V|A = a) is the entropy of V conditioned on a particular realization, a, of
the r.v. A. It is a known result [84] that the conditioning of random variables reduces
entropy. Formally, we say that
h(V|A) ≤ h(V).

(2.8)

The conditional entropy above is a measure of the remaining uncertainty about V,
in average, when A is observed. Intuitively, when considering several observations
marked with the same secret key, the entropy of ψ(Θ) should become smaller with
each observation. Recall that the equivocation has been defined as the a priori entropy
minus the mutual information. The general behavior of the mutual information is
formally stated in Lemma 2.2, which makes use of the result in Lemma 2.1. We first
recall the definition of concavity for a real-valued function f (x).
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Definition 2.2 (Concavity). A function f (x) defined in a real interval [a, b] is said
to be concave if and only if
f (λx1 + (1 − λ)x2 ) ≥ λf (x1 ) + (1 − λ)f (x2 ), ∀ x1 , x2 ∈ [a, b], with λ ∈ [0, 1].
If strict inequality holds, then the function is said to be strictly concave.
Lemma 2.1 (Discrete concavity). A discrete function g(n), with n ∈ Z, is (strictly)
concave if and only if ∆g(n) is (decreasing) non-increasing, with ∆g(n) , g(n + 1) −
g(n).
Proof: See Appendix A.1.
Lemma 2.2 (Concavity of the mutual information). The mutual information
between ψ(Θ) and the observations is an increasing, concave function of the number
of observations No .
Proof: See Appendix A.2.
Therefore, using the definition of equivocation and taking into account the result
of this lemma, it is straightforward to see that the equivocation is a decreasing, convex
function of the number of observations No .
Another property of the equivocation which makes it particularly useful for measuring security is that it defines a lower bound on the estimation error of the secret
parameters. This is formally expressed in the following lemma.
Definition 2.3 (Variance per dimension of the estimation error). Let ΣE denote the covariance matrix of the estimation error about the secret parameters. The
variance per dimension of the estimation error is defined as
σE2 ,

tr(ΣE )
.
n

(2.9)

Lemma 2.3 (Information-theoretic bound on the estimation error). The variance per dimension of the estimation error can be lower bounded as


2
1
2
(2.10)
exp
h(ψ(Θ)|O1 , . . . , ONo ) .
σE ≥
2πe
n
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Proof: Let us define the estimation error as e , ψ(θ)−ψ̂, where ψ̂ , ζ(O1 , . . . , ONo )
is the estimate of ψ(θ) obtained from the observations. If the covariance matrix of the
estimation error is given by ΣE , then it is immediate to upper bound its entropy by
[84, Th. 9.6.5]
1
h(E) ≤ log ((2πe)n |ΣE |) .
(2.11)
2
Furthermore, note that
h(E) = h(ψ(Θ) − ψ̂) ≥ h(ψ(Θ) − ψ̂|O1 , . . . , ONo )
= h(ψ(Θ)|O1 , . . . , ONo ),

(2.12)

since ψ̂ is a function of the observations. Thus,


n
tr(ΣE )
1
n
,
(2.13)
h(ψ(Θ)|O1 , . . . , ONo ) ≤ log ((2πe) |ΣE |) ≤ log 2πe
2
2
n
1
E)
[84, Th. 16.8.4].
where the second inequality follows from the fact that |ΣE | n ≤ tr(Σ
n
Now, using Definition 2.3 and rearranging terms in (2.13), we arrive at the bound
(2.10).
From (2.10) it can be observed that, in order to achieve an error-free estimate of
the secret parameters, the equivocation must necessarily approach −∞. The lower
bound (2.10) is nothing but the entropy power of ψ(Θ) given No observations [84].
For this bound to be achievable, the estimation error must be Gaussian-distributed,
although this does not necessarily occur in practice. Thus, the lower bound provided by
the equivocation can be regarded as a fundamental bound that provides a pessimistic
estimation of the security of a data hiding scheme. Notice also that the bound (2.10)
is also valid as a bound on the mean-squared error (MSE) per dimension; in this case,
the bound would be achievable if, besides having a Gaussian estimation error, the
considered estimator of ψ(Θ) is unbiased.
It is interesting to note that this bound on the estimation error is similar to the
well known Cramér-Rao lower bound [93], which relates the Fisher Information Matrix
(FIM) to the minimum variance σE2 achievable by an unbiased estimator:
σE2 ≥ tr(FIM(ψ(Θ))−1 ),

(2.14)

and has been used in [61] for evaluating the security of additive spread spectrum
watermarking.

2.5

More definitions based on information-theoretic measures

The mutual information and the equivocation are the basis for the definition of
some fundamental concepts on the security of data hiding schemes:
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Perfect secrecy: a watermarking system is said to achieve perfect secrecy (or unconditional security) whenever the observations do not provide any information
about the secret parameters, that is,
I(ψ(Θ); O1 , . . . , ON ) = 0.
The meaning of the perfect secrecy condition, in statistical terms, is that the a
posteriori probability of the observations given ψ(Θ) is the same as the a priori
probability, i.e.
f (O1 , . . . , ONo |ψ(Θ)) = f (O1 , . . . , ONo ).

(2.15)

In practical terms, perfect secrecy means that all efforts by the attacker for disclosing the secret key will be useless, even if he could afford infinite computational
power. Clearly, the construction of watermarking systems complying with this
definition may be an extremely difficult task, or lead to unpractical systems (due
to complexity requirements or length of the key, for instance).
ε − N security: a watermarking system is said to be ε − N secure if
I(ψ(Θ); O1 , . . . , ON ) ≤ ε,

(2.16)

for a positive constant ε. Anyway, one must be careful with the definition of ε−N
security and perfect secrecy: maybe the information leakage is small (null), but
this might be due to a small (null) a priori entropy of the secret key; to see this,
consider the extreme case where the secret key is deterministic: in this situation,
the information leakage is null, but in turn the system completely lacks security,
since no secret parameterization takes place. This consideration gives rise to the
notion of “security level”, defined next, as a more convenient measure of security.
γ-security level: for those systems with I(ψ(Θ); O1 , . . . , ON ) 6= 0, the γ-security
level is defined as the number of observations Nγ needed to make
h(ψ(Θ)|O1 , . . . , ONγ ) = h(ψ(Θ)) − I(ψ(Θ); O1 , . . . , ON ) ≤ γ,

(2.17)

where the threshold γ (which can be negative) is established according to some
criteria, as discussed below.
Unicity distance: it is defined as the number of observations Nu needed to yield
a deterministic key, i.e., h(ψ(Θ)|O1 , . . . , ONu ) = −∞.In the case of an a priori
deterministic key, the unicity distance would be 0; however, it can approach
∞ in a general case, thus making useful the definition of the γ-security level.
Furthermore, many attacks to the robustness can be performed without having
perfect knowledge of ψ(Θ); instead, an accurate estimate may be enough for the
attacker’s purposes.
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As mentioned above, it is not possible in general to construct perfectly secure watermarking systems; hence, the question is whether the achievable security levels are
good enough for practical scenarios. The required security level will be determined by
the specific application and the computational power of the attacker; in video watermarking, for instance, the large number of observations available [103] imposes severe
restrictions in terms of security.
One of the main criticisms [148] to information-theoretic models for watermarking
security is how can they be related to practical security levels, or equivalently, what
should be the criteria for establishing the threshold γ in Eq. (2.17). From a practical
point of view, the success of an attack based on the estimate of the secret mapping ψ(Θ)
is closely related to the estimation error attainable by the attacker: the more reliable
the estimate, the easier for the attacker to achieve his goals. Thus, it seems natural to
fix the threshold γ in accordance with this estimation error. As discussed in Section 2.4,
the equivocation gives a pessimistic bound on the estimation error attainable by an
attacker. Hence, the definition of γ-security level can be readily used for establishing
conservative security levels in the considered data hiding schemes. In this regard, it is
interesting to note that the strong relation between information-theoretic and statistical
measures has been recently reinforced by some works, where exact relations between
mutual information and minimum mean-squared error are established for a variety of
additive channels [124],[125],[181].

2.6

Evaluation scenarios

Under the Kerckhoffs’ assumption, all the parameters and details of the data hiding
scheme are known by the attacker, with the exception of the secret key. He must infer
information about the secret key using the observations at hand. However, depending
on the considered scenario, the amount and type of observations available to the attacker may vary. This gives rise to a Diffie-Hellman-like classification [101], which was
applied to the watermarking field for the first time by Furon et al. [121], establishing
the following scenarios:
• Only watermarked content attack, where the attacker has access only to
marked signals, but not to embedder neither decoder. Thus, the inference about
the secret parameters of the embedded must be made relying solely on the marked
signals.
• Watermarked content pair attack, where the the observations are pairs of
marked signals and their corresponding original versions. Here, the attacker has
an extra source of information with respect to the previous scenario.

2.6 Evaluation scenarios

31

• Chosen original content attack, where the observations are pairs of marked
and original signals chosen by the attacker. This situation may correspond, for
example, to an scenario where the attacker has access to a watermark embedder
as a black box.
• Chosen watermarked content attack, where the watermarker has access to
a watermark detector/decoder as a black box. The attacker may feed the decoder with a chosen watermarked signal and observe the output in order to gain
knowledge about the secret parameters of the decoder. This kind of attacks are
also known as “oracle attacks” or “sensitivity attacks” [156],[147],[73], already
mentioned in Section 2.2.
This type of classification decouples at a large extent the security analysis from the
specific application. Furthermore, it allows to identify the components of security more
clearly: the embedding method itself, the additional randomness brought about by the
embedded messages, the availability of an embedder/detector as a black box, etc.
In this thesis we will address the problem of watermarking security in the following
classes of scenarios, which are based on the classification proposed in [61].
Known Message Attack (KMA)
The attacker is assumed to have access to watermarked signals and to the messages
embedded in each of those signals. Hence, in this case the security measure is given by
I(Y1 , . . . , YNo , M1 , . . . , MNo ; ψ(Θ))
= I(Y1 , . . . , YNo ; ψ(Θ)|M1 , . . . , MNo )
= h(ψ(Θ)) − h(ψ(Θ)|Y1 , . . . , YNo , M1 , . . . , MNo ),

(2.18)

where the second and third equalities follow, respectively, from the definition of mutual
information and by the assumption of independence between the messages and the
secret key (cf. Section 2.2.1). This scenario constitutes the basis for the study of more
involved scenarios and provides the main insight into the security problem, since the
influence of the embedding parameters of the data hiding scheme can be more easily
identified. Furthermore, it is also representative of some practical applications such as
the following:
1. In the copy protection application, the embedded messages are usually known by
any user. For instance, in copy protection for DVD video [51], the DVD player
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may inform about the usage restrictions on certain DVD disks with messages like
“Copy Never”, “Copy Once”, which were previously embedded in the digital contents. Moreover, due to severe resynchronization issues, watermark embedding
strategies for video applications usually work with a unique secret key which is
reused for marking the video sequences in a frame-by-frame basis. This, together
with the fact of knowing the embedded messages, implies a serious threat to the
security of copy protection applications.
2. Certain watermark detection schemes are adaptations of other schemes originally
devised for data hiding applications. For instance, [157] and [184] propose the
use of lattices for detection. The proposed methods are based on the well-known
lattice DC-DM and ST-DM [63] schemes, respectively, and their adaptation to
detection applications consists basically in limiting the possible transmitted messages to one representative. Hence, this framework would also fit in the KMA
scenario as described in this thesis.

Watermarked Only Attack (WOA)
WOA models most of the data hiding scenarios of practical interest. The only information available to the attacker are the marked signals, without any knowledge of the
embedded messages.
The security measure is given by
I(Y1 , . . . , YNo ; ψ(Θ)) = h(ψ(Θ)) − h(ψ(Θ)|Y1 , . . . , YNo ).

(2.19)

As can be expected, the information about ψ(Θ) provided to the attacker in the WOA
scenario never exceeds that in the KMA scenario. We will pay special attention to
quantifying how much information is lost due to the ignorance of the embedded messages. This loss will be represented by the “loss function”, defined as
δ(No ) , I(Y1 , . . . , YNo , M1 , . . . , MNo ; ψ(Θ)) − I(Y1 , . . . , YNo ; ψ(Θ)).

(2.20)

This expression can be further simplified. By using the chain rule for mutual informations [84, Chapter 2], Eq. (2.19) can be rewritten as
I(Y1 , . . . , YNo ; ψ(Θ))
= I(Y1 , . . . , YNo ; ψ(Θ), M1 , . . . , MNo ) − I(Y1 , . . . , YNo ; M1 , . . . , MNo |ψ(Θ))
= I(Y1 , . . . , YNo ; ψ(Θ)|M1 , . . . , MNo ) + I(Y1 , . . . , YNo ; M1 , . . . , MNo )
(2.21)
− I(Y1 , . . . , YNo ; M1 , . . . , MNo |ψ(Θ)).
The first term of Eq. (2.21) is the mutual information in the KMA scenario. The second
and third terms of (2.21) represent the amount of information that can be learned by an
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attacker and by a user knowing the key, respectively, about the sequence of embedded
messages. Using (2.21), the loss function can be rewritten as
δ(No ) = I(Y1 , . . . , YNo ; M1 , . . . , MNo |ψ(Θ)) − I(Y1 , . . . , YNo ; M1 , . . . , MNo )
= H(M1 , . . . , MNo |Y1 , . . . , YNo ) − H(M1 , . . . , MNo |Y1 , . . . , YNo , ψ(Θ)),
(2.22)
where the second equality follows from the definition of mutual information. The loss
function, which is always positive, quantifies the information about T that is lost due
to the a priori ignorance of the embedded messages. As can be seen from (2.22), the
loss can be formulated as “the information that ψ(Θ) provides about the embedded
messages upon observation of marked signals”.
As an illustrative example that fits in the WOA scenario we can mention fingerprinting applications, where a seller embeds identification codes of the buyers in the
digital contents to be sold, with the purpose of enabling their traceability. In this
case, each content contains different embedded information, but all the contents will
have been watermarked with the secret key of the seller. Thus, a possible approach for
the buyers in order to implement a collusion attack (although many other approaches
are possible) is to estimate first the secret key and then to remove the watermark of
each content. In this case, a security analysis could provide an approximate figure of
the observations needed for successfully implementing such collusion attack, giving a
certain advantage to the seller.
Constant Message Attack (CMA)
In some particular instances of the WOA scenario, the actual embedded message is
unknown by the attacker but it can be known to be repeated in a certain set of observations (marked signals). Clearly, this scenario can be thought of as an intermediate
case between KMA and WOA.
The CMA assumption turns out to hold in many practical applications (the cases
2 and 3 below could be possibly regarded as valid in certain KMA scenarios as well):
1. Data hiding for audio and video. Usually, when marking audio and video
signals, the information is repeatedly embedded in consecutive blocks due to
simplicity of the embedding, resynchronization and granularity issues. We can
find an example in the requirements imposed by DCI [142] to forensic marking
technologies for digital cinema. The DCI specification demands the periodic
insertion in the audio and video contents of information with the place and date
of exhibition. This information must be repeated every few minutes in order to
identify the source of an illegal camcording even if the available fragment is small.

34

A formal framework for assessing watermarking security
2. Embedding of pilot signals. In general, watermarking and data hiding schemes
are vulnerable to desynchronization attacks, either in the form of geometrical attacks [218] or temporal shiftings [37]. In order to simplify the resynchronization
task, some authors have proposed the insertion of a reference message as a pilot
signal in the marked contents [218],[107],[108]. This implies that a large amount
of marked signals can contain the same reference message embedded. If the exact
location (i.e. the subset of coefficients) of the pilot signal is known, the attacker
can try to estimate it in order to remove it and fool the watermarking system.
3. Authentication. Certain authentication schemes (e.g. [109]), are based on the
embedding of a reference message (which may be derived from the secret key) in
the contents to be protected. The authentication process consists in decoding the
message embedded in the to-be-authenticated content and checking whether it
matches the reference message or not. This implies that the contents marked by
the same user contain the same reference message, similarly to the case of pilot
signals mentioned above.

Chapter 3
Security of Spread spectrum Watermarking:
Theory
In this chapter, the framework introduced in Chapter 2 is used for developing a complete security analysis of spread spectrum methods for data hiding. In spread spectrum
methods, the secret key is mapped to a pseudorandom sequence, which is usually known
as secret “carrier” or ”spreading vector’ (both terms will be used without distinction
throughout this thesis). Roughly speaking, watermark embedding is performed by
modulating the secret carrier with the message to be embedded and adding the result
to the original host signal. This way, the watermark is hidden in a secret subspace,
preventing its access or removal by unauthorized users. On the other hand, this makes
that all the signals marked with the same secret key contain the same pseudorandom
pattern, a fact that constitutes a potential security hole.
In this chapter, three well-known data hiding methods are considered: additive
Spread Spectrum [87], attenuated Spread Spectrum [173], and Improved Spread Spectrum [161]. Spread spectrum methods continue to be widely used, as many embedding
functions existing nowadays are based on spreading. Thus, the analysis presented
in this chapter is expected to provide useful insights in the identification of security
weaknesses of current spread spectrum schemes and the design of improved ones.
This chapter is organized as follows: Section 3.1 gives an overview of the previous
related works on this topic and outlines the main contributions of this thesis. In Section 3.2, the problem to be studied is formalized, recalling the working assumptions and
introducing the notation to be used in this chapter and the next one. Section 3.3 studies
the security of the classical spread spectrum embedding function, whereas Section 3.4
addresses the security when host rejection is considered. In Section 3.5, we provide
bounds for the estimation of the spreading vector based on the information-theoretic
analysis of the previous sections. The conclusions are summarized in Section 3.6.
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3.1

Related work and contributions of this thesis

Our main reference work is the paper by Cayre et al. in [61]. There, the security of
spread spectrum was quantified for the first time using the Fisher information in the
KMA and WOA scenarios (and also under the “Known Original Attack”). The main
conclusions of the analysis presented in [61] are the following:1
• The information leakage is linear with the number of observations No , i.e. all the
observations provide the same amount of information about the spreading vector.
However, in this chapter we show that the information leakage, using the mutual
information measure, is strictly concave in No . Though apparently contradictory,
this difference is readily justified by the fact that our measure explicitly considers
the a priori uncertainty (entropy) of the spreading vector. Further comments are
given in Section 3.3.1.
• The difficulty of the estimation depends on the relative powers between host
signal and watermark (i.e. the DWR), in such a way that more embedding
distortion implies a larger information leakage. Similar conclusions are obtained
in this chapter using the mutual information measure.
• Perfect estimation of the spreading sequence is only possible in the KMA scenario;
for the WOA scenario, a sign ambiguity will remain independently of the number
of observations. In this chapter we arrive at the same conclusion by following a
different reasoning than that of [61].
Further contributions of the present thesis to the theoretical analysis of spread
spectrum security are the following:
• The analysis of more general embedding functions, considering for the first time
the tradeoff between robustness and security in this kind of methods from a
theoretical point of view.
• The evaluation of the security in asymptotic conditions.
• The derivation of new bounds on the estimation performance for the attackers.
In [61], the Cramér-Rao lower bound for the estimation of the spreading vector
had been considered. In this chapter, we consider its homologous informationtheoretic bound based on Lemma 2.3, and another bound which specifically addresses the difficulty of estimating the subspace spanned by the spreading vector.
1

Bear in mind that all the assumptions relevant for the analysis are the same in [61] and in this
thesis, so the comparison between [61] and our results is fair.
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Bear in mind that the analysis in [61] considers the existence of several carriers in
the same marked signal, while we focus on a single carrier. The case of several carriers
will be briefly addressed in Section 4.7 in the next chapter. Information-theoretic
measures for the information leakage with several carriers are provided in [71], but
only for one observation.
In a recent paper [59], Cayre et al. further explore the security of spread spectrum
methods from a theoretical point of view. They propose two new embedding functions
named Natural Watermarking (NW) and Circular Watermarking (CW). NW is shown
to achieve perfect secrecy in the WOA scenario using information-theoretic arguments,
although a more intuitive explanation in terms of blind source separation (BSS) theory
[140] is also given. However, the advantage of perfect secrecy of NW comes at the
price of a significant degradation of the robustness with respect to the original spreadspectrum method. The CW method proposed in the same paper is a generalization of
NW, improving its robustness, although not preserving the perfect secrecy property.
In this thesis we do not address these methods from the theoretical point of view, but
some practical considerations are given in Section 4.7.3 in the next chapter.

3.2

Formal problem statement

In this section, the problem of watermarking security for spread spectrum methods
is formalized. Hereinafter, boldface letters denote column vectors, whereas italicized
letters denote scalar variables. Random variables and their realizations are denoted by
capital and lowercase letters, respectively.
The secret key is transformed into an n-dimensional “spreading vector” or secret
“carrier”, which will be denoted by S = Φ(Θ), and parameterizes the embedding
function. For the family of methods considered in this chapter, the embedding function
can be written as
Yi = Xi + (−1)Mi S + Ψ(Xi , S) = Xi + Wi , i = 1, . . . , No ,

(3.1)

where Mi ∈ M = {0, 1} denotes the embedded message that modulates S, and the
function Ψ : R2n×1 → Rn×1 is used for host-rejection purposes. The resulting embedding rate of the scheme is R = log(2)/n.
According to the assumptions introduced in Section 2.1, the host signals {Xi , i =
1, . . . , No } are assumed to be mutually independent. The messages {Mi , i = 1, . . . , No }
embedded in different observations are also assumed to be mutually independent and
equiprobable in M = {0, 1}. Besides, we introduce two additional assumptions:
1. The host vectors Xi are i.i.d. Gaussian-distributed with zero mean: Xi ∼
2
N (0, σX
In ), where In denotes the identity matrix of size n × n.
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2. The spreading vector is assumed to be Gaussian-distributed and i.i.d: S ∼
N (0, σS2 In ).

Notice that the Gaussian modeling of the host may be somewhat restrictive. However,
this model allows for a tractable mathematical formulation, yet providing the main
insights into the security of this methods. On the other hand, the i.i.d. assumption
about the host vectors makes the computation of the DWR (Eq. (2.2)) very simple:
DWR = 10 log10

1
E[||Xi ||2 ]
n

Dw

= 10 log10 ξ,

2
where ξ , σX
/Dw , and Dw depends on the particular method considered.

The objective of the attacker is to obtain an estimate of S using the information
contained in the sequence of observations {Oi , i = 1, . . . , No }, where Oi = [YTi , Mi ]T
in the KMA case,2 and Oi = Yi in the WOA case.
Other notational conventions widely used in this chapter are the following: Γ(z)
2
denotes the complete Gamma function. If X ∼ N (0, σX
In ), then T , ||X||2 follows
a Chi-squared distribution with n degrees of freedom, which is denoted as χ2 (n, σX ).
2
If X ∼ N (v, σX
In ), then T ′ , ||X||2 follows a noncentral Chi-squared, denoted by
χ′2 (n, v, σX ). The probability density function (pdf) of a continuous random variable
A is denoted by f (a).
3.2.1

Spread-Spectrum-based embedding

We summarize in this section the embedding functions considered in this chapter
along with their parameters.

Additive Spread Spectrum (add-SS)
Binary add-SS, as proposed by Cox et al. [87], is the most popular and widely studied
watermarking method. No host rejection is performed, so the embedding function is
simply given by
Yi = Xi + (−1)Mi S, for i = 1, . . . , No .
The embedding distortion results simply in Dw = σS2 .
2

The notation [a, b] indicates concatenation of the row vectors a and b.

(3.2)
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Attenuated Spread Spectrum (γ-SS)
The attenuated spread spectrum technique proposed in [173] consists in attenuating
the host prior to embedding, in order to optimize the power transmission subject to
an MSE distortion constraint (the embedding distortion). The embedding function is
as follows:
Yi = (1 − γ) · Xi + (−1)Mi · S, for i = 1, . . . , No ,

(3.3)

where 0 ≤ γ ≤ 1 is a host-rejection parameter. The embedding distortion of this
2
scheme is given by Dw = γ 2 σX
+ σS2 . We will refer to this technique in the following as
γ-SS. The parameter γ can be adjusted so as to optimize some performance measure,
usually the error probability. Thus, the performance (in terms of robustness) of γ-SS
is at least as good as that of add-SS, as the latter is just a particular case of γ-SS for
γ = 0.
Improved Spread Spectrum (ISS)
ISS [161] is the result of introducing a host-interference-rejection mechanism in add-SS,
fundamentally different from γ-SS in that ISS attenuates the host only in the direction
of embedding, thus saving in embedding distortion and improving the performance of
the latter in terms of robustness. We will consider the linear version of ISS, whose
embedding function is as follows:
XTi S
Yi = Xi + (−1) νS − λ
S, for i = 1, . . . , No ,
||S||2
Mi

(3.4)

where 0 ≤ λ ≤ 1 is the host-rejection parameter, and ν is a parameter for fixing the
embedding distortion. The embedding distortion in ISS can be computed as follows.
For the ith observation and a particular s we have
" 
 2#
XTi s
2
Mi
2
= ν 2 ||s||2 + λ2 σX
.
(3.5)
(−1) ν − λ
s
E[||Wi || |S = s] = E
2
||s||
Finally, for a zero-mean Gaussian spreading vector,
1
λ2 2
2
2 2
Dw = E[||Wi || ] = ν σS + σX ,
n
n

(3.6)

which is the same result as for a spreading vector with constant norm equal to nσS2
(the case originally considered in [161]).
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Security analysis of Additive Spread Spectrum (add-SS)
KMA scenario

Under the KMA assumptions, the KMA scenario for add-SS can be seen as a simple
additive Gaussian channel:
Yi = Xi + (−1)mi S,
where Xi plays the role of interfering signal and S is the signal to be communicated.
This is a classical communications scenario [84], where the mutual information is given
by the well known expression


1
σS2
I(Yi ; S|Mi ) = log 1 + 2 .
(3.7)
2
σX
Our problem is different in that we want to compute the information about S provided
by No channel uses where S remains constant. Thus, it can be regarded as a sort of
communication problem where the information is repetition-coded by means of several
channel uses. This scenario was already considered in [71]. Here we provide a simple,
alternative derivation for the sake of completeness. Moreover, the quantities defined
below will be frequently recalled in the remaining of this chapter.
Let us denote by S̄No the random variable S conditioned on No observations. From
the embedding function of add-SS, it follows that the components {S̄i , i = 1, . . . , n},
of S̄No are all mutually independent and Gaussian-distributed [199]. Given a particular
realization {Y1 = y1 , . . . , YNo −1 = yNo , M1 = m1 , . . . , MNo −1 = mNo }, we have S̄No ∼
N (v, σS̄2 N In ), with
o

σS2
µT y(i) , i = 1, . . . , n,
2
2
No σS + σX
2 2
σX
σS
=
,
2
2
No σS + σX

vi =
σS̄2 No

(3.8)
(3.9)

where µ , [(−1)m1 , . . . , (−1)mNo ]T , and y(i) , [y1,i , . . . , yNo ,i ]T . Since S̄No is i.i.d.
Gaussian, its entropy is given by h(S̄No ) = n2 log(2πeσS̄2 N ), i.e. it does not depend
o
on the particular realization of the observations. Hence, we can conclude that the
equivocation per dimension is


σS2
1
1
h(S|Y1 , . . . , YNo , M1 , . . . , MNo )add-SS = log 2πe
.
(3.10)
n
2
1 + No · ξ −1
Now, it is straightforward to see that the information leakage per dimension reads as

1
1
I(Y1 , . . . , YNo ; S|M1 , . . . , MNo )add-SS = log 1 + No · ξ −1 .
n
2

(3.11)
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Figure 3.1: Equivocation per dimension for add-SS in the KMA scenario.

The information leakage (equivocation) is concave (convex) and strictly increasing (decreasing) with No , and its increasing (decreasing) rate is dependent on the DWR.
Although (3.10) depends on the value of σS2 , as we can see in Figure 3.1, for large No
we have

1
1
2
h(S|Y1 , . . . , YNo , M1 , . . . , MNo )add-SS ≈ log 2πeσX
/No .
n
2
Finally, notice that both (3.10) and (3.11) are independent of n, meaning that the
information leakage about each dimension is independent of the total number of dimensions. In other words, the difficulty of estimating each component of S does not
depend on its total length.
Remark 3.1. According to [61], the information leakage about S should be linear in
No , but (3.11) shows that it is instead logarithmic. Nevertheless, both results are not
contradictory. The reason for obtaining a linear information leakage is that the analysis
in [61] does not consider the random nature of S. This randomness can be readily
accounted for simply by introducing an additional term in the Fisher Information
Matrix, yielding the so-called Total Information Matrix [214], as explained in [68] and
[71].
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WOA scenario

The WOA scenario can be seen as an additive Gaussian channel with an unknown
scaling factor which, according to the binary transmission scheme given in Eq. (3.2)
and the assumption of equiprobable, independent messages stated in Section 3.2, takes
values ±1 equiprobably in each channel use. In this case, an exact expression for the
information leakage cannot be obtained, so we derive upper and lower bounds. The
information leakage is rewritten as in (2.21):
I(Y1 , . . . , YNo ; S)
= I(Y1 , . . . , YNo ; S), M1 , . . . , MNo ) − I(Y1 , . . . , YNo ; M1 , . . . , MNo |S)
= I(Y1 , . . . , YNo ; S|M1 , . . . , MNo ) + I(Y1 , . . . , YNo ; M1 , . . . , MNo )
(3.12)
− I(Y1 , . . . , YNo ; M1 , . . . , MNo |S).
The first term of Eq. (3.12) has been already calculated in (3.11). The second and
third terms of (3.12) represent the amount of information that can be learned by an
attacker and by a fair user, respectively, about the sequence of embedded messages.
These quantities are studied in Appendix B.1, resulting in the following upper and
lower bounds to the information leakage per dimension:
1
I(Y1 , . . . , YNo ; S)add-SS
n
 No
1
log 1 + No · ξ −1 +
I(X̄No + (−1)MNo VNo ; MNo |VNo )
2
n
No
−
I(X1 + (−1)M1 S; M1 |S), for No ≥ 2,
n

≤

(3.13)

and
N

o
 1X
1
1
I(X̄i + (−1)Mi Vi ; Mi |Vi )
I(Y1 , . . . , YNo ; S)add-SS ≥
log 1 + No · ξ −1 +
n
2
n i=2

−

No
I(X1 + (−1)M1 S; M1 |S), for No ≥ 2.
n

(3.14)

2
In the expressions (3.13) and (3.14), X̄i ∼ N (0, (σX
+ σS̄2 i−1 )In ), with σS̄2 i−1 given by
(i−1)σ 4

S
(3.9), and Vi ∼ N (0, (i−1)σ2 +σ
2 In ). The second and third terms of (3.13) and (3.14)
S
X
must be numerically computed by taking into account that


I(X1 + (−1)M1 S; M1 |S)add-SS = E h((−1)M1 ||S||2 + XT1 S|S = s)

1 
2
E log 2πeσX
kSk2 ,
−
2
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Figure 3.2: Comparison between the information leakage in KMA and WOA scenarios for add-SS.
Figures 3.2(a) and 3.2(b) show the effect of varying the DWR and n, respectively.

where the expectation is taken over S. Notice that the above upper and lower bounds
differ only in their second term. Nevertheless, they cannot be given in closed-form, so
numerical integration (on a scalar domain) is needed. A comparison between the information leakage (per dimension) in KMA and WOA scenarios is shown in Figure 3.2:
• Figure 3.2(a) shows that, when the parameter n is fixed, decreasing the DWR
increases the information leakage in the KMA scenario (recall Eq. (3.11)), and
simultaneously reduces the gap between KMA and WOA.
• Figure 3.2(b) shows the effect of varying the length of the spreading vector, n,
when the DWR is fixed. In this case, we can see that the information leakage of
the KMA scenario is approached as n is increased. Thus, the security level of the
WOA scenario is strongly dependent on the value of n, contrarily to the KMA
scenario.
The asymptotic behavior of the information leakage is formalized in the next theorem.
The “loss function” defined in (2.22) now becomes
δ(No )add-SS = I(Y1 , . . . , YNo ; M1 , . . . , MNo |S) − I(Y1 , . . . , YNo ; M1 , . . . , MNo )
= H(M1 , . . . , MNo |Y1 , . . . , YNo ) − H(M1 , . . . , MNo |Y1 , . . . , YNo , S),
(3.15)
Theorem 3.1 (Asymptotics of the loss function for add-SS). The loss function
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for add-SS in the WOA scenario can be upper bounded as
δ(No )add-SS ≤ log(2) +
where
τi =

No
X
i=2

n

H

τi 2
2

!

,

(3.16)

2
4
iσS2 σX
+ σX
,
2
4
(i − 1)σS4 + iσS2 σX
+ σX

and H(·) denotes the binary entropy function. The right hand side of (3.16) is decreasing with n and DWR−1 , and the following asymptotic properties hold:
1. For fixed n,

lim
δ(No )add-SS ≤ log(2).
DWR→−∞

2. For fixed DWR, lim δ(No )add-SS ≤ log(2).
n→∞

Proof: See Appendix B.2.
Theorem 3.1 basically states that the ignorance of the embedded messages does
not affect the difficulty of estimating S if either the DWR or the embedding rate R
(recall that R = log(2)/n) are small enough. Although the first case is of virtually null
relevance in practice, the second case is of major importance for practical applications.
When high robustness is sought, the watermark is usually embedded at very low rates
that allow to recover the message with low complexity. In such case a few observations
suffice to obtain an estimate of S that in turn allows accurate recovery of the embedded
message. Nevertheless, it is important to point out, as other researchers realized before
[61] (by means of Blind Source Separation theoretic arguments), that the penalty to
pay for not knowing the messages Mi comes in the form of an ambiguity in the sign
of S, independently of n and of the DWR, that cannot be undone if no additional
knowledge about the embedded messages is available. An alternative way for proving
this ambiguity is to show that the a posteriori probability of the spreading vector in
the WOA scenario is independent of its sign. One can easily check that
f (yi |S = −s0 )f (−s0 )
f (yi |S = s0 )f (s0 )
=
f (yi )
f (yi )
n
= f (−s0 |Yi = yi ), ∀ s0 ∈ R ,

f (s0 |Yi = yi ) =

(3.17)

so the sign ambiguity becomes patent. Notice that (3.17) holds regardless of the statistical distribution of the host, but it is needed that S be circularly symmetric. In the
information-theoretic analysis, the sign ambiguity is reflected by the factor log(2).

3.4 Spread Spectrum with host rejection
3.3.3
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CMA scenario

The CMA scenario can be seen as a particular case of WOA where the unknown
scaling factor in the Gaussian channel remains constant for No channel uses and takes
the value ±1 equiprobably. For this reason, the asymptotic results of Theorem 3.1
are also applicable to CMA. However, in this case it is much easier to derive the
asymptotic behavior of the loss function. For instance, taking into account that M1 =
M2 , . . . , MNo = M , with unknown M , it is straightforward to upper bound the loss
function as
δ(No ) ≤ log(2)
without any further consideration on the DWR. Moreover, as n → ∞, this upper bound
obviously goes to 0. Hence, the impact in security level of not knowing the embedded
message in the CMA scenario is negligible. Nevertheless, it must be noted that the
sign ambiguity mentioned in Section 3.3.2 is also irreducible in the CMA scenario
if no information about the embedded message is available. Nonetheless, either in
CMA or WOA scenarios, the sign ambiguity does not prevent from estimating the onedimensional subspace spanned by s, a feature that will be exploited by the practical
estimators in Section 4.

3.4

Spread Spectrum with host rejection

After studying the security properties of add-SS, the influence of the host rejection
mechanisms in the security level is addressed in this section. Two particular methods
are studied: “attenuated spread spectrum” [173] and “improved spread spectrum”
[161].
3.4.1

Attenuated Spread Spectrum (γ-SS)

Although the robustness of the optimized γ-SS scheme introduced in Section 3.2.1
is better than that of add-SS, its security level can be shown to be always worse for the
same values of DWR and n. In order to provide a fair comparison between both γ-SS
2
and add-SS, we impose that σS2 = σX
(ξ −1 − γ 2 ) so as to get Dw = σS2 as in add-SS.3
It is easy to see that the results obtained for add-SS can be straightforwardly adapted
2
2
2
to γ-SS replacing σS2 by σX
(ξ −1 − γ 2 ) and σX
by (1 − γ)2 σX
in the corresponding
expressions. The equivocation for the KMA scenario, for instance, results in


2
1
1
σX
(ξ −1 − γ 2 )(1 − γ)2
h(S|Y1 , . . . , YNo , M1 , . . . , MNo )γ-SS = log 2πe
. (3.18)
n
2
(1 − γ)2 + No (ξ −1 − γ 2 )
3

Note that this condition restricts the value of γ to the interval 0 ≤ γ ≤ ξ −1 , i.e. in practical
scenarios (with low embedding distortion) γ takes values close to 0.
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Figure 3.3: γ-SS for KMA scenario and DWR = 25 dB. Tradeoff robustness-security as a result of
varying γ in the interval [0, ξ −1 ], for No = 1 (a) and equivocation per dimension (b).

The expression above can be shown to be monotonically decreasing with γ. The results
for add-SS WOA can be easily generalized as well to γ-SS. The most interesting consequence of introducing the parameter γ is the existence of a tradeoff between robustness
and security. This tradeoff is illustrated in Figure 3.3(a), which shows the plot of the
information leakage for No = 1 (in the KMA scenario) vs. the achievable rate for a
fair user. The latter can be computed by numerical integration by taking into account
that


I(X1 + (−1)M1 S; M1 |S)γ-SS = E h((−1)M1 ||S||2 + (1 − γ)XT1 S|S)

1 
2
−
E log 2πe(1 − γ)2 σX
kSk2 .
2
Figure 3.3(a) basically shows that increasing the achievable rate for fair users will
provide more information for attackers interested in estimating S. As can be seen,
the tradeoff is also dependent of n, since this parameter affects the achievable rate.
Figure 3.3(b) shows the equivocation per dimension in the KMA scenario for several
values of the parameter γ, evidencing the degradation of the security level as the host
rejection is increased.
3.4.2

Improved Spread Spectrum (ISS)

For a fair comparison between the ISS scheme and add-SS, the embedding distortion
of the former is fixed to Dw = σS2 , which imposes
1

λ2 ξ 2
ν = 1−
.
(3.19)
n

3.4 Spread Spectrum with host rejection
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Since ν must be real, the maximum allowable value for λ is determined by
p
λ ≤ min{1, nξ −1 }.

Clearly, λ can be made arbitrarily close to 1 by increasing n, thus achieving complete
rejection of the host interference. In general, the parameter λ is tuned so as to optimize
the performance of ISS in terms of error probability. Clearly, ISS with λ = 0 is
equivalent to add-SS as described in Section 3.3. We are concerned in this section with
determining the effect on the security level of using λ > 0. The study will be carried
out for the KMA scenario, where the information leakage is given by
I(Y1 , . . . , YNo ; S|M1 , . . . , MNo )ISS = h(Y1 , . . . , YNo |M1 , . . . , MNo )
− h(Y1 , . . . , YNo |S, M1 , . . . , MNo ). (3.20)
The second term is easy to compute: given the messages and S = s, the observations
are mutually independent, following a Gaussian distribution
Yi |S = s, Mi = mi ∼ N ((−1)mi νs, Σs ),
(3.21)


with Σs = E (Yi − (−1)mi νs)T · (Yi − (−1)mi νs) the covariance matrix of the Yi
conditioned on the realization of S and Mi . The eigenvalue decomposition of Σs is
given by = Us ΛUTs , where


2
(1 − λ)2 σX
0
Λ=
,
(3.22)
2
0
σX
In−1

and Us is a unitary matrix whose first column is collinear to s. That is, the marked
signal Yi can be seen as a signal (−1)Mi νS transmitted in a Gaussian channel with
noise correlated with the signal (the statistics of the marked signal are illustrated in
Figure 3.4 for n = 2). It turns out that in ISS not only the mean of the observations
provides information about S, but also the covariance matrix of the noise (here, the
attenuated host). Using (3.21) and (3.22) we can write
h(Y1 , . . . , YNo |S, M1 , . . . , MNo ) =

No
X
i=1

h(Yi |Mi , S)


No
2 n
log (2πe)n · (σX
) · (1 − λ)2 . (3.23)
2
Since the first term of (3.20) is hard to compute analytically, we first formalize the
general behavior of the information leakage in the following theorem for No = 1.
=

Theorem 3.2 (Convexity in λ of the information leakage for ISS). The information leakage in ISS is a convex and increasing function of the host-rejection parameter
λ, and for No = 1 it is given by


1
λ(λ − 2)
1
1
2 −1
I(Y1 ; S|M1 )ISS = log 1 +
+ν ξ
(3.24)
− log(1 − λ).
n
2
n
n

48

Security of Spread spectrum Watermarking: Theory

σX

νS

(1 − λ)σX

−νS

Figure 3.4: Statistics of the watermarked signal in ISS for n = 2.

Proof: In Appendix B.3, the exact value of the information leakage for No = 1 is
shown to be given by (3.24). If we compute the first and second derivatives of the information leakage in terms ofp
λ, we find out that the function is convex and increasing
in the interval λ ∈ [0, min{1, nξ −1 }].
In ISS, the achievable rate depends on the value of λ. The optimum λ that maximizes this rate depends on the DWR and the power of the attacking noise (see [161]
for further discussion). This behavior in conjunction with Theorem 3.2 shows that,
similarly to the γ-SS scheme, the host-rejection mechanism of ISS induces a tradeoff between information leakage and achievable rate. This tradeoff is illustrated in
Figure 3.5(a)
p by plotting I(Y1 ; S|M1 )/n vs I(Y1 ; M1 |S)/n in terms of λ, for λ ∈
[0, min{1, nξ −1 }]. It can be noticed the concavity of the curves, which present a
global maximum of the achievable rate for a certain λmax (dependent of n). Increasing
λ beyond this value has the double (negative) effect of not increasing further
the achievp
−1
able rate but increasing the information leakage. Notice that for λ = nξ < 1, from
(3.19) we have ν = 0, so I(Y1 ; M1 |S) = 0. Even in this case, we can see in Figure 3.5(a)
that the information leakage is not null, due to the dependence of the covariance matrix
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(Σs ) on the spreading vector S.4
For the case No ≥ 1, an upper bound to the information leakage is derived in
Appendix B.4, obtaining
1
I(Y1 , . . . , YNo ; S|M1 , . . . , MNo )ISS
n





N o
2 2
N
1
λ(λ − 2)
N ν σS
1 +
 o
  − o log(1 − λ), for No ≥ 1.
≤ log  1 +
2
n
n
2
σX
1 + λ(λ−2)
n

(3.25)

The bound (3.25) on the information leakage produces a lower bound on the equivocation, which is plotted in Figure 3.5(b) for different values of λ and compared to
add-SS. We can see that the equivocation decreases as λ increases, in accordance with
Theorem 3.2. This bound can be used to derive a conservative security level. Notice
that (3.25) coincides with (3.24) for No = 1.
Remark 3.2. As expected, for λ = 0 (which implies ν = 1) the bound (3.25) coincides
with (3.11), the information leakage for add-SS. This is because the hypothesis of
independence used in the bounding of Eq. (B.35) of Appendix B.4 is fulfilled for λ = 0.
Remark 3.3. For n → ∞, (3.25) tends to (3.11), i.e.
1
I(Y1 , . . . , YNo ; S|M1 , . . . , MNo )ISS
n→∞ n
1
= I(Y1 , . . . , YNo ; S|M1 , . . . , MNo )add-SS , for λ < 1,
(3.26)
n
This means that asymptotically there is no penalty in security level for using host
rejection in one dimension, constituting a major advantage over γ-SS. Remember that
the latter performs host rejection in all dimensions, and as such it cannot benefit from
increasing n for concealing the information about S. Nevertheless, we want to remark
that increasing n in ISS has the same effect as for add-SS stated in Theorem 3.1,
namely, that the information leakage in the WOA scenario approaches that of the
KMA scenario when n → ∞. This can be easily proved for ISS following similar
guidelines as those of Appendix B.2.
lim

3.5

Bounds on the estimation error

In this section we provide fundamental performance bounds for practical estimators
of the spreading vector. These bounds are based on the information-theoretic results
4

Obviously, the shape of these curves will depend on the attacking noise (the regions of Figure 3.5(a)
were obtained in the absence of noise).
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Figure 3.5: ISS for KMA scenariopand DWR = 25 dB. Tradeoff robustness-security as a result of
varying λ in the interval [0, min{1, nξ −1 }] (a), and lower bound on the equivocation per dimension
for n = 100 (b).

derived in the previous sections. The aim is to translate the equivocation into other
measures that result useful for the evaluation of the security from a practical point of
view. The first bound is concerned with the mean-squared error between the spreading
vector (s) and its estimate (ŝ), and the second one with the normalized correlation
between s and ŝ. The achievability of each bound is also discussed.
3.5.1

Bound on the variance of the estimation error

Let us define the estimation error as e , s − ŝ and its variance per dimension as
E)
, where ΣE is the covariance matrix of e, and tr(ΣE ) denotes the trace of
, tr(Σ
n
ΣE . As shown in Lemma 2.3, we have the following lower bound:


2
1
2
(3.27)
exp
h(S|O1 , . . . , ONo ) .
σE ≥
2πe
n

σE2

Hence, the equivocation can be regarded as the exponent of the estimation error lower
bound. Inserting (3.10) into (3.27), for add-SS in the KMA scenario we have
σE2 KMA ≥

2
σS2
σX
,
≈
1 + No · ξ −1
No

(3.28)

which is achievable when the estimation error is Gaussian-distributed, and the approximation holds for large No . This bound coincides with the Cramér-Rao lower bound,
which was calculated in [71] using the Total Information Matrix [214], and with the
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variance of the MMSE estimator [199]. This is not surprising, as the MMSE estimator
is unbiased and its estimation error is Gaussian-distributed, thus fulfilling the condition
for achieving the bound.
A similar bound for the WOA scenario could be obtained by inserting the corresponding equivocation into (3.27). Taking into account Theorem 3.1 we find out
that
σS2
lim σE2 WOA ≥
,
n→∞
1 + No · ξ −1
exactly as for KMA. However, we must bear in mind that, contrarily to KMA, the
latter bound is obviously not achievable due to the sign ambiguity in the estimate of
S (recall Sect. 3.3.2). Hence, the best estimate possible (for No → ∞) is Ŝ = ±S with
probability 1/2 each, which leads to an error variance 2σS2 , the minimum achievable
without knowledge of the embedded messages.
3.5.2

Bound on the normalized correlation

In spread spectrum methods using binary antipodal constellations, exact knowledge
of s is not necessary for performing correct decoding. Usually, decoding is implemented
by means of a cross-correlation operation, estimating the message embedded in yi as
m̂i = sign{yTi ·s}. Also, in watermark detection applications based on spread spectrum,
the detector decides on the presence of the watermark upon the angle between yi and
s. In other words, the norm of s is important for the embedding operation (e.g. for
controlling the embedding distortion), but not for detection/decoding. This implies
that the attacker is mainly interested in disclosing the direction of s, which spans the
subspace where the watermark is contained. Thus, it is useful to quantify the difficulty
in estimating the direction of s. The natural performance measure is the normalized
correlation, defined as
ŝT s
= cos(ω) ∈ [−1, 1],
ρ,
||ŝ|| · ||s||

(3.29)

where ω denotes the angle between s and ŝ. The closer to 1 is the value of ρ, the more
accurate is the estimate of s. The relation between ρ and the Cramér-Rao lower bound
on the estimation error of S has been pointed out in [61, Sect. V], although not in deep
detail. Here we pursue a bound on ρ using the equivocation.
Notice that the vector s ∈ Rn can be expressed by means of its norm and an ndimensional unit vector collinear to s, i.e. we consider the transformation s → (q, r),
with q = ||s|| and r a unit vector in the direction of s. Thus, we have a coordinate
change Rn → R+ × Rn .
Lemma 3.1 (Bound on the normalized correlation). For an unbiased estimator,
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the mean value of the normalized correlation can be bounded from above as


n
2
E [cos(Ω)] ≤ 1 −
exp
h(R|O1 , . . . , ONo ) ,
4πe
n

(3.30)

where h(R|O1 , . . . , ONo ) represents the equivocation about R, given No observations.
Proof: Let us define the estimation error as d , r − r̂. From Eq. (3.27), for an
unbiased estimator we have


E [||D||2 ]
2
tr(ΣD )
1
=
≥
exp
h(R|O1 , . . . , ONo ) .
(3.31)
n
n
2πe
n
By the cosine theorem, we have that ||d||2 = 2(1 − cos(ω)), with ω the angle between
r and r̂. Combining this with (3.31), we arrive at the bound (3.30).
Lemma 3.1 relates the normalized correlation with the equivocation about R. The
a priori equivocation, h(R), achieves its maximum when R is uniformly distributed
over the surface of the unit-radius hypersphere. Note that this is the case when S
is i.i.d. Gaussian, as we are assuming in this chapter. We are concerned now with
the equivocation about R. First, note that using the coordinate change s → (q, r)
introduced above, the differential entropy of S can be rewritten as
h(S) = h(Q, R) + E[log(J)],

(3.32)

where J denotes the Jacobian of the coordinate change and the expectation is taken
over S. This change of coordinates can be seen as a QR factorization [122], s = q · r,
with q ∈ R, r ∈ Rn , and ||r|| = 1. The Jacobian of this QR factorization is given by
J = Qn−1 [99]. Hence, using this result and (3.32), we can lower bound the equivocation
on the embedding direction as
h(R|O1 , . . . , ONo ) ≥ h(S|O1 , . . . , ONo ) − h(Q|O1 , . . . , ONo )
− (n − 1)E [E[log(Q)|O1 = o1 , . . . , ONo = oNo ]] , (3.33)
where the inner expectation is taken over Q, and the outer expectation is over the
observations. Equality in (3.33) is achieved when the norm and direction of S are
mutually independent. Using (3.33), we will specialize the bound of Lemma 3.1 to
add-SS in the KMA scenario.
Lemma 3.2 (Bound on the equivocation about the normalized correlation).
For add-SS in the KMA scenario, the equivocation about R can be bounded from
below as
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Figure 3.6: Upper bound to the normalized correlation for add-SS. Comparison with practical estimators for KMA with n = 100 (a) and WOA with DWR=25 dB (b).

h(R|Y1 , . . . , YNo , M1 , . . . , MNo )




n−1
2πe
σS2
n
≥
log
+ log
2
nσS2
2
1 + No ξ −1

2
2 !

2
1
2σ
Γ((n
+
1)/2)
n
nN
1
o −1
S
, (3.34)
log nσS2 −
ξ
−
1 F1 − ; ; −
2
1 + No ξ −1
Γ(n/2)
2 2
2
where 1 F1 denotes the confluent hypergeometric function of the first kind [29], and
Γ(·) is the complete Gamma function.
Proof: The first term in the right hand side of (3.33) is given by (3.10). The remaining terms, related to the norm of the spreading vector, are upper bounded in
Appendix B.5. The combination of these results yields (3.34).
We have represented in Figure 3.6(a) the upper bound on the normalized correlation
for add-SS resulting from the insertion of (3.34) in (3.30). This theoretical bound is
compared to the result using numerical integration for computing the norm-related
terms, supporting the tightness of the bounds derived in Appendix B.5. For checking
the tightness of the bound on E[cos(Ω)], we have computed numerically (by Monte
Carlo) the average normalized correlation resulting from applying the MMSE estimator
of S. As can be seen, the bound is loose for small No , but it becomes tight as No
is increased. The reason is that the distributions of R and Q conditioned on the
observations become approximately independent when No is increased and because the
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boundings based on Jensen’s inequality are also asymptotically tight when the variance
of the considered random variable approaches 0.
As seen in Section 3.3.2, when the embedding rate is small enough, the information
that the WOA scenario provides about S approaches that of KMA except for the sign
ambiguity. This ambiguity also arises when evaluating a practical estimator, but we
can get rid of it simply by taking the absolute value of ρ as performance measure.
Notice that, in this case, we would be evaluating the accuracy in the estimation of the
subspace spanned by s. This performance evaluation is illustrated in Figure 3.6(b),
showing that the accuracy of the subspace estimation in the WOA case tends (as
expected) to that of the KMA as n is increased. The curves for WOA were obtained
empirically with the “PCA estimator”, that will be studied in Section 4.
Remark 3.4. Notice that the theoretical bound in Figure 3.6(b) remains approximately
invariant with n. Moreover, it can be checked that it is approximately independent of
the specific values of σS or σX , depending only on ξ. Thus, it looks more appealing
than the bound derived in Section 3.5.1 for evaluating the security level.

3.6

Conclusions

The security of spread-spectrum-based data hiding methods has been investigated
from a theoretical point of view. Among the theoretical results obtained in this chapter,
we would like to remark the following:
1. The use of Shannon’s mutual information permits to show that the growth of
the information gained by the attacker about the secret carrier is far from being
linear, as had been stated in [61].
2. The use of low embedding rates (i.e. very large n) has a harmful impact in
the security level of WOA scenarios. In limiting cases of zero-rate watermarking,
quite extended for their robustness against blind attacks, the penalty for ignoring
the embedded messages becomes negligible, representing a serious threat to the
security of the system.
3. A tradeoff between security and robustness has been shown to exist in the spread
spectrum methods that perform host rejection. For the schemes studied in this
chapter, which cover a wide range of the spread spectrum schemes considered in
the literature, host rejection can significantly decrease the security level of plain
spread spectrum (add-SS). Nevertheless, different host rejection strategies can
yield very different results: whereas the penalty for the ISS scheme vanishes as
n is increased, the security level of γ-SS cannot be improved by increasing n.

Chapter 4
Security of Spread Spectrum Watermarking:
Practical algorithms
After the theoretical analysis carried out in Chapter 3, this chapter is devoted to the
evaluation of the security of spread spectrum methods from a more practical point of
view. We will focus on the ISS embedding function, since the attacks devised for it are
applicable to add-SS and γ-SS as well. The purpose of this chapter is twofold: on one
hand, we analyze the approaches previously proposed for tackling the spreading vector
estimation problem, highlighting their limitations; on the other hand, new estimators
for the WOA scenario are proposed and analyzed. The estimation of the spreading
vector is basically defined as an optimization problem, and as such it can be decomposed
on two subproblems:
1. The definition of a suitable cost function, and its analysis.
2. The choice of an appropriate optimization algorithm.
The analysis of the corresponding cost functions is performed under the assumption
of an infinite-length sample (i.e. No → ∞) for showing the asymptotically achievable
performance of an estimator based on such cost function. Although the present analysis
can be extended to more general host distributions, we have focused on i.i.d. Gaussian
hosts in order to keep the derivations more compact and easy to interpret.
This chapter is structured as follows: Section 4.1 summarizes the previous approaches for the estimation of spreading vectors in spread spectrum modulations. In
Section 4.2, the estimation problem is formulated, and the performance measures introduced. Section 4.3 analyzes the estimators proposed for the WOA scenario in [61].
New estimators for both the KMA and WOA scenarios are proposed in sections 4.4 and
4.5, respectively. The choice of numerical methods for optimizing the cost functions
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defined in these sections is discussed in Section 4.6. In Section 4.7, the performance
of the proposed estimators is experimentally evaluated with real images. Finally, their
application to more general problems is discussed in Section 4.7.3.

4.1

Related work and contributions of this thesis

Attacks to the security of spread-spectrum methods are aimed at estimating the
pseudorandom spreading vector which is derived from the secret key. For the methods
studied in the previous chapter, the correspondence between spreading vector and
watermark is one to one (except for a scaling factor due to the sign of the embedded
message or to the host rejection). A consequence of this correspondence between
watermark and spreading vector is that most attacks previously proposed for watermark
estimation are indeed attacks to security, such as the “Wiener filtering” attack [208] and
the statistical averaging attack [88] (which typically needs a large number of marked
signals to succeed). Related approaches using denoising techniques besides averaging
are discussed in [103]. Another attempt at performing watermark estimation is due
to Mihçak et al. in [167], where the authors estimate the watermark based on the
fact that the components of the watermark vector take discrete values (±∆), paying
special attention to the case where these values are repeated in blocks of a certain
length. Under a Gaussian host assumption, the maximum a posteriori (MAP) estimate
of the watermark is computed. The final aim of estimation attacks is to provide the
information necessary to perform a “remodulation” attack [217] in order to remove the
watermark.
The problem of watermark estimation in general scenarios (continuous-valued watermarks, decoding applications) remained unaddressed for some time. A maximum
likelihood watermark estimator (assuming Gaussian-distributed host signals) is proposed in [61] for the add-SS scheme in the KMA scenario, whereas BSS techniques,
namely Principal Component Analysis (PCA) and Independent Component Analysis
(ICA) [140, 141] are used in more involved scenarios. The rationale behind PCA and
ICA-based estimation is that the energy of the watermark is concentrated in one particular subspace; moreover, the latter takes advantage of non-Gaussianity of the message
distribution and the independence between the embedded messages and the host images. An extension of this approach (focused on the WOA scenario) is considered in
[60] using ICA jointly with the Expectation-Maximization (EM) algorithm [97] in order to reduce the computational complexity of the attack when the dimensionality of
the spreading vector is very large. It is also pertinent to mention a simultaneous work,
[102], in which the subspace generated by the secret key is estimated with PCA in order
to remove the watermark. A previous work which used ICA to estimate the watermark
signal, although without taking into account security considerations, is given in [104].

4.2 Problem formulation
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As for the main contributions of this chapter on this topic, they can be summarized
as follows:
• The consideration, for the first time, of host rejection in the analysis of the
practical estimators.
• A theoretical analysis of the estimators proposed in [61]. This analysis clarifies,
for the first time, in which situations (depending on the embedding parameters)
the attacker may expect a successful estimation when employing such estimators.
• The proposal and analysis of new estimators, and their application to practical
scenarios. The main objective is to devise new estimators that work in scenarios
where the approaches studied before fail, constituting this way a wider battery
of methods for performing practical security tests.

4.2

Problem formulation

Hereinafter, for the sake of clarity, the spreading vector used by the watermarker
and which the attacker wants to estimate will be denoted by s0 . We will assume, for
simplicity, that s0 is of unit norm. Hence, the embedding function that we consider is
yi = xi + (−1)mi νs0 − λ(xTi s0 )s0 ,

(4.1)

1

2 2
which is equivalent to (3.4) if we use ν = (nσS2 − λ2 σX
) .

We are interested in obtaining an estimate of the spreading vector s0 . Two different
scenarios will be considered:
1. The “Known Message Attack scenario” (KMA), where the message embedded
in each observation is known by the attacker. From the results of Chapter 3,
we know that in this scenario it is possible to achieve a perfect estimate of s0 .
The performance of the estimator will be measured in terms of the normalized
correlation:
ŝT0 s
ρ=
∈ [−1, 1],
(4.2)
||ŝ0 || · ||s||
i.e. we look for the unit vector ŝ0 that minimizes the angle with s0 .

2. The ’Watermarked Only Attack’ (WOA), where the embedded messages are not
known. In this scenario it is possible to estimate s0 up to a sign ambiguity. In
other words, it is only possible to estimate the subspace spanned by s0 . Thus, the
estimator’s performance will be measured by the absolute value of the normalized
correlation, |ρ|.

58

Security of Spread Spectrum Watermarking: Practical algorithms

In order to illustrate the performance of the analyzed methods, we will plot the cost
functions versus ρ (or |ρ|) and the DWR. This yields a surface which, according to the
conventional optimization terminology, will be referred to as the “cost surface”.
This estimation problem strongly resembles the problem of linear equalization in
Digital Communications [143], where the objective is to find the linear filter of a given
length that best matches the inverse impulse response of the channel. Usually, this
filter is obtained by optimizing of a suitable cost function that exploits the statistics of
the channel and the underlying modulation scheme. Roughly speaking, the spreading
vector of our problem plays the role of linear filter. In the KMA scenario, the estimator
can exploit the knowledge of the embedded messages, i.e. the latter play the role of
training sequences or pilot signals. The WOA scenario is clearly more related to the
blind equalization paradigm.

4.3

Analysis of previous approaches for the WOA scenario

We analyze the estimation setup proposed in [61], based on Independent Component
Analysis (ICA) and Principal Component Analysis (PCA). ICA and PCA, which are
well known statistical tools for performing blind source separation (BSS) [140], were
applied for the first time in [61] to the watermarking security problem for estimating
spreading vectors in the WOA scenario.
4.3.1

Independent Component Analysis (ICA)

ICA is a well known statistical tool for performing blind source separation. The
idea behind ICA methods is to optimize a cost function that represents the mutual
independence between the separated sources. The intuitive meaning of the negentropy
resembles that of the fourth order cumulant, as both can be interpreted as measures
of distance to the Gaussian distribution. Given a continuous random variable R with
variance σR2 and probability density function f (r), its negentropy is defined as
ζ(R) , h(R) − h(U ),

(4.3)

where h(·) denotes differential entropy and U ∼ N (0, σR2 ). For implementing a practical
ICA estimator based on negentropy maximization, the latter must be estimated from
the observed data without knowing its probability density function, in general. The
first negentropy estimators that were proposed were based on approximations of the
differential entropy by means of high order cumulants [77]. In [138], it is shown that
better approximations to the negentropy are of the form
ζ̂(R) = E [g(R)] − E [g(U )] ,

(4.4)
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Figure 4.1: Histogram of the projection yTi s for n = 300, λ = 0.6, and DWR = 21 dB. The projection
in (a) is for a randomly chosen vector s, and the projection in (b) is for s = s0 .

where again U ∼ N (0, σR2 ) as in (4.3), and g(·) is the so-called “contrast function”,
which in practice can be almost any non-linear smooth function.
ICA is not restricted to the BSS paradigm, but it is often used as a tool for extracting “interesting” components of high-dimensional data, which is precisely the target
pursued here. Indeed, under this point of view, ICA must be seen as a way of performing Projection Pursuit [137] rather than BSS. Figure 4.1 provides the main intuition
on why the ICA approach should be valid for our problem. Figure 4.1(a) shows the
histogram of the projection yTi s when the vector s is randomly chosen (hence, approximately orthogonal to s0 ), and Figure 4.1(b) shows the same histogram when s = s0 .
In the first case we see that the histogram of the projection strongly resembles a zeromean Gaussian. However, in the second case, the histogram strongly diverges from the
Gaussian (actually, it corresponds to a two-sided Gaussian pdf). Thus, deviation from
the Gaussian distribution seems to be a good cost function for performing estimation
of the secret spreading vector.
Among the variety of ICA tools existing in the literature, we will focus on the
approach used in [61] and [44], where the ICA cost function for our problem is defined
as [139]


2
(4.5)
JICA (s) = E g(YT s) − E [g(U )] ,

where U ∼ N (0, var(YT s)), and g(·) is the so-called “contrast function”. The ICA
estimator results in
ŝ0 = arg max JICA (s).
s

(4.6)
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Intuitively, (4.6) looks for the unit-norm vector s that maximizes the divergence between the distribution of g(YT s) and a Gaussian distribution with the same variance. The choice of the appropriate contrast function in (4.5) is largely applicationdependent. Nevertheless, in informed applications where the statistical distribution of
the independent components is known, the optimal choice is clearly g(z) = log(f (z)),
where f (z) is the pdf of the independent component to be estimated, since it gives
directly the entropy of Z. The optimality of this choice is also supported by [138] from
the point of view of minimum asymptotic variance of the estimation error. For the
problem we are considering, with an i.i.d. Gaussian host, the pdf of the component to
be estimated is






K
(z − ν)2
(z + ν)2
f (z) =
exp −
+ exp −
2
2σZ2
2σZ2
 2






K
−z − ν 2
zν
zν
=
exp
exp
+ exp − 2
2
2σZ2
σZ2
σZ


 
2
zν
z
= K ′ · exp − 2 cosh
.
2σZ
σZ2

(4.7)

2
where K ′ is a constant, and σZ2 = (1 − λ)2 σX
. Hence, the optimal ICA cost function
for our problem results in
 




ν T
1
JICA (s) =
E log cosh
Y s − 2 E (YT s)2
2
σZ
2σZ




 2 2
1
ν
U
+ 2E U
− E log cosh
σZ2
2σZ
 




2
ν T
ν
=
E log cosh
Y s − E log cosh
U
,
(4.8)
σZ2
σZ2

where the second equality follows because the variance of U equals, by definition,
the variance of YT s and both are zero-mean (recall that U ∼ N (0, var(YT s)). It
is interesting to note that log cosh is the contrast function recommended in [139] for
general purposes, although the reasoning for arriving there is essentially different. Using
the change of variable a = ν/σZ2 , Eq. (4.8) can be rewritten as


2
blind
JICA
(s, a) = E log cosh(a · YT s) − E [log cosh(a · U )] ,

(4.9)

where the parameter a can be fixed by the user. The notation “blind” is adopted for
emphasizing the fact that, as in [61] and [44], the cost function does not depend on any
parameter to be estimated from the observed data. It is interesting to note that the
choice of the log cosh contrast function coincides with the recommendation in [139] for
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general purpose ICA, although the reasoning for arriving there is essentially different.
The evaluation of (4.9) requires numerical integration. We have
YT s = XT s + ν(−1)M ρ − λ(XT s0 )ρ
= XT (s − λρs0 ) + ν(−1)M ρ = XT t + ν(−1)M ρ.

(4.10)

Assuming an i.i.d. Gaussian host,
2
YT s|M = m ∼ N (ν(−1)m ρ, σX
||t||2 ),

(4.11)

||t||2 = ||s − λρs0 ||2 = 1 + ρ2 (λ2 − 2λ).

(4.12)

where
Therefore, the term YT s in (4.9) is a binary Gaussian mixture,
YT s ∼


1
2
2
N (νρ, σX
||t||2 ) + N (−νρ, σX
||t||2 ) ,
2

(4.13)

with ||t||2 given by (4.12), which is coherent with the situation shown in Figure 4.1.
Notice that the cost function depends solely on the value of ρ, not on the particular
realization of s0 .
If we use the approximation log cosh(x) ≈ |x|, a tight closed form approximation
of (4.9) becomes
blind
JICA
(s, a) ≈

r

2
σ1 exp
π



−β 2
2σ12



+ β · erf



β
√
2σ1



−

r

2
σ2
π

!2

,

(4.14)

where
1

σ1 = aσX (1 + ρ2 (λ2 − 2λ)) 2 ,

1

2
2
2 2
σ2 = a(σX
+ ν 2 ρ2 + λ2 ρ2 σX
− 2λρ2 σX
) ,
β = aνρ.

Figure 4.2 shows the cost function versus |ρ| and the DWR for a = 1 and λ = 0.5.
For each DWR, the plots have been normalized by the maximum value of the cost
function for ease of comparison. In practice, this normalized cost function has shown
blind
to be virtually insensitive to the chosen value of a. Although JICA
(s, a) is convex and
its maximum is clearly located at |ρ| = 1 as desired, this cost function is not well suited
to practical applications where the DWR is moderately high, because of its remarkable
flatness for small ρ. Due to this flatness, the initial vector must be very close to s0 for
assuring convergence when the cost function is to be optimized iteratively. Indeed, in
real experiments the ICA estimator has shown to get stuck most of the times at ρ ≈ 0.
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Figure 4.2: Cost surface of blind ICA, for n = 200, λ = 0.5, and a = 1.

4.3.2

ICA with pre-whitening

We must notice that the definition of the ICA estimator (4.6) does not consider any
kind of preprocessing of the observations. However, in most ICA implementations, the
observations are whitened before applying the ICA estimator (this is also the case of
[139]). There are several reasons for applying this whitening, being the most important
the fact that this operation reduces the estimation of the whole mixing matrix in the
BSS problem to the estimation of a rotation matrix, and that it brings the problem
to more “controlled” conditions, since the statistics of the problem are unknown, in
general. In our particular problem of carrier estimation there is no justified reason
for whitening the observations. Thus, we are interested in checking its impact in the
performance of the ICA estimator. The new cost function is

2

white
JICA
(s, a) = E log cosh(a · YTw s) − E [log cosh(a · U )] ,

(4.15)

where U ∼ N (0, 1), and YTw represents the whitened observations. We consider whitening through linear Principal Component Analysis (PCA), so Yw , PY, where P
denotes the “whitening matrix”. Let us denote by Q the covariance matrix of the
observations. For No → ∞, an eigenvalue decomposition yields Q = VDVT , with

 2
2
ν + (1 − λ)2 σX
0
n×n
,
(4.16)
D=
V = [s0 , Vs0 ] ∈ R ,
2
0
σX
· In−1
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where Vs0 ∈ Rn×n−1 is a unitary matrix whose columns span the orthogonal complement of the subspace spanned by s0 . Thus, for No → ∞, the whitening matrix can
1
be written as P = VD− 2 VT . The statistics of YTw s can be computed by taking into
account that
YTw s = XT (Ps − λs0 (sT0 Ps)) + ν(−1)M sT0 Ps = XT q + ν(−1)M sT0 Ps.

(4.17)

1

2 −2
By realizing that sT0 Ps = ρ(ν 2 + (1 − λ)2 σX
) , we have
1

2 −2
2
||q||2 ),
) , σX
YTw s|M = m ∼ N ((−1)m νρ(ν 2 + (1 − λ)2 σX

(4.18)

where
2 −1 2
||q||2 = ||Ps − λs0 (sT0 Ps)||2 = sT VD−1 VT s + ρ2 (ν 2 + (1 − λ)2 σX
) (λ − 2λ).
(4.19)

The computation of (4.15), taking into account (4.18) and (4.19), requires again nuwhite
blind
merical integration. Figure 4.3 compares JICA
(s, a) with JICA
(s, a).1 As can be seen,
white
blind
JICA (s, a) is worse than JICA (s, a) (for that particular DWR) in practical terms, because of its remarkable flatness: convergence is only guaranteed for initialization vectors
white
close to s0 . However, it is interesting to note that JICA
(s, a), after being normalized,
is nearly invariant to the embedding parameters and to the free parameter a.
4.3.3

Principal Component Analysis (PCA)

blind
As can be guessed from Figure 4.2(a), JICA
(s, a) becomes a suitable cost function
when the DWR is small. Hence, if some preprocessing for reducing the effective DWR
blind
can be made, then JICA
(s, a) can be used for our estimation purposes. Being probably
aware of this fact, the authors in [61] propose a dimensionality reduction through Principal Component Analysis (PCA). This is based on the following rationale: for large
spreading sequences, the variance in the direction of the watermark dominates over the
remaining directions, so for carrier estimation it suffices to keep for the ICA only the
components of the observations in the direction of the eigenvectors with the largest
associated eigenvalues. This reasoning holds in many practical scenarios, especially
in watermark detection applications, where n uses to be in the order of thousands.
However, when considering data hiding applications, the situation may be different.

When a single carrier is being used, the estimator of s0 by PCA is simply given by
[61]
ŝ0 = V[arg max Di,i ],
(4.20)
i

1

The other plot in Figure 4.3 corresponds to the “informed ICA” estimator, which will be defined
in Section 4.5.1.
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Figure 4.3: Comparison of the ICA cost functions with a = 1, for ISS with n = 200, λ = 0.5 and
DWR = 16 dB.

where V[k] denotes the kth column of the matrix V, and Di,i is the ith element in the
diagonal of the matrix D, both defined in (4.16). The performance of this estimator,
which will be referred to as the “PCA estimator”, was already plotted for add-SS (i.e.
with λ = 0) in Figure 3.6(b), where we can see that it works remarkably well for not so
large values of n. In order to perform a correct estimate, the variance in the direction
of s0 must be larger than in the remaining directions. For the i.i.d. Gaussian host, this
is equivalent to

2

ν + (1 −

2
λ)2 σX

>

2
σX

n
⇔ DWR < 10 log10
2λ

(4.21)

as can be seen from (4.16). Note that if the pdf of the host signal is not circular
(i.e. if the covariance matrix is not diagonal), then the condition for ensuring correct
estimation is more restrictive, as one must take into account the directions with the
highest variance. In any case, the watermarker could easily fool the PCA estimator by
properly tuning the embedding parameters n and λ so as to reduce the variance in the
embedding direction (possibly loosing some robustness).

4.4 New estimator for the KMA scenario
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Figure 4.4: Probability density function of the carrier conditioned on one observation for ISS-KMA
with n = 2 and λ = 0.9.

4.4

New estimator for the KMA scenario

This scenario was considered in [61, Section V.A] for λ = 0 under the i.i.d. Gaussian
host assumption, deriving the maximum likelihood (ML) estimator of s0 for that case.
Unfortunately, when λ > 0, no closed-form expression exists for the ML or MMSE
estimators, even under the Gaussian host assumption (Figure 4.4 shows an example
of the conditional pdf of s0 for λ = 0.9 and n = 2). For overcoming this problem we
will consider the pdf of the observations when projected onto the subspace defined by
s0 . Let us define the variables zi , yTi s0 , i = 1, . . . , No . Since the yi are conditionally
independent when the mi are known, we have

!
No
X
(zi − µi )2 ,
f ((z1 , . . . , zNo )T |S = s0 ) = K1 · exp −K2 ·

(4.22)

i=1

where K1 , K2 are constants, and µi , ν(−1)mi ks0 k2 , for i = 1, . . . , No . It is easy to
show that the ML estimator of s0 under the model (4.22) is the solution to the linear
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system Aŝ0 = M, which is expressed as
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(4.23)

where yi,j is the jth component of the ith observation. This estimator is easy to
compute by matrix inversion or by numerical methods. However, as a penalty for using
the statistics of the host in the projected domain, we need at least n observations in
order to get a full-rank matrix A. Note that the hypothesized values of ν and ||s0 || do
not affect the performance of the estimator, since they would only produce a scaling
of the estimate. This estimator can be thought of as a regressor that tries to estimate
the supporting hyperplane of the scaled observations (−1)mi yi , which is given by the
equation vT s0 = ν||s0 ||2 . For λ = 1, all the observations (−1)mi yi fall exactly on this
hyperplane. Hence, it is expected that the performance of this estimator is improved
as λ approaches 1 (moreover, it is obvious that in this case n − 1 observations would
suffice for obtaining a perfect estimate of s0 ).
Notice that the validity of this estimator is not necessarily restricted to Gaussian
hosts. It will work for a variety of host distributions, as long as the Central Limit
Theorem (CLT) holds. The reason is that, for moderately large n, Eq. (4.22) is approximately valid by virtue of the CLT.

4.5
4.5.1

New estimators for the WOA scenario
Informed ICA

We have empirically observed that the drawbacks mentioned in Sect. 4.3.1 for the
blind ICA estimator can be partially overcome if the variance of the random variable
blind
U in JICA
(s, a) is fixed to a proper constant value, instead of varying it according to
inf
the variance of YT s. We term the new cost function JICA
(s, a), where “inf ” stands for
2
“informed”. After some experiments, it was found that fixing that value to σX
yields
good results. In order to keep the estimator blind, we compute an estimate of σX from
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the observations. Our estimate of σX is

σ̂X =



 12
1
tr (Q)
=
n

n

1X
Di,i
n i=1

! 12

,

(4.24)

where Q is the covariance matrix of the observations and Di,i are the diagonal elements
inf
of the matrix of eigenvalues defined in (4.16). The expression of JICA
(s, a) is still given
2
by (4.5), with the only difference that U ∼ N (0, σ̂X ).
inf
Figure 4.5 shows the cost surface of JICA
(s, a) (obtained by means of numerical
blind
integration) under the same conditions as JICA
(s, a) in Figure 4.2. As can be seen,
inf
JICA (s, a) is convex for all DWRs except for a small range, and no problems of flatness
for small ρ appear, so an iterative optimization algorithm can easily reach the maxiinf
mum. Although JICA
(s, a) has shown to be quite sensitive to value of the variance we
fix for U (two examples of the resulting cost surface for underestimation and overestimation of σX are shown in Figure 4.6), it performs reasonably well with real images,
blind
as will be seen in Section 4.7). Similarly to JICA
(s, a), the value of a has no noticeable
influence on the normalized cost function.

Informed ICA is also compared with blind ICA and blind ICA with pre-whitening
in Figure 4.3, showing that the first is better behaved.

68

Security of Spread Spectrum Watermarking: Practical algorithms

1
0.8
0.6
1
0.4
0.8
0.2
0.6
0
1

0.4

1

0.2
0.5

0.5
0
28

T

|s s |
0

0
28

26

24

20
22
DWR (dB)

18

16

14

12

(a) σ̂X = 0.5σX

26

24

22

20
18
DWR (dB)

16

14

12

0

T

| s s0|

(b) σ̂X = 1.5σX

inf
Figure 4.6: Cost surface JICA
(s, a) with a = 1 for ISS with n = 200, λ = 0.5 and different estimates
of the host variance.

4.5.2

Constant Modulus (CM) criterion

According to (4.13), when Y is correlated with a vector s orthogonal to s0 (i.e.
2
with ρ = 0), the resulting random variable is zero-mean Gaussian with variance σX
.
However, when Y is correlated with s0 , we have
YT s0 ∼


1
2
2
) .
) + N (−ν, (1 − λ)2 σX
N (ν, (1 − λ)2 σX
2

Hence, if we take the modulus of YT s, it should lie (in average) closer to ν as s approximates s0 . Notice, for instance, that in the particular case of λ = 1 the observations
yi fall exactly on two parallel hyperplanes given by vT s0 = ±ν||s0 ||2 . The main idea
behind the CM method is to define a cost function that penalizes the deviations of
|YT s| from ν. A possible cost function is then
h
2 i




JCM (s) = E (YT s)2 − ν 2
= E (YT s)4 − 2ν 2 · E (YT s)2 + ν 4 . (4.25)
By definition, our CM estimator is essentially equivalent to the methods for blind
equalization based on the constant modulus criterion which are well known in the
literature of Digital Communications [143] and have been extensively studied there.
Nevertheless, the problem setup is different in both cases (e.g. host rejection is not
considered in Communications, and the observations are not necessarily processed in
a block-by-block basis), so a new analysis of the CM cost function for our problem is
justified.

The cost function of the CM estimator is analyzed in Appendix B.6 assuming an
i.i.d. Gaussian host. The cost function results in a fourth order degree polynomial in
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the normalized correlation,
JCM (s) = JCM (ρ)

4
4
4
2
2
+ 3λ4 σX
− 12λ3 σX
+ 12λ2 σX
+ 6ν 2 λ2 σX
= ρ4 ν 4 − 12ν 2 λσX
 2

2
2
2
4
2
−2ρ2 ν 2 − 3σX
ν − 2λσX
+ λ2 σX
+ 3σX
− 2ν 2 σX
+ ν 4 . (4.26)

In the particular case of λ = 0 (add-SS), Eq. (4.31) admits a clearer expression:
blind
2
4
2
JCM
(s, ν̂) |λ=0 = ρ4 ν 4 − 2ρ2 ν 2 (ν 2 − 3σX
) + 3σX
− 2ν 2 σX
+ ν 4.

(4.27)

Now let us denote by ρmin the value of ρ for which the global minimum of (4.27) is
achieved. From the attacker’s
point of view, it is desirable that |ρmin | is as close to 1
√
as possible. For ν√≤ 3σX , the minimum of (4.27) is always achieved for ρmin = 0.
In turn, for ν > 3σX , if the attacker wants to achieve |ρmin | ≥ τ ∈ [0, 1], then the
condition


n(1 − τ 2 )
DWR < 10 log10
(4.28)
3
must hold. This means that for achieving |ρmin | ≥ 0.9 the DWR must be below 1 dB
and 18 dB for n = 20 and n = 1000, respectively. Bear in mind that, when optimizing
iteratively the CM cost function, the condition derived above is necessary but not
sufficient, in general, for arriving at the optimum that guarantees |ρmin | > τ , since
(4.27) is not necessarily monotonically decreasing for |ρ| ∈ [0, 1].
For λ > 0 it is hard to infer from (4.26) the conditions for the successful estimate
of s0 , so we will plot the cost surface for different embedding parameters. Figure 4.7
shows the cost surface (4.26) for different values of n. The value of (4.26) has been
normalized for each DWR by the value of its maximum. As can be seen, the cost surface
is not guaranteed to be neither monotonic nor convex for all DWRs. Depending on
the values of n and λ, there exists a range of DWRs where the global minimum of
the cost surface may be far from |ρ| = 1; in the worst cases, the minimum is achieved
for ρ = 0). Hence, the results of an iterative optimization algorithm will be strongly
dependent on the initialization point. Notice that the shape of the cost surface near
ρ = 0 is of utmost importance, since random initializations of s will yield sT s0 ≈ 0
with high probability, so an iterative algorithm will get stuck at ρ ≈ 0 if the cost
surface achieves its minimum at that point. Nevertheless, Figure 4.7 shows that the
cost surface becomes more amenable to be optimized as n and λ are increased (keeping
the DWR constant).
Blind CM estimator
In general, the attacker has no a priori information about the embedding parameter
ν, so he needs an estimate before applying the CM method. We assume now that the
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Figure 4.7: Cost surface of the CM method for ISS with different embedding parameters.

attacker manages to obtain an estimate ν̂ = ν + ν̃ from the observations at hand. The
new CM cost function, now termed “blind”, is




blind
(s, ν̂) = E (YT s)4 − 2ν̂ 2 · E (YT s)2 + ν̂ 4
JCM



= JCM (s) − 2E (YT s)2 ν̃ 2 + 2ν ν̃ + ν̂ 4 − ν 4 ,

(4.29)

and the blind CM estimator is defined as

blind
ŝ0 = arg min JCM
(s, ν̂).
s

(4.30)

By combining the Eq. (4.26) above and (B.72) obtained in Appendix B.6, after
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rearranging terms (4.29) results in
blind
blind
JCM
(s, ν̂) = JCM
(ρ, ν̂)

2
2
4
4
4
= ρ4 ν 4 − 12ν 2 λσX
− 12λ3 σX
+ 3λ4 σX
+ 6ν 2 λ2 σX
+ 12λ2 σX


2
2
2
−2ρ2 ν 2 − 3σX
+ 2ν ν̃ + ν̃ 2 ν 2 − 2λσX
+ λ2 σX
4
2
2
2
+3σX
− 2ν 2 σX
+ ν 4 + 4ν 3 ν̃ + 6ν 2 ν̃ 2 + 4ν ν̃ 3 + ν̃ 4 − 4ν ν̃σX
− 2ν̃ 2 σX
.
(4.31)

The only difference between (4.31) and (4.26) is a constant additive factor and the term
2ν ν̃ + ν̃ 2 in the multiplier of ρ2 . Although underestimating the true value of ν may
have a harmful effect in the cost function, using ν̂ > ν can even be beneficial for the
attacker. Figure 4.8 shows examples of the cost surface with ν̂ = 1.5ν and ν̂ = 0.5ν. As
can be seen in Figure 4.8(b), the local minima that are apparent in Figure 4.8(a) have
disappeared; the penalty to pay is the general flattening of the cost surface that may
affect the convergence of iterative optimization algorithms. For a truly “blind CM”
estimator we propose to extract ν̂ from Q, the covariance matrix of the observations,
as
n
o
1
ν̂blind , max (Di,i ) 2 ,
(4.32)
i

where Di,i are the diagonal elements of D, defined in (4.16). The resulting cost surface
of the blind CM estimator is shown in Figure 4.9 for λ = 0.5. Notice that for n = 200
there exists a small range of DWRs (around 20 dB) with a local minimum close to
|ρ| = 0. For those DWRs, an iterative optimization of the cost function would get
stuck at |ρ| ≈ 0 with high probability. However, for the remaining DWRs, the shape
of the cost function is very appealing. Increasing the parameter n (Figure 4.9(b)) has
the effect of increasing the range of DWRs where the function is unimodal (i.e. with
no local minima) and achieves its minimum for |ρ| = 1. As can be seen, the range
of DWRs with undesired local minima is moved towards higher DWRs. Figure 4.10
blind
depicts the variation of JCM
with λ, showing that increasing λ clearly benefits the
attacker using this method.
4.5.3

Average Maximum Likelihood (AML)

Given a sequence of observations {y1 , . . . , yNo }, a candidate vector s, and the sequence of messages {m1 , . . . , mNo } embedded in each observation, the likelihood of the
cross-correlation between the observations and s is given by
No
Y

(zi − ν(−1)mi )2
exp −
f (z|s, m) = K ·
2σZ2
i=1




,

(4.33)
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Figure 4.8: Cost surface of the blind CM method for ISS with n = 200 and λ = 0.5, for different
estimates of ν.
2
where z = {z1 , . . . , zNo }, with zi , yTi s, K is a constant, and σZ2 = (1 − λ)2 σX
. Since
we do not know the actual sequence of embedded messages, we take the average of the
likelihood function:



No
Y
(zi − ν(−1)Mi )2
E exp −
f (z|s) = K ·
2σZ2
i=1




No 
Y
1
(zi − ν)2
(zi + ν)2
1
+ exp −
exp −
= K·
2
2σZ2
2
2σZ2
i=1
 2
 



No
Y
−zi − ν 2
zi ν
1
zi ν
1
= K·
exp
exp
+ exp − 2
2σZ2
2
σZ2
2
σZ
i=1
 
 2
No
Y
zi ν
−zi
′
cosh
.
(4.34)
exp
= K ·
2
2σZ
σZ2
i=1

4.5 New estimators for the WOA scenario

73

1

1

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0
0

0
0
0.5
T

| s s0|

1

10

15

25

20

0.5

30

20

T

|s s |
0

1

DWR (dB)

(a) n = 200

10

15

25

30

DWR (dB)

(b) n = 1000

Figure 4.9: Cost surface of the blind CM method for ISS with λ = 0.5, using the estimate (4.32) for
parameter ν.

The average log-likelihood results in
′

log(f (z|s)) = log(K ) +

No
X
i=1

If we consider

1
No

log cosh



zi ν
σZ2



No
X
zi2
−
.
2σZ2
i=1

(4.35)

log(f (z|s)) for No → ∞, then we can write the AML cost function as





νYT s
1
JAML (s) = E log cosh
− 2 E (YT s)2 .
(4.36)
2
σZ
2σZ

Thus, the AML estimator is given by

ŝ0 = arg max JAML (s).
s

(4.37)

For a i.i.d. Gaussian host, the second term of (4.36) has been already calculated in
Appendix B.6. The first term has to be calculated by numerical integration. The pdf
of YT s has been obtained in (4.13). Now, if we define the r.v. Am , σν2 YT , then
Z
 2

2 2
ν (−1)m ρ σX
ν T
ν ||t||2
Y
s|M
=
m
∼
N
,
,
(4.38)
σZ2
σZ2
σZ4
the value of the first term in (4.36) can be readily computed by means of numerical
integration. Figure 4.11 shows the resulting cost surface. As can be seen, the cost
surface is monotonically increasing in |ρ| for all DWRs. However, as the DWR is
increased the cost surface gets flatter, which constitutes a problem in practical setups.
In general, a practical AML estimator working with high DWRs needs a large number
of observations in order to perform well.
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Deviation from the true parameters: “blind AML”
The application of (4.36) requires in practice the knowledge of ν and σZ . We assume
that the attacker has estimates of the form ν̂ = ν + ν̃ and σ̂Z = σZ + σ̃Z . The cost
function is now given by





ν̂YT s
1
JAML (s, ν̂, σ̂Z ) = E log cosh
− 2 E (YT s)2 .
(4.39)
2
σ̂Z
2σ̂Z

In practice, the effect of varying σZ on the cost function has shown to be negligible.
Serious problems may arise when ν is underestimated, but the convexity properties of
the cost function seem to remain the same when ν̂ > ν. This suggests that in practical
problems we can resort to the estimate of ν given in (4.32) for implementing a blind
AML estimator.
4.5.4

Final remarks

Although the analysis carried out here for the ICA, PCA, CM and AML cost
functions was made considering Gaussian hosts, the conclusions can be extended to
more general host distributions under some mild assumptions. All the cost functions are
based on functionals of the type YT s. Hence, if the components of the observations are
approximately independent, the resulting random variable can be well approximated
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for a wide variety of host distributions by a Gaussian whenever n is sufficiently large, by
virtue of the CLT. This is true, for instance, when the embedding occurs in the DCT
or DWT domains, where the coefficients are distributed according to a Generalized
Gaussian. This latter case is explicitly analyzed in Appendix B.7 for the CM cost
function, supporting the above arguments.
The final remark comes from the links between the theoretical security analysis and
the behavior of the estimators:
1. From Section 3.3.2, it is known that in the WOA scenario large spreading sequences provide more information to the attacker than short ones. Thus, it
should be easier for the attacker to perform estimation of s0 as n is increased.
This is the case for the PCA estimator, as discussed in Section 4.3.3, and also for
the blind CM estimator, under the light of Figure 4.9.
2. From Section 3.4.2, it is known that increasing λ, i.e. increasing the host rejection,
provides more information about s0 . This additional information is effectively
translated into an advantage for the blind CM estimator, which is reflected in
its cost function (cf. Figure 4.10). However, the PCA estimator works better for
λ = 0, according to (4.21).
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Practical implementation of the WOA estimators

This section is concerned with the application of the previously proposed estimators
to practical problems. The first difficulty that arises in practice is that the estimators
considered do not admit closed form solutions, so one has to resort to iterative optimization algorithms. Another difficulty introduced by practical setups is the availability of
a finite number of samples (observations), so the expectations have to be approximated
by some estimate. If the number of observations is small, then the approximate cost
function may differ significantly from that derived for asymptotic conditions. In our
implementations we make use of the usual sample mean estimator, which simplifies
the computation of the gradients needed by the optimization algorithms. Examples
for the blind CM method and for the AML method are shown in Example 4.1 and
Example 4.2, respectively.
Example 4.1 Cost function of blind CM for a finite number of observations
The cost function for blind CM for a finite set of observations is:
blind
JCM
(s) =

No
2
1 X
(yTi s)2 − ν̂ 2 .
No i=1

(4.40)

The partial derivatives of (4.40) are
No
blind
2
∂JCM
(s)
4 X
(yTk s)2 − ν̂ 2 yTk s, i = 1, . . . , n.
=
∂si
No k=1

(4.41)

Let us define the vectors zi ∈ RNo ×1 , b ∈ RNo ×1 as
zi , [y1,i , . . . , yNo ,i ]T , i = 1, . . . , n
h
iT
2
2
b ,
(yT1 s)2 − ν̂ 2 yT1 s, . . . , (yTNo s)2 − ν̂ 2 yTNo s .

(4.42)
(4.43)

The gradient of blind CM can be expressed as
blind
∇JCM
(s) =

T
4  T
4 T
Y b,
b [zi , . . . , zn ] =
No
No

(4.44)

where Y ∈ Rn×No is the matrix of observations.

In order to optimize the chosen cost function, one can resort to the wide variety of
algorithms available in the literature. The most widely used method in Digital Communications is the stochastic gradient descent [129] that allows to construct lightweight
iterative methods. In the problem of watermarking security, the attackers are not especially concerned about computational complexity or speed of convergence issues, so

4.6 Practical implementation of the WOA estimators
Example 4.2 Cost function of AML for a finite set of observations
The cost function of AML for a finite set of observations is


No
No
1 X
ν T
1 X
blind
(yTk s)2 .
y
s
−
log cosh
JAML (s) =
2 k
2
No k=1
σZ
2No σZ k=1
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(4.45)

The partial derivatives of (4.45) are


No
blind
∂JAML
(s)
ν T
ν X
tanh
y s yk,i , i = 1, . . . , n.
=
∂si
No σZ2 k=1
σZ2 k
Let us define the vector c ∈ RNo ×1 as




T
ν T
ν T
c = tanh
.
y s , . . . , tanh
y s
σZ2 1
σZ2 No

(4.46)

(4.47)

The gradient of AML can be expressed as
T
T
ν  T
1  T
c
[z
,
.
.
.
,
z
]
−
b
[z
,
.
.
.
,
z
]
1
n
1
n
No σZ2
No σZ2
Y
(νc − b) .
=
No σZ2

blind
∇JAML
(s) =

(4.48)

we choose a different family of optimization methods that, though not very popular in
the Communications field, permits us to extend easily the proposed approach to other
related watermarking scenarios, as we will see in Section 4.7.3.
Recall that our setup is the following: we are interested in estimating a vector s0 ,
which is supposed to be of unit norm, i.e. sT s = 1. The usual approach is to apply
one of the classical, off-the-shelf optimization methods [179] imposing the unit-norm
restriction. However, those methods have been designed for performing optimization
on Euclidean spaces, i.e. on rectangular coordinates. The correct geometrical setting
for this problem is on the “Stiefel manifold” [106]. The usual definition of a manifold
is as a Haussdorf topological space that looks locally Euclidean [106, 54]. Specifically,
the Stiefel manifold is defined as
Definition 4.1. The Stiefel manifold S(m, n) is the set of all unitary matrices U ∈
Rn×m , and has dimensionality mn − 12 m(m + 1).
For m = 1, which is the case of interest for us, S(m, n) becomes the surface of the
unit sphere in Rn . The advantage of optimizing directly on the manifold is that one
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naturally gets rid of the unit-norm constraint in our optimization problem. Thus, our
estimate ŝ0 can be expressed as a point in S(1, n).
Now, recall that in the WOA scenario it is not possible to estimate the sign of the
vector s0 . In fact, the vectors s0 and −s0 yield the same value for all the cost functions
defined in Section 4.5. Hence, the relevant geometrical object for estimation in the
WOA scenario is the Grassman manifold.
Definition 4.2. The Grassman manifold G(m, n) is the set of all m-dimensional
hyperplanes through the origin of Rn , and has dimensionality m(n − m). If for
U1 , U2 ∈ S(m, n) we define the equivalence relation
U1 ∼ U2 if span(U1 ) = span(U2 ),
the Grassman manifold results as the quotient space of S(m, n) under this equivalence
relation, and points in the Grassman manifold can be interpreted as m-dimensional
subspaces in Rn .
In our case (m = 1), G(m, n) is simply the set of one-dimensional spaces that can
be spanned by a n-dimensional vector, so our estimate can be expressed as one point in
G(1, n). In general, optimization on the Grassman manifold can be applied to problems
where, besides the unitary constraint, the cost function J(S) to be optimized fulfills
the condition J(S) = J(SH), for S ∈ Rn×m , and H ∈ Rm×m a unitary matrix.2
In general, optimization problems with unitary constraints tend to occur in Signal
Processing applications involving subspaces. Grassman and Stiefel manifolds have a
nice geometrical structure that allows to adapt classical iterative algorithms, such as
Newton and conjugate gradient methods, to these curved spaces [106, 162]. For the
practical implementations used in this thesis we chose a conjugate gradient method
over the Grassman manifold [106]. The algorithm remains essentially equivalent to
a classical conjugate gradient, and the main difference lies on how the gradients and
updates are computed, since we must move through geodesics instead of straight lines.
A complete description of the algorithm can be found in [106, Sect. 3.3].

4.7
4.7.1

Experimental results
Results for the KMA estimator

We compare in terms of performance the estimator proposed in Section 4.4 for
ISS with the estimator proposed in [61], originally devised for add-SS (i.e. ISS with
2

Notice that in the WOA scenario we could still carry out the optimization over the Stiefel manifold,
but in this case we would treat s and −s as different points.

4.7 Experimental results

79
1
0.9
0.8

1

0.7

0.8
ρ

0.6

0.6

0.5
0.4

ρ

0.3

0.4

0.2
0.1

0.2

0
1
0.5

0
1000
500
N

0

1

0.5
λ

o

0
0
λ

(a)

0

100

200

400

300

500

600

700

800

900

1000

No

(b)

Figure 4.12: Estimation for ISS in the KMA scenario, with DWR = 25 dB, n = 100, and Gaussian
host. Results with the ML estimator devised in [61, Section V] for add-SS (a), and results with the
estimator (4.23) proposed in Section 4.4 (b).

λ = 0). We remark here that the latter is the ML estimator of s0 when the host is
i.i.d. Gaussian and λ = 0. Figure 4.12 shows the estimation results for different values
of λ and Gaussian host, for both estimators. As can be seen, the add-SS estimator
(Figure 4.12(a)) achieves its best performance when λ = 0. On the contrary, the performance of the ISS estimator (Figure 4.12(b)) is improved as λ increases.3 Actually,
in the limiting case when λ = 1, n observations would suffice to disclose the secret subspace, since in that case the observations yi · (−1)mi would lie in the same hyperplane,
as discussed in Section 4.4.
4.7.2

Results for the WOA estimators

The statistical analysis carried out in Section 4.3.1 shows that blind ICA approaches
fail when directly applied to our estimation problem, and this has been shown to
be indeed the case in practice. This is why we focus here on the “blind CM” and
“informed ICA” (using the estimates (4.32) and (4.24, respectively) estimators. We
are also interested in comparing these approaches with the one proposed in [61], which
is based on the PCA estimator discussed in 4.3.3.
Figure 4.13(a) shows the comparison between the PCA and blind CM estimators
for i.i.d. Gaussian host and different values of λ. As can be seen, the PCA estimator
achieves its best performance for λ = 0, as explained in the previous section, and it
3

Recall that, according to Theorem 3.2, the closer to 1 is the value of λ, the more information
about s0 leaks.
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is below the theoretical upper bound (derived in Section 3.5.2) in all cases. As for
the blind CM estimator, it can be seen that it clearly benefits from increasing λ. In
general, PCA presents better performance than blind CM for small No , but this is
not necessarily true as No is increased. Figure 4.13(b)-(c)-(d) show results obtained
for real images: “man”, “couple”, and “stream & bridge”, available for download in
[23]. All of them have been marked in the DCT domain, using a subset of coefficients
that is assumed to be known by the attacker, and which is the input to the estimators
(thus, depending on the size of the image and the value of n, the maximum allowed No
is different in each case). This scenario is less favorable for PCA than with the i.i.d.
Gaussian host, because the embedding direction is not guaranteed to have the highest
variance. As can be seen, the blind CM estimator offers in all cases better performance
than the informed ICA. It is also interesting to see that the PCA estimator gets trapped
in the directions of maximum variance that, in general, are far from the direction of
the spreading vector. Furthermore, it can be observed that for PCA the estimation
accuracy can decrease (see Figure 4.13(b),4.13(d)) when the number of observations is
increased. This is due to the fact that the host vectors are not i.i.d., and the directions
of maximum variance depend on the considered region of the image.
4.7.3

Extension to other scenarios

Estimation of several carriers (multibit data hiding)
We consider here the case where several bits of information are embedded in the same
host signal by means of several carriers, a setup that could correspond to scenarios of
multiuser information embedding, for instance. The embedding function for a multibit
ISS system with embedding rate R = n1 log(Nb ) can be written as
Nb
X

Nb
X
XTi sk
sk , for i = 1, . . . , No ,
Yi = Xi + ν
(−1) sk − λ
||sk ||2
k=1
k=1
Mi

(4.49)

where for simplicity we have considered that the parameters ν and λ are the same for
all carriers. Hence, the secrecy of the system relies on the matrix of secret carriers
S = [s1 , . . . , sNb ] ∈ Rn×Nb .
For this kind of multibit setups, the authors of [61] have already proposed an estimator based on PCA and ICA. However, the application of PCA to this scenario
presents the drawbacks noted in Sect. 4.3.3 for single carrier schemes. On the contrary,
the methods for optimization on manifolds introduced above can be effectively adapted
to this scenario. If the carriers are known to be (almost) perfectly orthogonal,4 then
4

This will be the case in most scenarios as long as the length (n) of the carriers is large enough,
even if they were not generated fulfilling the perfect orthogonality condition.
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the matrix of carriers S is (approximately) unitary. For performing estimation of the
carriers in the multibit scenario we resort to a “deflation” approach which, although
clearly suboptimal,5 yields good performance at reasonably low complexity. The deflation approach is described in Algorithm 4.1, and basically consists in estimating
the carriers one by one, properly orthogonalizing the observations by means of the
Gram-Schmidt procedure.
Algorithm 4.1 Deflation approach for estimating the secret spreading vectors
1. Initialize the matrix of observations O(1) = [y1 , . . . , yNo ].
2. For i = 1, . . . , Nb
(a) Compute an estimate ŝi by applying the estimator of Section 4.6 on O(i) .
(b) Orthogonalize the observations by means of the Gram-Schmidt procedure:
O(i+1) = O(i) − ŝi ((O(i) )T ŝi ).

(4.50)

3. The final estimate is Ŝ = [ŝ1 , . . . , ŝNb ].

Regardless of the followed estimation procedure, there is an ambiguity in the order
of the estimated carriers which is inherent to the multibit scenario and cannot be
undone, as noted in [61]. Figure 4.14(a) shows the estimation results when “man”
is marked with 3 different carriers, after removing the ambiguity in the order of the
estimated carriers. As can be seen, the blind CM estimator outperforms the PCA-ICA
estimator in this scenario.

Circular modulations
Some authors have proposed several variations of the spread spectrum embedding function with the aim of improving its security. In [44], the circular watermarking method
was proposed as a slight variation of the multibit ISS. In order to make more difficult
the estimation of the carriers, an additional random sequence is used for getting the
marked signal sphered.6 According to [44], the embedding function of the circular
5

A presumably better approach would be to perform optimization directly in the Stiefel manifold
for estimating the whole set of carriers at once, although this path will not be pursued in this thesis.
Of course, a suitable cost function must be defined for such problem.
6
Actually, this is equivalent to use a non-deterministic transformation ψ(θ) every time a signal is
marked.
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version of ISS reads as
Nb
Nb
X
X
XTi sk
Mi
Yi = Xi + ν
(−1) sk dk − λ
sk , for i = 1, . . . , No ,
||sk ||2
k=1
k=1

(4.51)

where d = [d1 , . . . , dNb ] is a vector uniformly distributed in the unit sphere. Although
this randomization effectively conceals the secret carriers, it has the drawback of impairing the communication between embedder and decoder, since the latter ignores the
randomization sequence d, which is changed for each marked vector. Furthermore, this
modulation does not conceal properly the embedding subspace, so an attacker can take
advantage of this fact for removing the watermark with low distortion, if he manages
to disclose this subspace. For this purpose one can think of a generalized CM cost
function, that in fact can be interpreted as a Constant Norm criterion (CN) [123], for
exploiting the structure of the embedding subspace:
h
2 i
T
2
2
JCN A (S, ν) = E ||Y S|| − ν Nb
.
(4.52)
For measuring the performance of the CN estimator we resort to the “chordal
distance” [78], which is the natural measure of distance between two subspaces spanned
by unitary matrices P and Q. The chordal distance is usually defined in terms of the
“principal angles” θ1 , . . . , θNb ∈ [0, π/2] between P and Q, which in turn are defined as
cos θi = max max pT q,
p q

(4.53)

where p and q are the columns of P and Q, respectively. This way, the chordal distance
can be computed as
! 12
Nb
X
dc (P, Q) =
sin2 θi
.
(4.54)
i=1

A more compact definition of the chordal distance is by means of the “projection
matrices” PPT and QQT as follows:
1
dc (P, Q) = √ ||PPT − QQT ||F ,
2

(4.55)

where || · ||F denotes
the Frobenius norm for matrices. The chordal distance achieves
√
its maximum, Nb , when the two subspaces are perfectly orthogonal, and it equals
0 when both matrices generate the same subspace. Notice that for optimizing (4.52)
we can resort to the Grassman manifold, since the norm is invariant to rotations.
Figure 4.14(b) shows the performance comparison between the CN and PCA estimators
applied to “man” with Nb = 2, n = 200 and λ = 0.7. As we can see, CN performs
significantly better than PCA.

4.8 Conclusions
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Conclusions

We have analyzed the previously proposed ICA and PCA estimators [61]. Although these estimators have shown their good performance in practical scenarios (see
e.g. [61],[44]), we have highlighted their limitations, showing that they can be fooled
by appropriately choosing the embedding parameters. As for the new estimators proposed in this chapter (informed ICA and blind CM), the statistical analysis performed
in Section 4.5 showed that they also present some drawbacks when facing certain combinations of embedding parameters. However, they have proved to work in a number
of scenarios where the previous approaches have failed, as seen in Section 4.7. The
combination of new and previous methods provides a wider battery of estimators for
performing practical security tests that work for most practical situations.
These results show that it is dangerous to draw conclusions about the security of a
particular data hiding scheme using the results obtained with a particular estimator.
If this estimator is far from being optimal, then the security level of the method under
study could be largely overestimated. In this sense, the role of the information-theoretic
security analysis is necessary for providing the fundamental limits of watermarking
security.
Finally, we want to note that with the chosen optimization algorithm, computational problems may appear if the size of the spreading vector (n) is very large. In this
case, one should look for other optimization methods more suitable for “large scale”
problems.
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Figure 4.13: Performance comparison of blind CM, informed ICA and PCA for Gaussian hosts and
real images. Results averaged over 100 realizations of the spreading vector in each case.
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Figure 4.14: Performance of blind CM and blind CN in multicarrier setups. In (a) we have the
performance of “blind CM” for “man” marked with multibit ISS, Nb = 3, n = 200, λ = 0.8 and
DWR=17dBs. In (b) we have the performance of the “blind CN” and PCA estimators for “man”
marked with “circular ISS”, Nb = 2, n = 200, and λ = 0.7. Results averaged over 100 realizations of
the spreading vector.
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Chapter 5
Security of Lattice-Based Data Hiding:
Theory
The security of spread spectrum methods has been addressed in chapters 3 and 4. In
this chapter we study from a theoretical point of view the security of another important
group of data hiding schemes: quantization-based methods using structured codebooks,
proposed by Chen and Wornell [63] with the name of “Quantization Index Modulation”
(QIM). The specific implementation of QIM considered in this thesis is by means of
nested lattice codes [174], which encompasses most of the proposed QIM formulations
so far, and it will be referred to as “lattice data hiding”. In the literature it is also usual
to find the nomenclature DC-DM, where DC-DM stands for “Distortion Compensation
- Dither Modulation” [63]. Other related family of quantization-based methods is
Spread Transform - Dither Modulation (ST-DM) [63],[108], which combines certain
characteristics of spread spectrum and QIM methods, although it is not specifically
addressed in this thesis.
Lattice data hiding methods have been widely studied during the last years. These
methods are the most significant representatives of the so-called “side-information”
paradigm for data hiding, which was mainly inspired by Costa’s result [83]. Much of
the interest in lattice data hiding schemes comes from the fact that they have been
shown to provide a practical, manageable construction for approaching the capacity
limit predicted by Costa [112]. Despite this interest, however, the security offered by
this kind of methods has not been properly addressed so far; the existing results are
more focused on practical approaches [61, Section V-D],[45],[46].
This chapter is organized as follows: Section 5.1 introduces the theoretical model
for the study of lattice data hiding methods and their security. Section 5.2 studies the
security in the KMA and CMA scenarios, characterizing the influence of the embedding
parameters. The security in the WOA scenario is addressed in Section 5.3, putting
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special emphasis in the comparison between KMA and WOA, and in the possibility of
achieving perfect secrecy. In Section 5.4, the security of lattice data hiding schemes is
linked to that of Costa’s set-up [83]. Finally, in Section 5.5 the main conclusions are
summarized and some remarks are given.
The main notational conventions followed throughout this chapter are the following:
random variables and their occurrences are denoted by capital and lowercase letters,
respectively; boldface letters denote column vectors, whereas scalar variables are represented in non-boldface characters. Calligraphic letters are reserved for sets. The
volume of a bounded set X ∈ Rn is denoted by vol(X ), whereas the cardinality of a
discrete set C with a countable number of elements is denoted by |C|. The indicator
function, denoted by ψB (·) and defined as

1, z ∈ B
(5.1)
φB (z) =
0, otherwise,
will be widely used throughout the text. The expectation of a function ϕ(X) over
X is denoted by E[ϕ(X)]. The p-ary alphabet that represents the messages to be
transmitted is defined as M , {0, 1, . . . , p − 1}. The “messsage space”, defined as
MNo , M × . . . × M, represents the pNo possible message sequences that can be
formed with such an alphabet in No channel uses. The sequences in MNo can be
arranged using any arbitrary ordering (their value in base p, for instance), not relevant
for our analysis. The notation m(k) = [mk1 , . . . , mkNo ] will be used for indexing the kth
sequence in MNo .

5.1

Theoretical model of lattice-based data hiding

This section introduces the mathematical model for lattice data hiding and the
lattice constructions used in the paper. As this introduction is not intended to be
exhaustive, the interested reader is referred to [82] for a comprehensive description of
lattices, and to [174] for a more complete description of lattice codes for data hiding.
5.1.1

Lattices and nested lattice codes

We introduce in this section a series of concepts about lattices and nested lattice
codes necessary for the security analysis.
Algebraically, a lattice Λ is defined as a discrete subgroup of Rn endowed with the
natural addition operation. A lattice in n-dimensional space can be generated by any
integer combination of a set of n linearly independent basis vectors {v1 , . . . , vn }, which
form the “generating matrix” of Λ, defined as
M , [v1 , . . . , vn ].

(5.2)
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Hence, any point v ∈ Λ can be written as
u = MT z, for z ∈ Zn .

(5.3)

Every lattice has an associated nearest neighbor lattice quantizer which maps any
vector x ∈ Rn to the nearest lattice point of Λ, and is defined as
QΛ (x) = arg min{||x − u||},
u∈Λ

(5.4)

where || · || denotes the Euclidean norm. Ties in (5.4) can be broken arbitrarily but
systematically. The fundamental Voronoi region of Λ, a concept that will be frequently
recalled in this paper, is defined as
V(Λ) , {x ∈ Rn : QΛ (x) = 0},

(5.5)

and corresponds to the n-dimensional polytope wherein all points are quantized to 0.
The union of all the lattice points along with the properly translated Voronoi regions
tessellates Rn , i.e.
Rn = Λ + V(Λ).
(5.6)
This, together with (5.4), implies that any point x ∈ Rn can be uniquely written as
x = QΛ (x) + e,

(5.7)

where e ∈ V(Λ). The volume of a lattice Λ is defined as the volume of its Voronoi
region, and it is computed as
Z
vol(V(Λ)) =
dx = det M,
(5.8)
V(Λ)

where M is the generating matrix defined in (5.2). We will also define the modulo-Λ
reduction of a vector x ∈ Rn as
x mod Λ , x − QΛ (x),
and the modulo-Λ reduced vector will be denoted by x̃. Notice that x̃ ∈ V(Λ), and it
can be regarded as the quantization error resulting from the quantization operation.
Other important parameters of lattices that will be used in this chapter are the
following:
• Second order moment per dimension:
R
2
1 V(Λ) ||x|| dx
P (Λ) ,
,
n vol(V(Λ))
which measures the MSE distortion incurred when using Λ as a quantizer.

(5.9)
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• Normalized second order moment:
G(Λ) ,

P (Λ)
2

vol(V(Λ)) n

,

(5.10)

which measures the goodness of Λ for quantization in MSE terms.
• The “covering radius” of the lattice Λ:
rc (Λ) , min{r : V(Λ) ⊆ B(0, r)}.

(5.11)

The application of lattices to data hiding is based on the concept of “lattice partitioning.” Given a certain lattice Λ, we can define a sublattice Λ′ which is a subset of
the points in Λ (i.e. Λ′ ⊂ Λ) and is itself a lattice. The set {u + Λ′ }, with u ∈ Λ, is
known as a coset of Λ′ . Due to the periodic structure of lattices, there exist infinite u
that yield the same coset. The vector u with the smallest Euclidean norm is termed
a “coset leader.” From the definitions of lattice and Voronoi region, it follows that
the coset leaders always belong to V(Λ′ ). The set of all cosets of Λ′ with respect to
Λ is called the “partition” of Λ induced by Λ′ , and it carries a group structure with
the natural addition operation. It can be proved that the number of different cosets is
′
given by the so-called “nesting ratio” vol(V(Λ )) = p. The union of the p cosets yields
vol
(V(Λ))
S
′
the lattice Λ, i.e. p−1
k=0 dk + Λ = Λ, where dk denotes the coset leaders.

A nested lattice code is defined by two parameters: a shaping (coarse) lattice Λ and
a fine lattice Λf such that Λ ⊂ Λf . The pair (Λ, Λf ) defines a partition which in turn
yields a set of p coset leaders or codewords Cp = {dk , k ∈ M}. Each letter k ∈ M
is mapped to one coset leader dk ∈ Cp , and thus to the kth coset of Λ. Although the
mapping between elements of M and C can be arbitrary, we will assume that the letter
0 corresponds to d0 = 0. Nested lattice codes can be constructed in a number of ways.
Although most results in this chapter are quite general, we focus in some cases on two
particular constructions, given their importance: the self-similar lattice construction
[116] and the so-called “Construction A” [82],[111].
In the self-similar construction, the nested code is obtained as follows:1
1

1. Define a positive integer p n ∈ N, where n is the dimensionality of Λ.
1

2. Compute the fine lattice as Λf , p− n Λ. It follows that the lattice Λ is a sublattice
of Λf , resulting in a nesting ratio vol(V(Λ)) = p, and an embedding rate R =
vol(V(Λf ))
log(p)/n.
1

More general self-similar partitions consider also rotations of Λ [79], but we will restrict our
attention to those obtained through scaling.
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Figure 5.1: Nested lattice codes of rate R = log(9)/2 with hexagonal shaping lattice, obtained by
means of self-similar construction (a) and with Construction A (b). The Voronoi regions of Λf and Λ
are represented by thin and thick lines, respectively.

3. Obtain the set of coset leaders Cp as Λf ∩ V(Λ).
In Construction A, the nested lattice code is completely specified by a “generating
vector” and the lattice Λ. It is summarized as follows:
1. Define a positive integer p and a generating vector g ∈ Znp , where Zp = {0, 1, . . . , p−
1}. Compute the codebook Q , {c ∈ Znp : c = k · g mod p, k ∈ M}, which is
contained in the hypercube [0, p)n . Then, construct the lattice Λ′ = p−1 Q + Zn .
2. Define the generating matrix G ∈ Rn×n (where each column is a basis vector)
of the coarse (shaping) lattice Λ. Apply the linear transformation Λf = GΛ′ .
It immediately follows that Λ is a sublattice of Λf and the nesting ratio is
vol(V(Λ)) = p, resulting in a coding rate R = log(p)/n.
vol(V(Λf ))
3. The set of coset leaders Cp is given by Λf ∩V(Λ), or equivalently, p−1 GQ mod Λ.
Notice that the mapping between the letters of the alphabet and the coset leaders
follows directly from the construction procedure.
The advantage of Construction A over the self-similar construction is that it allows
1
to build codes of arbitrary rate (without the restriction p n ∈ N). Moreover, if p is
chosen as a prime number and Λ is a good lattice for MSE quantization, then good
(asymptotic) properties of the code are ensured [111].
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Examples of 2-dimensional nested lattice codes are shown in Figure 5.1, using a
hexagonal shaping lattice and p = 9. For Construction A, the generating vector g =
[1, 2]T was chosen. In both cases, the lattice points belonging to the same coset are
represented by the same symbol. Notice that (as in Figure 5.1(a)) a coset leader may
fall exactly in the frontier between several quantization cells.
5.1.2

Embedding and decoding

The mathematical model for lattice data hiding is shown in Figure 5.2. First, the
host signal is partitioned into non-overlapping blocks Xk of length n. The message
to be embedded may undergo channel coding, yielding the symbols Mk ∈ M. In our
setup, the messages embedded in different blocks are assumed to be equiprobable in
M and mutually independent, unless otherwise stated. Θ represents the secret key,
shared between embedder and decoder. The parameter T = ψ(Θ) is a n-dimensional
vector, termed “secret dither,” which is used to randomize the embedding and decoding
functions. This vector plays the role of secret key. In the lattice DC-DM scheme, each
letter Mk is embedded in one block Xk by means of a randomized lattice quantizer as
shown in Figure 5.2. First, using T, Mk and Λ (the shaping lattice), the coset UMk ,T =
Λ+dMk +T is obtained, where dMk is the coset leader associated to Mk . Thereafter, the
block Xk is quantized to the nearest point in UMk ,T and the resulting quantization error
is computed. Finally, this quantization error is scaled by the “distortion compensation
parameter” α ∈ [0, 1], and added back to Xk in order to obtain the marked block Yk .
Mathematically, this is expressed as
Yk = Xk + α(QUM

k ,T

(Xk ) − Xk ),

(5.12)

where QUM ,T (x) is a nearest-neighbor quantizer whose centroids are distributed ack
cording to UMk ,T . Taking into account that QΛ+p (x) = QΛ (x − p) + p, the embedding
function (5.12) is usually implemented in practice by means of a “dithered” lattice
quantizer as follows:
Yk = Xk + α(QΛ (Xk − dMk − T) − Xk + dMk + T).

(5.13)

Notice that Eq. (5.13) is equivalent to (5.12) and to the embedder depicted in Figure 5.2.
The distortion caused by the embedding process can be computed by resorting to the
usual assumption (a.k.a. “flat-host assumption”) that the variance of the components
of Xk is sufficiently large, in such a way that the host distribution is uniform inside
each quantization cell. Thus, from (5.13), the embedding distortion per dimension in
a mean-squared-error sense results in
Dw =


1 
E ||Xk − Yk ||2 = α2 P (Λ),
n

(5.14)
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Figure 5.2: Block diagram showing the lattice data hiding model. The parameter T is the secret
dither.

where P (Λ) denotes the second-order moment per dimension of the Voronoi region of
Λ, defined in Eq. (5.9).2
The most popular decoders are those termed “lattice decoders”, where the embedded message is estimated by choosing the coset which is closest to the received
(attacked) vector Zk = ϑ(Yk ), where ϑ(·) represents the transformation applied by the
attacker to Yk . Hence, the lattice decoder can be mathematically formulated as
M̂k = min {||QΛ (Zk − dm − T) − Zk + dm + T||} ,
m∈M

(5.15)

where || · || denotes the Euclidean norm. Bear in mind that the decoder needs the
correct realization of T for successful performance. Traditionally, the attacker designs
the function ϑ(·) without taking into account the secret dither T. In this thesis,
however, the attacker focuses his strategy on T, as explained below.
5.1.3

Problem formulation

It is assumed that the attacker manages to gather an ensemble of marked blocks
{Yk , k = 1, . . . , No }, which may belong to different host signals, but all of them were
2

Thanks to the flat-host assumption, the analysis of lattice data hiding methods is independent of
the actual host statistics.
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marked with the same secret key, and hence with the same secret dither vector T.
Under the assumptions of Chapter 2, the attacker knows the embedding parameters
being used, i.e. Λ, Cp , and α, whereas he ignores the host blocks Xk , the embedded
symbols Mk , and T. The objective of the attacker is to estimate this secret dither T.
The first step performed by the attacker is the modulo reduction of the marked blocks
as Ỹk , Yk mod Λ. Under the flat-host assumption introduced above (Sect. 5.1.2),
such modulo reduction does not imply any loss of information for the attacker, as
discussed in [188]. Note that (5.13) can be rewritten as
Yk = dMk + T + QΛ (Uk ) + (1 − α)Nk ,

(5.16)

where Uk , Xk − dMk − T and Nk , Uk − QΛ (Uk ). Thus, the modulo-Λ reduced
observations seen by the attacker are given by
Ỹk = (dMk + T + (1 − α)Nk ) mod Λ.

(5.17)

From (5.17), it becomes clear that the secret dither T is concealed by the transmitted
message Mk and by the host-interference Nk . The parameter α controls the amount of
host-interference or “self-noise”, thus affecting the robustness of the lattice data hiding
scheme. However, from a security standpoint, one can take benefit of the randomness
introduced by the self-noise for achieving good secrecy and complicating the attacker’s
task, as will be seen in Section 5.3.1. As for the secret dither T, its statistical distribution will be fixed later according to the result of Lemma 5.2, in order to maximize
the equivocation.
The statistical distribution of the observations seen by the attacker can be easily
identified by recalling the flat-host assumption, which makes Nk uniformly distributed
in V(Λ). Hence, it follows from (5.17) that
ϕ(x) , f (ỹk |mk = 0, t = 0) = (vol(Z(Λ)))−1 · φZ(Λ) (x)

(vol(Z(Λ)))−1 , x ∈ Z(Λ)
=
0,
otherwise,

(5.18)

with Z(Λ) , (1 − α)V(Λ). Using again the flat-host assumption,
f (ỹk |mk , t) = ϕ(ỹk − dmk − t mod Λ).
R
P
Hence, f (ỹk |t) = p1 p−1
f (ỹk |t)f (t)dt.
mk =0 f (ỹk |mk , t), and f (ỹk ) =

5.2

(5.19)

Theoretical analysis of the KMA

When a sequence of marked signals {Ỹ1 , . . . , ỸNo } and their associated messages
{M1 , . . . , MNo } are observed, the information leakage about T is calculated as
I(Ỹ1 , . . . , ỸNo ; T|M1 , . . . , MNo ) = h(T) − h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ),

(5.20)
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where we have made use of the mutual independence between T and the embedded
messages, also assumed to be mutually independent. Recall that the second term in
the right hand side of (5.20) represents the equivocation about T, which measures the
remaining ignorance about the secret dither. Thus, the appropriate distribution for
T should be chosen in order to maximize the equivocation. To this end, let us first
introduce the next definition:
Definition 5.1. The “feasible region” of the secret dither is defined as the support of
its conditional pdf after No observations.
The next property will be widely used throughout the text.
Property 5.1. The feasible region is bounded by
SNo ,

No
\

i=1

Di ,

where
Di , (ỹi − dmi − Z(Λ)) mod Λ, i = 1, . . . , No .

(5.21)

Proof: Application of Bayes’ rule yields
f (ỹ1 , . . . , ỹNo , m1 , . . . , mNo |t) · f (t)
f (ỹ1 , . . . , ỹNo , m1 , . . . , mNo )
f (ỹ1 , . . . , ỹNo |m1 , . . . , mNo , t) · f (t)
=
, (5.22)
f (ỹ1 , . . . , ỹNo |m1 , . . . , mNo )

f (t|ỹ1 , . . . , ỹNo , m1 , . . . , mNo ) =

where ỹi ∈ (dm + t + Z(Λ)) mod Λ, i = 1, . . . , No . Notice that each random variable
Ỹi is a function of the triple (Xi , Mi , T), and the host samples Xi in our model are
mutually independent. This means that the observations {Ỹi } are conditionally independent given the dither; hence, Eq. (5.22) can be rewritten as
f (t|ỹ1 , . . . , ỹNo , m1 , . . . , mNo )
Q o
f (t) · N
i=1 f (ỹi |mi , t)
=
f (ỹ1 , . . . , ỹNo |m1 , . . . , mNo )
Q o
f (t) · N
i=1 f ((ỹi − dmi − t) mod Λ|Mi = 0, T = 0)
,
=
f (ỹ1 , . . . , ỹNo |m1 , . . . , mNo )

(5.23)
(5.24)

where (5.24) follows from the flat-host assumption. By recalling Eq. (5.19), it is clear
that each term in the numerator of (5.24) is nonzero iff (ỹi − dmi − t) mod Λ ∈ Z(Λ),
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or equivalently, iff t ∈ Di , T
with Di given by (5.21). Hence, it is clear that the feasible
o
region of t is contained in N
i=1 Di , independently of the distribution of T.
Consider now the following definition.
Definition 5.2. A set S is said to be modulo-Λ convex if there exists r such that
S − QΛ+r (S) is convex.
The notion of modulo-Λ convexity is key to our analysis, due to the next property.
Property 5.2. For α ≥ 0.5, the feasible region SNo is always a modulo-Λ convex set.
Proof: Let us define
Ṽi , (Ỹi − dMi − T) mod Λ

(5.25)

and Di′ , Ṽi − Z(Λ), for i = 1, . . . , No . By recalling (5.17), it is clear that Ṽi ∼
U (Z(Λ)). TIf α ≥ 0.5, then Ṽi + r ∈ V(Λ), ∀ r ∈ Z(Λ). Hence, Di′ ⊂ V(Λ), and
obviously i Di′ ⊂ V(Λ). Since Di′ , i = 1, . . . , No , are convex sets, their intersection
is also a convex set. Taking into account that Di = (T + Di′ ) mod Λ, the property
follows.
The use of α < 0.5 may lead to non-convex feasible regions, as illustrated in
Figure 5.3(b), where the feasible region for the dither is composed of three different modulo-Λ sets. However, as can be seen in the proof of Property 5.2, under the
assumption of α ≥ 0.5 it is possible to find a shifted version of the problem such that
the feasible region is always modulo-Λ convex, according to Definition 5.2. This property permits us to drop out the modulo operation from the expressions of the feasible
regions. Bear in mind that the entropy is invariant to translations, so this simplification does not change the results. In the remainder of this chapter we will work under
the assumption of α ≥ 0.5.
The next result shows that perfect estimation of the secret dither in the KMA
scenario is always possible.
Lemma 5.1 (Asymptotic convergence of the feasible region). If the secret
dither takes the value t, then SNo converges almost surely to t as No → ∞.
Proof: See Appendix C.1.
Although estimation of the secret dither is possible, different choices of the statistical distribution of T will yield very different security levels. The maximization of the
security level is the subject of the next result.
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(a)
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(b)

Figure 5.3: Illustration of a non-connected feasible region for two observations using small α. In
(a), the solid lines are the Voronoi regions of Λ, and the feasible regions for the centroids defined
by each observation are the shaded ones. The figure depicted in (b) is the modulo-Λ reduction of
the intersection between the shaded regions in (a), showing three resulting modulo-Λ convex regions
(illustrated with different shadings).

Lemma 5.2 (Maximization of the equivocation). The equivocation for any No ≥
1 is maximized for T ∼ U (V(Λ)), yielding a conditional pdf uniformly distributed in
SNo , that is

(vol (SNo ))−1 , t ∈ SNo
f (t|ỹ1 , . . . , ỹNo , m1 , . . . , mNo ) =
(5.26)
0
otherwise.

Proof: By the definition of residual entropy, we have
h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ) = E[h(T|ỹ1 , . . . , ỹNo , m1 , . . . , mNo )],

(5.27)

where the expectation is taken over the joint pdf f (ỹ1 , . . . , ỹNo , m1 , . . . , mNo ). Since
the feasible region of the dither is bounded by SNo , its entropy will be maximized when
the dither is uniformly distributed in SNo , i.e,
h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ) = −E[log(T|ỹ1 , . . . , ỹNo , m1 , . . . , mNo )]
(5.28)
≤ E[log(vol(SNo ))].
Since the denominator of (5.24) does not depend on t, then the choice T ∼ U (V(Λ))
suffices for achieving such distribution, and hence equality in (5.28).
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The optimal distribution resulting from Lemma 5.2 also brings additional desirable
properties: it provides statistical independence between the self-noise and the host
signal [204], and most important, it does not prevent from achieving capacity in the
Gaussian channel in the asymptotic set-up (n → ∞) [112]. Hence, the choice of
T ∼ U (V(Λ)) is “good” from the robustness and security points of view, and this will
be the chosen distribution in the remaining of this chapter unless otherwise stated.
Hence, by combining Property 5.1 and Lemma 5.2, the residual entropy results in
h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ) = E[log(vol(SNo ))],

(5.29)

where the expectation is taken over the joint pdf of the observations. In case of one
observation (No = 1) we have
h(T|Ỹ1 , M1 ) = log(vol(Z(Λ))) = log((1 − α)n vol(V(Λ))),

(5.30)

and the information leakage is given by
I(Ỹ1 ; T|M1 ) = h(T) − h(T|Ỹ1 , M1 ) = −n log(1 − α)

(5.31)

for all α ∈ [0, 1], independently of the specific lattice chosen for embedding. This
result clearly shows a trade-off between security and achievable rate: theoretical analyses [108], [112] show that, in AWGN channels, the value of α must approach 1 for
maximizing the achievable rate in the high-SNR region. However, from (5.30) we have
that limα→1 h(T|Ỹ1 , M1 ) = −∞, meaning that one observation suffices to get a perfect
estimate of the secret dither. The intuitive interpretation is easy: for α ≈ 1, one observation is enough for pinpointing the exact location of one centroid of the lattice; given
the structure imposed to the codebook, this observation provides all the information
about T.
If No > 1, the security level of the lattice data hiding scheme is very much dependent
of the chosen lattice when α < 1, as will be seen in the subsequent sections. Now we
will try to shed some light on two fundamental questions:
1. Given n, what is the best lattice (if any) in terms of security?
2. Does an increase of n improve the security level?
In order to provide a fair comparison between different lattices, they are scaled so as
to present the same embedding distortion. For computing the residual entropy, the expectation in (5.29) must be taken over f (ỹ1 , . . . , ỹNo , m1 , . . . , mNo ), but the conditional
pdf of T, given by (5.26), does not depend on the specific sequence of messages embedded, as long as the latter is known; this implies that, for the expectations, the message
sequence can be assumed to be deterministic. Since it is not always possible to obtain
closed-form expressions for the information leakage (even for low-dimensional lattices),
we must resort in general to Monte Carlo integration and bounding techniques.
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5.2.1
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Equivocation for the cubic lattice

For the scaled cubic lattice3 ∆Zn = (x1 , . . . , xn ), xi ∈ ∆Z it is possible to obtain a
closed-form expression for the residual entropy. From Eq. (5.29), the residual entropy
is given by the expectation of the log-volume of the feasible region for the dither. Since
the latter for the cubic lattice is always a hyperrectangle, using Property 5.2 we can
write
n
X
E[log(Wk )] = n · E[log(W )],
(5.32)
E[log(vol(SNo ))] =
k=1

where Wk is the random variable that measures the length of the feasible interval in
the k-th dimension, and the last equality follows because the quantization step is the
same for all dimensions. The random variable W is given by
W = vol(

No
\

i=1

(Ṽi − I)),

(5.33)

with Ṽi a random variable uniformly distributed in
I , [−(1 − α)∆/2, (1 − α)∆/2).
Hence, the problem is reduced to a scalar subproblem consisting in computing E[log(W )],
i.e., the residual entropy in one dimension. The final expression of the residual entropy
per dimension is expressed in the following theorem, which is proven in Appendix C.2.
Theorem 5.1 (Equivocation for the cubic lattices). The equivocation per dimension for the cubic lattice is given by
1
h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo )
n

= log((1 − α)∆) − HNo + 1


√
1−α
, for α ≥ 0.5,
= log( 12Dw ) − HNo + 1 + log
α
where
H No ,

(5.34)

No
X
1
i=1

i

is the No th harmonic number [17], Dw is the embedding distortion according to (5.14),
and we have taken into account that Dw = αP (Λ) = α∆2 /12.
3

We consider the same quantization step in each dimension, although the results can be straightforwardly extended to a more general case.
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Numerical computation of the equivocation

When the analytical evaluation of (5.29) becomes intractable we resort to Monte
Carlo integration. The fact that the feasible region is reduced with each new observation makes necessary an additional task of computing a tight region of integration so
as to preserve the accuracy of the Monte Carlo method (as will be seen in step 3 of the
algorithm outlined below). In order to give a comparison between different standard
lattices, we consider the root lattices and their duals (the best known lattice quantizers
for n ≤ 8), namely A2 (hexagonal lattice), D3 , D4 ∼
= D4∗ , D5 , E7 , E8 ∼
= E8∗ . For their
definition and properties, see [82], [81]. All these lattices are scaled so as to present the
same embedding distortion per dimension as the cubic lattice ∆Zn with ∆ = 1, that
is, Dw = 1/12. The scaling factor ∆ to be applied to any lattice can be obtained as
2

∆=

G(Λ)−1 · vol(V(Λ))− n
12

! 21

,

(5.35)

where G(Λ) denotes the normalized second order moment per dimension of Λ. The
procedure followed for the Monte Carlo simulations is briefly outlined in Algorithm 5.1.
After performing the corresponding numerical optimizations, the results of Monte
Carlo integration indicate that the lattice Λ∗n that maximizes the residual entropy
for each n is that with the best mean-squared quantization properties. This can be
formally expressed as
Λ∗n = arg min G(Λ)
Λ∈Ln

subject to P (Λ) = constant

(5.36)

where Ln is the set of root lattices of dimensionality n ≤ 8. Notice that Λ∗n maximizes
vol(V(Λ)) for given n and P (Λ), and consequently Λ∗n has the highest a priori entropy in
Ln , due to the uniformity of T. For illustration purposes, Figure 5.4 gives a comparison
between the residual entropy per dimension using the cubic lattice and that using some
of the root lattices. Although we do not claim that the above result holds for the whole
set of lattices with arbitrary n, at least it suggests that the security level of a lattice
data hiding scheme can be improved by increasing n and choosing the lattice Λ with the
lowest G(Λ). This leads us to conjecture that a hypothetical spherically-shaped Voronoi
region will provide an upper bound to the residual entropy, since the sphere is the region
of Rn with the smallest normalized second order moment. This is indeed so for the
set of lattices considered in our experiments: as an example, the result obtained with
the 8-dimensional sphere (also obtained through Monte Carlo) is plotted in Figure 5.4.
Unfortunately, the space can not be tessellated with spherical regions (except for n =
1), so it is not possible to construct “spherical” lattice quantizers; nevertheless, as it
was shown in [222], as n increases there exist lattices whose normalized second order
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Algorithm 5.1 Numerical computation of the equivocation for a generic lattice
1. We assume without loss of generality that t = 0. Hence, a sequence of No
observed vectors uniformly distributed in (1−α)∆V(Λ), with ∆ such that P (Λ) =
1/12, is generated.
2. V(Λ) is outer bounded by a hypercube whose edge length is twice the covering
radius [82] of Λ. This gives an outer bound to Di (Eq. (5.21)), which is used to
compute an outer approximation SNu o of the feasible region.
3. The feasible region resulting from the previous step (which is a hyperrectangle)
is shrunk along each dimension so as to tightly bound the true feasible region
SNo . This is accomplished by means of a bisection algorithm which looks for the
tightest limits of the outer bounding hyperrectangle in each dimension. The need
for this step is justified by the fact that, for large No , the ratio vol(SNu o )/vol(SNo )
becomes too large, affecting the accuracy of Monte Carlo integration.
4. A large number of points uniformly distributed in the hyperrectangle of the previous
is generated. For each of these points, it is checked whether it belongs
T step
o
D
;
to N
i=1 i if so, the considered point belongs to SNo . Finally, the log-volume of
SNo is computed by Monte Carlo integration, and the residual entropy is obtained
by averaging the log-volume over a large number of realizations. In steps 3) and
4), fast quantizing algorithms [80] are used.

moment tend to that of a sphere.4 The security of lattice DC-DM using this type of
lattices is studied in the next section.
5.2.3

Bounds and asymptotics on the equivocation for “good” lattices

Throughout this section, we will make use of two assumptions:
1. α ≥ 0.5;
2. we are using Λ∗n , the optimal (in an MSE sense) n-dimensional lattice quantizer.
As discussed in the proof of Property 5.2, Assumption 1 makes the modulo operation
transparent for the computation of the entropy, since this is invariant to translations.
Making use of the chain rule for mutual informations [84] we can write
4

Moreover, this is a necessary condition for the lattices in order to achieve the channel capacity in
the lattice DC-DM scheme [112].
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Figure 5.4: Equivocation per dimension for different lattices. All plots for the root lattices (but for
the cubic one, which is theoretical) were obtained through Monte Carlo integration. The asymptotic
limit corresponds to Eq. (5.41). The embedding distortion in all cases is Dw = α2 /12, with α = 0.5.

I(Ỹ1 , . . . , ỸNo ; T|M1 , . . . , MNo )
= I(Ỹ1 ; T|M1 ) + I(Ỹ2 , . . . , ỸNo ; T|Ỹ1 , M1 , . . . , MNo )
= I(Ỹ1 ; T|M1 ) + I(Ỹ2 , . . . , ỸNo ; T′ |M2 , . . . , MNo ),

(5.37)

where T′ ∼ U ((1 − α)V(Λ∗n )) is the dither conditioned on the first observation (as it
follows from Property 5.1 and Lemma 5.2). Thus, each new observation conditioned
on Ỹ1 and M1 can be written as5
Ỹi = Zi + T′ + dmi , i = 2, . . . , No ,

(5.38)

where Zi , (1 − α)(Xi − QΛ∗n (Xi )) is the self-noise term, with the same statistical
distribution as T′ , and hence with second moment per dimension (1 − α)2 P (Λ∗n ). From
Eq. (5.37), it can be seen that the following equality holds:
h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ) = h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo ), for No ≥ 2,
(5.39)
5

As discussed before, the residual entropy in the KMA scenario does not depend on the specific
message sequence as long as this is known, so we consider dmi = 0 ∀ i = 1, . . . , No , without loss of
generality for the remaining of this section and in the corresponding appendices.
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so we can use the second term of (5.37) for obtaining a lower bound on the equivocation
per dimension, as shown in Appendix C.3:
1
h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo )
n

No
log
2



P (Λ∗n )
G(Λ∗n )



−

≥

(No − 1)
1
log (2πeP (Λ∗n )) − log(No ) + log(1 − α).
2
2

(5.40)

This lower bound is loose for small n, but the next result demonstrates its asymptotic
tightness.
Theorem 5.2 (Asymptotic equivocation for good lattices). In the limit when
n → ∞, using the optimum lattice quantizer Λ∗n , the equivocation per dimension in
lattice DC-DM is given by
1
h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo )
n→∞ n
lim

1
1
= log(2πeDw ) − log(No ) + log
2
2



1−α
α



, for No ≥ 2,

(5.41)

where Dw is the embedding distortion per dimension (5.14).
Proof: See Appendix C.4.
Notice that when n → ∞, (5.40) coincides with (5.41), because G(Λ∗n ) → 1/2πe.
The first term in (5.41) accounts for the relation between the embedding distortion and
the a priori entropy of the secret dither. The second term tells us how the equivocation decreases with No , and the third term shows the dependence with the distortion
compensation parameter α, which basically introduces a constant shift in the equivocation curve (recall that for α = 1, the residual entropy is −∞ for No ≥ 1). The
asymptotic value of the equivocation is plotted in Figure 5.4 for reference, showing the
gap with the root lattices studied before. The above theorem is the formal statement
of a more intuitive result: the Voronoi region of Λ∗n tends to a sphere, and in turn the
uniform distribution in V(Λ∗n ) tends asymptotically to a Gaussian distribution (in the
normalized entropy sense) [222]; hence, roughly speaking, each modulo-Λ reduced observation (Eq. (5.38)) becomes closer to a Gaussian distribution with variance Dw /α2 ,
whose mean is given by the secret dither (also with the same statistical distribution).
This interpretation brings more insight in the comparison of the theoretical security
between lattice DC-DM and additive spread spectrum methods, whose embedding
function is given by Eq. (3.2). Notice that the resemblance between this embedding
function and (5.38) implies similar security properties for both methods. Considering
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Figure 5.5: Comparison, in terms of equivocation per dimension, between lattice DC-DM and additive
spread spectrum. α = 0.7 for DC-DM.
2
that Xi ∼ N (0, σX
· In ) and S ∼ N (0, σS2 · In ), it was shown in Section 3.3.1 that



1
1
Dw
1
h(S|Y1 , . . . , YNo , M1 , . . . , MNo ) = log (2πeDw ) − log 1 + No 2 ,
n
2
2
σX

(5.42)

where now Dw = σS2 . It can be readily seen that the decrease in the equivocation for
2
additive spread spectrum is determined by the ratio σS2 /σX
, which is usually very small
due to imperceptibility constraints. Instead, for the lattice data hiding scheme after
the modulo-Λ reduction, the power of both the watermark and the host interference
are the same, i.e., (1 − α)2 P (Λ∗n ); this explains the term 12 log(No ) in (5.41) and the
rapid decrease of the equivocation, compared to that of (5.42).
Figure 5.5 shows a comparison between lattice DC-DM and additive spread spectrum for different values of embedding distortion, parameterized by the DWR.
5.2.4

Bounds on the estimation error

We resort here to the lower bound on the estimation error provided by Lemma 2.3.
Let σE2 denote the variance per dimension of the estimation error defined in Section 2.4.
Substituting Eq. (5.41) into (2.10), we arrive at the following bound for n → ∞ and
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the optimal lattice quantizer:
σE2 ≥

(1 − α)2 P (Λ∗n )
,
No

(5.43)

The above bound is attained using the simple averaging estimator, but taking into
account that the observations must be properly shifted in order to avoid problems with
the modulo-Λ reduction; thus, if we define
ṽi = (ỹi − dmi − ỹ1 + dm1 ) mod Λ, i = 1, . . . , No ,
then the optimal dither estimator for Λ∗n , n → ∞, is given by
!
No
1 X
t̂av = ỹ1 − dm1 +
ṽi mod Λ.
No i=1

(5.44)

(5.45)

The achievability of (5.43) follows from the fact that, for Λ∗n , the self-noise and the
secret dither follow asymptotically a Gaussian distribution as n → ∞. Thus, this
result about the estimation error can be compared to the estimation error for the cubic
lattice; since we are interested in computing the behavior for large No , we make use of
the approximation
HNo ≈ log(No ) + γ,
P o 1
which is asymptotically tight for large No , with HNo , N
i=1 i the harmonic number
and γ the Euler-Mascheroni constant [17], defined as γ , limNo →∞ HNo − log(No ). In
this case we have, using (5.34)
1
exp(2 (log((1 − α)∆) − HNo + 1))
2πe
1
exp(2 (log((1 − α)∆) − log(No ) + 1 − γ))
≈
2πe
1
(1 − α)2 ∆2
=
·
.
2πe2γ−1
No2

σE2 ≥

(5.46)

Thus, the variance per dimension approximately decreases with the inverse of the
squared number of observations.
In order to illustrate the tightness of this bound, it will be compared with the exact
error variance of the optimal dither estimator. For the cubic lattice, dither estimation
may be carried out independently for each component without loss of optimality. It is
a well known result that the optimal dither estimator in a mean-squared error sense
is given by the mean value of the dither conditioned on the No observations: in our
case, the ith component of the dither is uniformly distributed in an interval [x1 , x2 ];
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hence, the optimal estimate is t̂ = (x1 + x2 )/2, and the variance per dimension of the
estimation error is


1
σE2 = E (T − t̂)2 = var(T ) =
· E[W 2 ],
(5.47)
12

where w = |x2 − x1 | is the width of the feasible interval, and the expectation is taken
over the joint pdf of the observations. Actually, this expectation may be computed by
replacing log(w) by w2 in Eq. (C.3) of Appendix C.2, resulting in
σE2 =

1 (1 − α)2 ∆2
·
,
2 2 + 3No + No2

(5.48)

which for large No is dominated by the term No2 , differing from the right hand side of
(5.46) only in a constant multiplying factor. Note that due to the approximation of
HNo used in (5.46), the latter is a lower bound only for No ≥ 2; nevertheless, making
use of the exact expression for HNo , the right hand side of (5.46) can be shown to be
always lower than (5.48).
5.2.5

Constant Message Attack (CMA)

The discussion about the KMA case given above can be easily extended in order
to consider the CMA scenario. The easiest way of addressing this scenario is to regard
it as a collection of several KMA problems. When the message embedded is unknown
but unchanged for the whole sequence of observations, the conditional pdf of the dither
after No observations can be expressed as
f (t|ỹ1 , . . . , ỹNo , m) =

p−1
1X
f (t|ỹ1 , . . . , ỹNo , m, . . . , m),
p m=0

(5.49)

where m stands for the constant message, and p denotes the size of the alphabet. This
A
for the dither in the CMA case is simply the
means that the feasible region SNCM
o
union of the feasible regions of p KMA problems. Formally,
A
SNCM
o

=

|M|−1

[

(SNo + dm ),

(5.50)

m=0

with SNo defined in Property 5.1. Using the result of Lemma 5.1, it follows that the
A
the different regions that constitute SNCM
become disjoint for sufficiently large No . In
o
such case, the residual entropy is again maximized if T ∼ U (V(Λ)) is chosen, but it is
not necessarily the optimal distribution for all No . Due to (5.49), the residual entropy
can be upper bounded as
h(T|Ỹ1 , . . . , ỸNo , CMA) ≤ h(T|Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ) + log(|M|),

(5.51)
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resulting in a lower bound to the information leakage. Equality in (5.51) is achieved
when the regions SNo + dm are disjoint, which means that, as No increases, the bound
will be asymptotically tight. However, if the value of α is above a certain threshold
(which depends on the lattice partition) such regions are always disjoint, and the bound
is reached for all No ; this is the case, for instance, when α > αT = 1 − p1 , for self-similar
partitions [174], [112].
Although the gap between KMA and CMA in terms of equivocation is small, the
CMA scenario introduces an ambiguity that makes impossible the perfect estimate of
the secret dither. This ambiguity will be formally stated in Lemma 5.4 and further
discussed in Section 5.3.2.

5.3

Theoretical security analysis of WOA

The amount of information that leaks from the observations is quantified by means
of the mutual information I(Ỹ1 , . . . , ỸNo ; T). Recall that, according to (2.21), this
mutual information can be rewritten in a more illustrative manner as
I(Ỹ1 , . . . , ỸNo ; T)
= I(Ỹ1 , . . . , ỸNo ; T|M1 , . . . , MNo ) + I(Ỹ1 , . . . , ỸNo ; M1 , . . . , MNo )
− I(Ỹ1 , . . . , ỸNo ; M1 , . . . , MNo |T).

(5.52)

The first term in the right hand side of (5.52) is the information leakage for KMA, which
was studied in Sect 5.2. The third term in the right hand side of (5.52) represents the
achievable rate for a fair user, i.e. knowing the secret dither T, whereas the second term
is the rate achievable by unfair users (which is not null, in general) that do not know
T. In this section we consider, first, the possibility of achieving perfect secrecy about
T. Thereafter, we study the asymptotic behavior of the information leakage about
T in other situations where perfect secrecy is not achieved, and finally we analyze a
practical lattice data hiding scheme.
The concept of feasible region, defined in Section 5.2, will be often recalled for
proving several results in the WOA scenario. However, this time it is necessary to
generalize the definition of feasible region to account for any possible embedded message
(since the true embedded message is a priori unknown). Therefore, in this section we
will take into account the next definition.
Definition 5.3. The feasible region for a sequence of observations {ỹk , k = 1, . . . , No }
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and a message sequence m(k) , k = 1, . . . , pNo , is defined as
(k)

SNo (m ) ,
Dj (mkj )

5.3.1

No
\

j=1

Dj (mkj ),

, (ỹj − dmkj − Z(Λ)) mod Λ.

(5.53)
(5.54)

Theoretical and practical perfect secrecy

If the lattice data hiding scheme fulfills the condition
I(Ỹ1 , . . . , ỸNo ; T) = h(Ỹ1 , . . . , ỸNo ) − h(Ỹ1 , . . . , ỸNo |T)
= h(T) − h(T|Ỹ1 , . . . , ỸNo ) = 0, ∀ No ,

(5.55)

then it is said to provide “perfect secrecy”, meaning that no information about T can
be obtained from the observations, no matter the computational effort employed by
the attacker. Under the assumption that T ∼ U (V(Λ)), it is elementary to prove that
Ỹk is uniformly distributed over V(Λ). Hence, the closer is the distribution of Ỹk
conditioned on T to the uniform over V(Λ), the more secure is the scheme. Once the
shaping lattice is fixed, the two free parameters for tuning such distribution are the set
of coset leaders Cp and the parameter α. The possibility of achieving perfect secrecy
is considered below in Lemma 5.3 and Proposition 5.1. We recall that the messages
embedded in different observations are assumed to be independent.
Lemma 5.3 (Asymptotic perfect secrecy). Consider a sequence of nested lattice
codes (Λ, Cp∗ ) such that rc (Λf ) → 0 as p → ∞. If α < 1, this sequence of lattice codes
asymptotically achieves perfect secrecy as p → ∞, and the statistical distribution of
Ỹk conditioned on T uniformly converges to the uniform over V(Λ), ∀ k = 1, . . . , No .
Proof: See Appendix C.5.6
For the lattice codes considered in Lemma 5.3, the information leakage is reduced
as the size of the alphabet is increased, since the distribution of Ỹk is uniformly convergent. Bear in mind that if the condition rc (Λf ) → 0 does not hold (i.e. if the coset
leaders do not properly “cover” the whole Voronoi region of Λ), the resulting code does
not necessarily offer good secrecy, even for high embedding rates (see sections 5.3.3 and
5.3.4, which deal with a lattice repetition code). It must be observed that an infinite
6

The condition α < 1 imposed in Lemma 5.3 comes from the necessity of having a continuous,
Riemann integrable pdf for our proof to be valid. The case α = 1, for which f (ỹ1 |t) becomes a
probability mass function, cannot be dealt with using the arguments of Appendix C.5.
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alphabet size is not affordable in practice. However, this choice of alphabet is used in
[112] for showing that a nested lattice code asymptotically achieves the capacity of the
modulo-lattice Gaussian channel. Thus, Lemma 5.3 shows, in conjunction with [112],
that simultaneous maximization of robustness and security is theoretically (asymptotically) possible. Finally, we would like to remark that the result of asymptotic perfect
secrecy holds for any distribution of the secret dither T, not necessarily the uniform
over V(Λ) (cf. Appendix C.5). In the next proposition, a nested code achieving perfect
secrecy and realizable in practice is proposed.
Proposition 5.1 (Achievable perfect secrecy). Any self-similar lattice code of rate
1
R = log(p)/n and distortion compensation parameter α = 1 − p− n achieves perfect
secrecy. In that case Ỹk conditioned on T is uniform over V(Λ), ∀ k = 1, . . . , No .
Proof: Similarly to the proof of Lemma 5.3, the proof of perfect secrecy can be
reduced to showing that the resulting scheme fulfills the condition I(Ỹ1 ; T) = h(Ỹ1 ) −
h(Ỹ1 |T) = 0.
1

1

For α = 1 − p− n , we have Z(Λ) = p− n V(Λ) = V(Λf ), so the pdf defined in (5.18)
is given by
ϕ(x) = p · (vol(V(Λ)))−1 · φV(Λf ) (x).
Hence, under the assumption of equiprobable symbols we can write
p−1

1X
f (ỹ1 |T = t) =
ϕ(ỹ1 − t − di
p i=0
−1

= (vol(V(Λ)))

p−1
X
i=0

mod Λ)

φV(Λf ) (ỹ1 − t − di

mod Λ).

(5.56)

Taking into account that self-similar partitions fulfill the next “covering property”:
p−1

p−1

[

i=0

(V(Λf ) − t − di )

mod Λ = V(Λ),

\

i=0

(V(Λf ) − t − di )

mod Λ = ∅,

(5.57)

it follows that for every ỹ1 ∈ V(Λ) there exists exactly one di such that (ỹ1 − t − di )
mod Λ ∈ V(Λf ). Hence, (5.56) becomes
f (ỹ1 |T = t) =

1
∀ ỹ1 ∈ V(Λ),
vol(V(Λ))

(5.58)

and h(Ỹ1 |T = t) = log(vol(V(Λ))). Since the entropy of a continuous random variable
with bounded support is upper bounded by the log-volume of its support set, we can
write
h(Ỹ1 |T = t) ≤ h(Ỹ1 ) ≤ log(vol(V(Λ))).
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Thus, we have h(Ỹ1 ) = h(Ỹ1 |T) = log(vol(V(Λ))), resulting in a null information
leakage, and Ỹ1 is necessarily uniform over V(Λ) regardless the distribution of T.
Some important remarks to this result are given below.
Remark 5.1. The proof of perfect secrecy in Proposition 5.1 relies on the lattice code
itself rather than on the statistical distribution of T. Actually, the result holds for
any distribution of the secret dither T. However, it must be taken into account that
the value of α that provides perfect secrecy can be conflicting with other requirements
(e.g. error probability), so it is important to properly choose the distribution of T for
maximizing the security when perfect secrecy cannot be attained. This distribution
has been shown in [194] to be the uniform over V(Λ), which yields Ỹk also uniform
over V(Λ).
1

1

Remark 5.2. It is possible to show that for αk = 1 − kp− n , k = 1, . . . , p n − 1, the
condition of perfect secrecy still holds. However, for k > 1 there are overlaps between
adjacent symbols that produce nonzero error probability even in the absence of noise.
This makes necessary the use of channel coding (i.e. error correcting codes) to recover
the embedded message reliably, thus breaking the hypothesis of independence between
messages embedded in different blocks. As a result, perfect secrecy about T cannot
be assured. To see this, consider a simple example with 2 observations {Ỹ1 , Ỹ2 },
where the embedding parameters fulfill the conditions for perfect secrecy stated in
Proposition 5.1. The mutual information between observations and secret dither is
written as
I(Ỹ1 , Ỹ2 |T) = I(Ỹ1 ; T) + I(Ỹ2 ; T|Ỹ1 ),
(5.59)

whereas the rightmost term of (5.59) can be written as I(Ỹ2 ; T|Ỹ1 ) = h(Ỹ2 |Ỹ1 ) −
h(Ỹ2 |Ỹ1 , T). Given only Ỹ1 , no information about T is leaked, so h(Ỹ2 |Ỹ1 ) = h(Ỹ2 ).
Given T, we have that Ỹ1 and Ỹ2 are independent because M1 , M2 are independent.
Hence, h(Ỹ2 |Ỹ1 , T) = h(Ỹ2 |T), resulting I(Ỹ2 ; T|Ỹ1 ) = I(Ỹ2 ; T) = 0. Now, consider
the case where M1 , M2 are not independent. Given only Ỹ1 , no information about T
nor M1 is obtained, so we have h(Ỹ2 |Ỹ1 ) = h(Ỹ2 ) again. However, given Ỹ1 and T,
information about M1 is leaked. Since M2 is dependent on M1 , we have h(Ỹ2 |Ỹ1 , T) ≤
h(Ỹ2 |T), resulting I(Ỹ2 ; T|Ỹ1 ) ≥ 0.

Remark 5.3. The proof of the proposition resorts to the flat-host assumption to show
null information leakage. This means that, in practice, small information leakages may
exist due to the finite variance of the host signal, which causes the host distribution
to not be strictly uniform in each quantization cell. However, this information leakage
seems to be hardly exploitable in practical attacks.

Remark 5.4. Perfect secrecy about T does not necessarily mean perfect secrecy about
the embedded messages. Using (5.52), the rate for the attacker under the condition of
perfect secrecy is given by
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I(Ỹ1 , . . . , ỸNo ; M1 , . . . , MNo )
= I(Ỹ1 , . . . , ỸNo ; M1 , . . . , MNo |T) − I(Ỹ1 , . . . , ỸNo ; T|M1 , . . . , MNo ).

(5.60)

This “unfair” rate is studied in Section 5.3.3 for the repetition coding lattice scheme.
5.3.2

Asymptotic analysis and comparison with KMA

When perfect secrecy is not attained, a closed-form expression for the information
leakage cannot be given, in general. We are interested here in studying the general
behavior of the information leakage for large No and comparing it with the KMA
scenario.
The next lemma shows that without the knowledge of T there exists an irreducible
ambiguity in the estimation of the embedded message sequence.
Lemma 5.4 (Equivalence classes in the message space). Given No observations,
consider the a priori message space MNo where all the message sequences are assumed
to be a priori equiprobable. For m(1) , m(2) ∈ MNo , let us define the equivalence relation
m(1) ∼ m(2) if [dm21 , . . . , dm2N ]
o

= [(dm11 + dj ) mod Λ, . . . , (dm1N + dj ) mod Λ], for some j ∈ M.
o

(5.61)

Each equivalence class is composed of p elements, and the sequences belonging to the
same equivalence class have all the same a posteriori probability.
Proof: By the additive structure of Λf , the operation dl = (dk + dj ) mod Λ,
with l, k, j ∈ M, defines a bijective mapping dk → dl . Then, for a message sequence
m(1) = [m11 , . . . , m1No ], the operation
[(dm11 + dj ) mod Λ, . . . , (dm1N + dj )
o

mod Λ]

yields p different sequences of length No when j is varied from 0 to p − 1. Thus,
each equivalence class as defined in (5.61) is composed of p elements. The a posteriori
probability of a message sequence is derived in Appendix C.6. For a sequence m(1) ∈
MNo , combining equations (C.56) and (C.60) of Appendix C.6 we arrive at
Pr(m(1) |ỹ1 , . . . , ỹNo ) = Pr(dm11 , . . . , dm1N |ỹ1 , . . . , ỹNo )
o

Pr(m(1) )
vol(SNo (m ))
.
·
(vol(Z(Λ)))No · vol(V(Λ)) f (ỹ1 , . . . , ỹNo )
(1)

=

(5.62)
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T o
Now, let us define ŜNo (m(1) ) = N
k=1 (ỹk −dm1k −u−Z(Λ)) mod Λ, with u an arbitrary
vector constant for all k. Clearly,
ŜNo (m(1) ) = (SNo (m(1) ) − u) mod Λ,
so
vol(ŜNo (m(1) )) = vol(SNo (m(1) )).
Hence, if u = dj , then
[(dm11 + u) mod Λ, . . . , (dm1N + u) mod Λ]
o

= [(dm11 + dj ) mod Λ, . . . , (dm1N + dj ) mod Λ] = [dm21 , . . . , dm2N ],
o

o

and it follows that vol(SNo (m(1) )) = vol(SNo (m(2) )). Inserting this result in (5.62)
and recalling that the message sequences are assumed to be a priori equiprobable, the
lemma follows.
By virtue of Lemma 5.4, if the messages embedded in different blocks are mutually
independent, then the attacker can aspire (at most) at reducing the uncertainty about
the embedded message sequence to a set of p equiprobable sequences. The following
theorem states how this ambiguity affects the information leakage about T for large
No .
Let us denote by Lk the elements of M with nonnull probability, given ỹk and t.
Note that for any nested lattice code there exists a value α0 such that for α > α0 we
can assure Z(Λ) ⊂ V(Λf ), so |Lk | = 1, i.e. error-free decoding is guaranteed in the
absence of noise. Obviously, α0 > 0.5 in any case, although it will depend on the lattice
code, in general.
Theorem 5.3 (Asymptotics of the loss function for lattice data hiding). For
any nested lattice code, if α is chosen such that Z(Λ) ⊂ V(Λf ), then
1
1
δ(No ) = log(p) = R,
No →∞ n
n
lim

where δ(No ) is the loss function defined in (2.20).
Proof: See Appendix C.7.
The result of Theorem 5.3 has two main implications:
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1. For low embedding rates (i.e. low R) the information per dimension that leaks
about T is approximately the same as if the attacker knew the embedded messages. This case is highly relevant in practice, since in practical scenarios the
watermarker usually resorts to low embedding rates that allow to recover the
embedded message without the use of complex channel coding schemes.
2. As shown in Appendix C.7, when No → ∞, the feasible regions associated to the
only message sequences with nonnull probability converge to p different vectors of
the form (t − dj ) mod Λ, j ∈ M, which are equiprobable. Thus, unambiguous
estimation of the secret dither vector is not possible in the WOA scenario. It is
interesting to note that this ambiguity also holds in the CMA scenario, which
was addressed in Section 5.2.5.
The values of α for which Theorem 5.3 holds guarantee that no decoding errors occur
in the absence of noise. However, in some cases it is advantageous to choose smaller
values of α, e.g. when a certain degree of attacking noise is expected [112],[108]. In
such cases, |Lk | may be larger than 1, giving rise to several sequences with nonnull
probability, complicating the analysis of the loss function. However, for lattice codes
obtained through Construction A, the equivalence classes of Lemma 5.4 present a
simple structure. The equivalence relation (5.61) can be expressed as
m(1) ∼ m(2) if m(2) = (m(1) + j · 1)

mod p, for some j ∈ M,

(5.63)

where 1 denotes the vector with its components equal to 1, and the modulo operation
is applied componentwise. The proof follows from Lemma 5.4 simply by observing that
(dk + dj ) mod Λ = d(k+j) mod p for Construction A. Using this result, a lower bound
for the loss function is derived in Lemma 5.5 below.
Lemma 5.5 (Bound
on the loss function for Construction A). If α is such

p
that |Lk | ≤ 2 , ∀ k = 1, . . . , No , then, for any nested lattice code obtained through
Construction A, the asymptotic loss per dimension between the information leakage in
KMA and WOA, given by limNo →∞ n1 g(No )), is bounded from below by R.
Proof: See Appendix C.8.
The achievability of this lower bound is discussed in Section 5.3.3 for the repetition
coding lattice scheme.
Remark 5.5. If the messages conveyed by different observations were not independent,
the residual uncertainty expressed in Theorem 5.3 and Lemma 5.5 would be further
reduced. This is the case, for instance, when a channel code is applied, since it could
provide the attacker with information about the a priori probabilities of each message
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sequence. This consideration is important when high robustness against noise is sought
or when α is small, since the use of channel codes is mandatory in these cases for
lowering the decoding error probability.
5.3.3

Theoretical results for cubic shaping lattices with repetition coding

Lattice data hiding with repetition coding using scalar quantizers, also known as
Scalar Costa Scheme (SCS) with repetition coding [108], is one of the most popular
schemes for lattice data hiding. Redundant embedding of the information is performed
by repeatedly embedding the same message in n different host samples, using a pair
of scalar lattices Λ = ∆Z, Λf = ∆Z/p, which yield V(Λ) = [−∆/2, ∆/2), and dk =
(∆k/p) mod ∆, k = 0, . . . , p − 1. For a n-dimensional host vector Xk , the embedding
function (5.13) is particularized to
Yk,i = Xk,i + α(QΛ (Xk,i − dMk − Ti ) − Xk,i + dMk + Ti ), i = 1, . . . , n,

(5.64)

where the subindex i indicates the ith component of the n-dimensional vector. This
simple coding scheme, which results in a code of rate R = log(p)/n, is equivalent to a
code obtained through Construction A with g = [1, . . . , 1]T and Λ = ∆Zn . Bear in mind
that, due to the redundant embedding of the message, the repetition scheme provides
the attacker with more information about the embedded message than a scheme where
n independent scalar embeddings are performed in parallel. Thus, one can intuitively
realize that the repetition scheme analyzed here is less secure than the simple SCS.
Figure 5.6 shows two examples of lattice repetition codes for n = 2. Although the
robustness of this data hiding code has been analyzed in depth in [75], here we are
interested in analyzing its security properties.
In order to obtain the information leakage, we rewrite the third term of Eq. (5.52)
as
I(Ỹ1 , . . . , ỸNo ; M1 , . . . , MNo |T)

= H(M1 , . . . , MNo ) − H(M1 , . . . , MNo |Ỹ1 , . . . , ỸNo , T)
= No · (log(p) − H(M1 |Ỹ1 , T)).

(5.65)

In turn, the second term in the right hand side of (5.52) can be expressed as
I(Ỹ1 , . . . , ỸNo ; M1 , . . . , MNo ) = No · log(p) − H(M1 , . . . , MNo |Ỹ1 , . . . , ỸNo ).

By combining the two above equations with the information leakage for cubic lattices
in the KMA scenario (cf. Sect. 5.2.1), the information leakage per dimension reads as
1
1
No
I(Ỹ1 , . . . , ỸNo ; T) =
H(M1 |Ỹ1 , T) − H(M1 , . . . , MNo |Ỹ1 , . . . , ỸNo )
n
n
n
No
X
1
− log(1 − α), No ≥ 2, α ≥ 0.5.
(5.66)
+
i
i=2
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Figure 5.6: Illustration of repetition codes with n = 2 and ∆ = 1. Figure (a) represents a code with
p = 2, where dots and squares represent the cosets for m = 0 and m = 1, respectively, and the fine
lattice Λf is the well-known “checkerboard lattice” [82]. Figure (b) represents a code with p = 3.
Notice that the coset leaders fall in the main diagonal of the Voronoi region.

Eq. (5.66) does not admit a closed-form expression, although it is possible to accurately
obtain the entropies of interest in a numerical manner.
Computation of the achievable rate for fair users
The first term in the right hand side of (5.66) represents the uncertainty about the
embedded message when the secret dither is known. Under the flat-host assumption,
we can write
h
i
H(M1 |Ỹ1 , T) = H(M1 |Ỹ1 , T = 0) = E H(M1 |Ỹ1 = ỹ, T = 0) ,
(5.67)
where the expectation is taken over Ỹ1 . The a posteriori probability of a certain
message m is given by
Pr(m|ỹ, t = 0)
n

Pr(m) Y
f (ỹ|m, t = 0) · Pr(m)
=
f (ỹi |m, ti = 0)
=
f (ỹ|t = 0)
f (ỹ|t = 0) i=1

p−1
n
[
Pr(m) Y
(dk + Z(Λ) mod Λ), (5.68)
ϕ((ỹi − dm ) mod Λ), for ỹi ∈
=
f (ỹ|t = 0) i=1
k=0
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where ỹi , i = 1, . . . , n, are the components of ỹ. From (5.68), we can see that the feasible messages (i.e. with non-null
probability) are those whose coset leader is contained
Tn
in the interval given by i=1 (ỹi − dm − Z(Λ) mod Λ), and that the feasible messages
are equiprobable. Given the symmetry of the pdf of ỹi |ti = 0, we can write
"
!#
p−1
X
H(M1 |Ỹ1 , T = 0) = E log
φH ((∆ · k/p) mod Λ)
, for α ≥ 0.5, (5.69)
k=0

where φH (·) is the indicator function defined in Eq. (5.1), and


H , max {Zi } − (1 − α)∆/2, min {Zi } + (1 − α)∆/2 ,
i=1,...,n

i=1,...,n

with Zi ∼ U ((1 − α)[−∆/2, ∆/2)).7 Hence, the expectation in (5.69) is taken over Zi .
This expectation is obtained numerically by Monte Carlo integration.
Computation of the achievable rate for unfair users
The second term in the right hand side of (5.66) is given by
i
1 h
E H(M1 , . . . , MNo |Ỹ1 = ỹ1 , . . . , ỸNo = ỹNo ) ,
n

(5.70)

where the expectation is taken over the observations. The a posteriori probability
distribution of the message sequences can be obtained by combining the equations
(C.56) and (C.60) of Appendix C.6. For a message sequence m(k) = [mk1 , . . . , mkNo ],
Pr(mk1 , . . . , mkNo |ỹ1 , . . . , ỹNo )
vol(SN (mk , . . . , mkNo ))
f (ỹ , . . . , ỹNo |mk1 , . . . , mkNo )
= PpNo o 1
. (5.71)
= Pr(mk1 , . . . , mkNo ) · Pp1No
(i) )
(i) ))
,
m
(m
f
(ỹ
,
.
.
.
,
ỹ
vol(S
N
o
1
N
i=1
i=1
o

For α ≥ 0.5, the feasible regions involved in the calculation of (5.71) are always moduloΛ convex hypercubes [194], and as such they can be easily computed componentwise.
The entropy (5.70) is obtained by Monte Carlo, computing the probability of the all the
message sequences in a large set of realizations of Ỹ1 , . . . , ỸNo . Notice that, although
the cardinality of the message space grows exponentially with No , only the message
sequences with non-null probability need to be taken into account, making the problem
computationally feasible.
7

Hence, in the case of repetition coding the problem of computing H(M1 |Ỹ1 , T) can be seen as
the dual of the problem of computing h(T |Ỹ1 , . . . , ỸNo , M1 , . . . , MNo ) for a scalar lattice, which was
addressed in Section 5.2.1.
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Numerical results

The results shown in this section support some of the conclusions drawn in sections 5.3.1 and 5.3.2. Figure 5.7 illustrates the information leakage about T for the
repetition code and provides a comparison with the results obtained for the KMA scenario. Figure 5.7(a) shows the negative impact on the security level of increasing the
dimensionality whilst keeping constant the size of the alphabet. Figure 5.7(b) shows
the security improvement brought about by the increase of the alphabet size, although
this improvement is not very significant. Finally, notice in both Figure 5.7(a) and
Figure 5.7(b) that the loss between the information leakage for KMA and WOA tends
asymptotically to a constant. For the case of Figure 5.7(a), Theorem 5.3 holds, so the
asymptotic value of the loss is actually log(p)/n. In Figure 5.7(b), Theorem 5.3 holds
only for p = 2, although for larger values of p (for which Lemma 5.5 holds) the loss
can still be seen to be approximately log(2)/n. The loss is more deeply considered in
the next paragraph.
Figure 5.8 shows the loss function defined in (2.22) for two instances of the lattice
repetition code with different parameters. The code considered in Figure 5.8(a) is for
n = 1 and p = 2, which is equivalent to binary SCS [108], the simplest lattice code.
The marked signal observed by the attacker is (recall Eq. (5.17))
Ỹk = (dMk + T + (1 − α)Nk ) mod Λ,
where Nk is uniform over the interval [−∆/2, ∆/2), with variance (1 − α)2 ∆2 /12. For
this code, the equivocation for a fair user is always 0 in a noiseless scenario whenever
α ≥ 0.5 [108]. Thus, in this case the loss function is equivalent to the equivocation
about the embedded messages for the attacker, i.e. H(M1 , . . . , MNo |Ỹ1 , . . . , ỸNo ). It
can be seen that the loss tends in all cases to log(2) as No is increased, as stated
in Theorem 5.3, except in the case α = 0.5, where the loss increases indefinitely.
The explanation for this behavior is simple: according to the scheme proposed in
Proposition 5.1, the combination n = 1, p = 2 and α = 0.5 provides perfect secrecy
about T, so the secret dither cannot be disclosed, and consequently the embedded
message sequence cannot be reliably estimated. However, as mentioned in Remark 4 of
Sect. 5.3.1, perfect secrecy about T does not imply perfect secrecy about the message.
In fact, if perfect secrecy about the message were achieved, then the loss should increase
linearly in No , but we can check in Figure 5.8(a) that it is far from being the case.
Finally, Figure 5.8(b) shows the loss for a repetition code with p = 8, n = 10. Bear in
mind that this code provides error-free decoding only if α ≥ 1 − 1/8. It can be seen
that for values of α sufficiently large, the bound given in Lemma 5.5 (log(8)/10 ≈ 0.21
nats) is tight. However, for smaller values of α, the loss becomes slightly larger.
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Figure 5.7: Information leakage per dimension for DC-DM with repetition coding. Impact of the
repetition rate (a), and impact of the alphabet size (b).

5.4

Comparison: lattice data hiding vs. Costa

For the lattice data hiding scheme analyzed in Section 5.1, the entropy of the
codebook is rather limited due to the codeboook structure and the chosen form of
randomization, negatively affecting security. Lattice data hiding schemes are deeply
connected with the theoretical construction developed by Costa [83]. However, the
codebook in the latter is totally different, since it is random by definition. The main
purpose of this brief comparison is to quantify how much can be gained in terms
of security by using a codebook with these characteristics. The theoretical security
analysis for Costa’s scheme is due to Comesaña [68] so its details will not be included
here.
In the following, U denotes the codebook of Costa’s construction. This codebook is
randomly generated, so it plays the role of secret parameter of the embedding function
to be estimated by the attacker. In Costa’s scheme, for the KMA case and No = 1, it
can be shown that


2
h(U|Y, M )
Dw + σX
h(U) 1
=
− log
,
(5.72)
2
n
n
2
(1 − α)2 σX

2
where σX
and Dw stand for host and watermark power, respectively, and h(U) denotes
the differential entropy of the codebook, given by


n
2
) .
h(U) = |U| log 2πe(Dw + α2 σX
2

2
Eq. (5.72) depends on the ratio λ , σX
/Dw which quantifies the embedding distortion,
2
2
whereas |U| depends both on λ and on the ration Dw /σN
, where σN
is the channel noise.
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Figure 5.8: Loss per dimension between KMA and WOA for DC-DM with repetition coding.

Interestingly, if we make λ → ∞ (which corresponds to a low embedding distortion
regime), the information leakage for Costa tends to −n log(1 − α), exactly as for the
lattice scheme (see Eq. (5.31)). Actually, the information leakage in lattice data hiding
also depends on λ, and in fact it is possible to compute this dependency numerically,
by means of numerical integration. In Figure 5.9(a), the information leakage for Costa
and scalar DC-DM (i.e., SCS) is shown. It is remarkable the striking similarity in the
behavior of both schemes. Furthermore, it can be seen that the asymptotic analysis
(DWR→ ∞) performed in this chapter for lattice data hiding is in good agreement
with the numerical results for the range of embedding distortions of practical interest.
Nevertheless, when the comparison between Costa and the lattice scheme is made
in terms of residual entropy, the similarities disappear (see Figure 5.9(b)): whereas
for the lattice scheme the entropy of the codebook is bounded by log(vol(V(Λ))), the
residual entropy in Costa’s scheme is unbounded when λ → ∞. The last fact is a
consequence of the codebook construction in Costa, where all codewords are mutually
independent and its number increases with λ. This constitutes the main advantage, in
terms of security, of the random codebook scheme over the lattice scheme that relies
solely on dithering. For lattice data hiding, the number of codewords follow a similar
dependence with λ, but every codeword just depends on Λ, the corresponding coset
representative, and the secret dither.
On the other hand, for the WOA case, and assuming that the watermarker is
transmitting information at the maximum reliable rate allowed by the channel, we
have for Costa’s scheme (with No = 1)
I(Y1 ; U|M ) I(Y1 ; M |U)
I(Y1 ; U)
=
−
.
n
n
n

(5.73)
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Figure 5.9: Comparison of the security provided by Costa’s scheme and lattice DC-DM, in terms of
2
mutual information (a), and residual entropy (b) per dimension. WNR , log10 (Dw /σN
).

This result is clearly related to those given in (5.51) and Theorem 5.3 for the lattice data
hiding scheme. Here, we can see that the uncertainty about the codebook increases
exactly in the same quantity as the reliable transmission rate.

5.5

Conclusions

The main conclusion to be drawn from this chapter is that lattice data hiding
schemes relying only on secret dithering are vulnerable to security attacks both in the
KMA and CMA scenarios, and also in the WOA scenario if the embedding parameters
are not properly chosen.
Other important conclusions are summarized below:
1. The security is largely dependent on the distortion compensation parameter α.
Values of α close to 1 make the scheme extremely vulnerable to security attacks.
However, in the WOA scenario it is possible to make the scheme highly secure
by choosing the appropriate value of α and an appropriate lattice code, as stated
in Proposition 5.1. This implies the existence of a trade-off between security and
achievable rate in information transmission.
2. It has been shown in Section 5.2.2 that the embedding lattice plays an important
role in the security of the lattice data hiding scheme. The security level can be
increased by increasing the dimensionality of the embedding lattice and choosing
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that lattice with the best mean-squared error quantization properties, although
the gain for small n is rather limited. The best security level achievable for lattice
data hiding is conjectured to be given by those lattices whose Voronoi cells are
the closest (in the normalized second order moment sense) to hyperspheres.8
3. When the embedding distortion is sufficiently small (as it is the case in scenarios
of practical interest) the information leakage is virtually independent of the DWR,
contrarily to spread-spectrum methods.
4. Although it has been shown that it is theoretically possible to achieve perfect
secrecy, the security level of many practical scenarios (i.e., simple shaping lattices, low embedding rates, etc.) can be fairly low. Asymptotic values for the
equivocation and the variance of the estimation error have been obtained, explaining the fundamental gap between the security of lattice data hiding schemes
and spread spectrum methods (without host rejection). The security level of the
lattice data hiding schemes has been found to be fairly lower than for spread
spectrum methods. The main reason for this gap lies in the host-rejecting nature
of the lattice data hiding scheme.
5. One obvious strategy for minimizing security risks is to reuse the secret key as
few times as possible, but this may introduce serious synchronization problems.
Another strategy is to look for more secure forms of randomization9 or choosing
the embedding parameters that maximize the security. In general, the information leakage about the secret dither can be reduced by increasing the embedding
rate or decreasing α, but this solution demands for more powerful error correcting
codes (ECC) if one wants to guarantee reliable transmission. A possible drawback, as noted in this chapter, is that the use of ECCs may introduce statistical
dependence between different observations that could be exploited by an attacker,
particularly for simple ECCs. The complexity of exploiting the information leakage provided by ECCs deserves further study in the future.
6. The comparison given in Section 5.4 shows that the security weaknesses of lattice
data hiding are not inherent to side-informed schemes, but they are due to the
fact that the randomness of the codeboook in the lattice methods analyzed here
relies solely on secret dithering.

8

The reader interested in a detailed discussion about lattices is referred to the classical text by
Conway and Sloane [82].
9
Note that virtually all implementations of lattice data hiding proposed use the dithering randomization.

122

Security of Lattice-Based Data Hiding: Theory

Chapter 6
Security of Lattice-Based Data Hiding:
Practical algorithms
After the theoretical analysis carried out in Chapter 5, this chapter shows how the
information about the secret dither provided by the observations can be extracted
and used in practical scenarios, proposing a reversibility attack based on the estimated
dither. An estimation algorithm for the KMA and CMA scenarios is proposed. This algorithm is the core of another estimation algorithm proposed for the WOA case. These
estimation algorithms work with any arbitrary nested lattice code, and are applicable
to high embedding rate scenarios.
The previous works about practical security evaluations of quantization-based methods are focused on ST-DM methods [63],[108]. Contrarily to spread-spectrum, for this
kind of methods the watermark depends both on the secret key and the host signal;
thus, a simple watermark estimation does not necessarily provide information about
the secret key. However, in ST-DM methods, the aim of the attacker is also to disclose
a secret subspace, which is precisely where quantization takes place. The estimation
tools that have been proposed for attacking ST-DM schemes [61],[46] are PCA and ICA,
as for spread spectrum systems. Particularly, the good performance of ICA-based estimators was shown in [46], where a large ensemble of natural images marked with the
same secret key are taken as input to the ICA algorithm, which outputs an estimate
of the spreading vector. This estimate is used in a subsequent stage for attacking the
robustness of the ST-DM scheme, and the results are compared to other attacks that
do not exploit the estimate of the spreading vector at hand. More recently, a practical
security analysis of trellis-based watermarking methods has been presented in [45]. The
attack to the security of these methods is based on the fact that trellis-based embedding creates clusters that identify the codewords (pseudorandom patterns) which are
derived from the secret key. An estimator based on the K-means algorithm [159] is
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proposed, showing good performance in many practical cases. Finally, the estimated
codewords are used for changing the embedded message with low distortion.
The estimation algorithms considered in this chapter are devised for the lattice
data hiding model described in Chapter 5, so ST-DM and Trellis-based schemes are
out of scope. The chapter is structured as follows: Section 6.1 presents the estimation
algorithm for the KMA and CMA scenarios. The estimator for the WOA scenario
is addressed in Section 6.2. Sections 6.3 and 6.4 show the performance evaluation of
the proposed estimators for KMA and WOA, respectively. In the latter section, a
“reversibility attack” or “host recovery” (cf. Section 2.2) based on the dither estimate
is proposed and implemented. In Section 6.5, the extension of the estimation framework
proposed in this chapter to more general scenarios is discussed. The conclusions are
summarized in Section 6.6. The reader must be aware that the final purpose of this
chapter is not to propose optimal estimation algorithms for all cases, but rather to
show that the security weaknesses noticed in Chapter 5 are exploitable in practice with
reasonable complexity.

6.1

Dither estimation in the KMA scenario

The theoretical analysis carried out in the previous sections, besides quantifying the
information leakage about the secret dither, gives important hints about how to perform
dither estimation. Indeed, the information-theoretic formulation given in Section 5.1 is
closely related to the theory of “set-membership estimation” (SME), aka “set-theoretic
estimation” [96], [67], which is widely known in the field of Automatic Control and
in certain Signal Processing areas, such as image recovery.1 In the set-membership
formulation of a problem with solution space Ξ, the ith observation oi is associated
to a certain subset Fi ∈ Ξ that contains all estimates which are “consistent” with
that observation. Formally, we say that z ∈ Ξ is consistent with the observation oi
if φFi (z) = 1, where φFi (z) denotes the indicator function, and No is the number
of available observations. The subset F of estimates which are consistent with all
the available
information is the so-called “feasible solution set” and it is given by
TNo
F = i=1 Fi ; finally, a set-membership estimate consists in choosing any point z ∈ F.
In the dither estimation problem, the solution space of interest is Rn . We will
deal for now only with the KMA scenario, deferring until Section 6.1.3 the (minor)
modifications needed to cope with the CMA case. Thus, the indicator function of
interest for KMA is given by

1, z ∈ Di
(6.1)
φDi (z) =
0, otherwise
1

Interestingly, the set-membership framework has been previously applied to watermark embedding
in speech signals [126].
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so Fi = Di and F = SNo , with Di and SN o defined in Property 5.1. Moreover, if
T ∼ U (V(Λ)), which is the worst case for the attacker, the set-membership estimator
becomes the maximum likelihood dither estimator. Although intuitively simple, such
estimator may not be practical, since exact computation of the solution sets may be
computationally prohibitive, because of the increasing number of vertices in SNo for
No > 1. Nevertheless, the attacker may not be interested in obtaining the exact SNo ,
but instead be satisfied with an accurate approximation of the feasible solution set.
Algorithms that are suitable for performing such approximation are discussed in this
section.
According to Property 5.2, the assumption α ≥ 0.5 allows us to consider the feasible
region as a modulo-Λ convex set. Furthermore, if we shift all observations by −ỹ1 +dm1 ,
then the modulo operation is transparent, so the feasible regions for each observation
(Eq. (5.21)) can be now simplified to2
Di = ṽi + (1 − α)V(Λ), i = 1, . . . , No ,

(6.2)

with ṽi defined in (5.44), rendering the problem convex, since the feasible solution
sets (which are in fact polytopes) result from the intersection of convex sets. Some
guidelines about how to modify the algorithms in order to work with α < 0.5 will be
given in Section 6.5.
The Voronoi region of any lattice can be described in a variety of ways; for our
purposes the most appropriate description is by means of the bounding hyperplanes
corresponding to its facets. In the following we assume that, for a Voronoi cell V(Λ)
with nf facets, we know:
1. a vector φk which is outward-pointing normal to the k-th facet;
2. a point z0,k on the k-th facet.
Taking into account each of the modified observations ṽi , we have
Di = {z ∈ Rn : φTk (z − z0,k ) ≤ φTk ṽi , k = 1, . . . , nf ; i = 1, . . . , No }.
6.1.1

(6.3)

Inner polytope algorithm

The set of modified observations {ṽi } together with Eq. (6.3) define an ensemble
of linear inequalities, which in turn describe a polytope in n-dimensional space [92].
Hence, the feasible solution set can be expressed as

SNo = z ∈ Rn : φTk z ≤ φTk ṽi + φTk z0,k , k = 1, . . . , nf ; i = 1, . . . , No .
(6.4)
2

Obviously, the offset −ỹ1 − dm1 must be removed from the final estimate.

126

Security of Lattice-Based Data Hiding: Practical algorithms

We are interested in computing an approximation of the feasible region. For such an
approximation to be valid, it must outer bound SNo (as tightly as possible), since we
do not want to discard any point in SNo a priori, and it is also desirable that the
approximate region is easy to describe. Then, a reasonable choice is to search for the
ellipsoid of minimum volume that contains SNo (formally known as the Löwner-John
ellipsoid of SNo [55]). Unfortunately, the problem of finding the ellipsoid of interest is
ill-posed (indeed, it has been shown to be an NP-complete problem) [178], but on the
other hand, the problem of finding the maximum volume ellipsoid contained in the
polytope defined by a set of linear inequalities is well-posed. Moreover, if we scale
such ellipsoid by a factor of n around its center (n is the dimensionality of the lattice),
then the resulting ellipsoid is guaranteed to bound SNo [55]. An ellipsoid E(θ, P) in
Euclidean space is defined by its center θ and a symmetric positive definite matrix P
such that
n
o

E(θ, P) = z ∈ Rn : |(z − θ)T P−1 (z − θ)| ≤ 1 = P1/2 r + θ : ||r|| ≤ 1 .
(6.5)
The computation of θ̂ and P̂ for the maximum volume ellipsoid contained in SNo can
be written as a convex minimization problem with second order cone constraints [55]:
(θ̂, P̂) = arg min log det(P−1/2 )
θ,P
subject to ||P1/2 φk || ≤ φTk ṽi + φTk z0,i − φTk θ,
∀ k = 1, . . . , nf ; i = 1, . . . , No .

(6.6)

This problem can be recast as a “semidefinite problem” [215] where a linear function
is minimized subject to Linear Matrix Inequality (LMI) constraints; this kind of optimization problems can be efficiently solved by means of interior-point methods [178].
As will be checked in Section 6.4, this approach yields tight approximations to SNo ,
but it presents an obvious drawback: the potential complexity of the minimization
problem arising from the huge number of constraints imposed by large n and No . The
scheme presented in the next section reduces the complexity by means of an iterative
approach.
6.1.2

Optimal Volume Ellipsoid (OVE) [64]

This is a classical SME algorithm that was originally devised for estimation in noisy
AR models:
n
X
θj yk−j + uk = θ T φk + uk ,
yk =
j=1

where φk = (yk−1 , . . . , yk−n )T are the n past observations, θ = (θ1 , . . . , θn )T is the
vector of parameters to be estimated, and uk is the noise term, whose absolute value
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is assumed to be bounded by γk . For the k-th observation, the feasible solution set Fk
is given by all points in Rn that are “consistent” with the observation, i.e.
Fk = {z ∈ Rn : |yk − zT φk | ≤ γk }.

(6.7)

Equation (6.7) defines a region of Rn delimited by two parallel hyperplanes:
Hk,1 = {z ∈ Rn : zT φk = yk − γk }, Hk,2 = {z ∈ Rn : zT φk = yk + γk },
which encloses the true parameter
vector θ. The series of solution sets is then conT
structed iteratively as Sk = ki=1 Fi , k = 1, . . . , No . In order to avoid the costly computation of the exact {Sk }, the solution sets are approximately described by means of
bounding ellipsoids.
This algorithm can be straightforwardly applied to our problem by slightly modifying the description of the feasible region given in (6.3): in our case, we need to
parameterize Di as the intersection of a finite number of parallel hyperplanes. Assuming that the Voronoi cell of the considered lattice is composed of nf pairwise parallel
facets (see Figure 6.1(a)),3 the feasible solution set for the i-th observation can be
Tnf /2
specified by a matrix Φn×nf /2 , and a vector γ nf /2×1 such that Di = j=1
Fi,j , where
Fi,j = {z ∈ Rn : |ṽTi φj − zT φj | ≤ γj },

(6.8)

being φj the j-th column of Φ, and γj , φTj z0,k is the j-th element of γ. Hence, the
series of solution sets is given by
Sk =

k
\

i=1

Di =

f /2
k n\
\

i=1 j=1

Fi,j , k = 1, . . . , No .

(6.9)

The computation of the (k + 1)-th solution set amounts to obtaining an ellipsoid
E(θ̂ k+1 , P̂k+1 ) ⊇ E(θ̂ k , P̂k ) ∩ Dk . Such ellipsoid is iteratively computed following Algorithm 6.1. This way, in Step 2 of Algorithm 6.1 we are intersecting iteratively one
ellipsoid with one set Fk,i , as is depicted in Figure 6.1(b). Clearly, we are interested in
finding the ellipsoid with minimum volume that contains such intersection, i.e.
(c∗i+1 , B∗i+1 ) = arg min vol(E(c, B))
c,B
subject to E(ci , Bi ) ∩ Fk,i+1 ⊆ E(c, B).

(6.10)

which is precisely the minimization problem addressed in the OVE algorithm [64],
whose analytic solution reads as


τi Bi φi
Bi φi φTi Bi
∗
∗
ci+1 = ci +
,
(6.11)
Bi+1 = δi Bi − σi T
1/2 ,
φi Bi φi
φTi Bi φi
3

Should this not be true, the problem can still be recast in a similar manner by adding some
additional hyperplanes.
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Algorithm 6.1 Iterative computation of the bounding ellipsoid
1. Initialization: E(c0 , B0 ) = E(θ̂ k , P̂k )
2. Compute E(ci+1 , Bi+1 ) ⊇ E(ci , Bi ) ∩ Fk,i+1 , i = 0, . . . , nf /2 − 1
3. Finally, make E(θ̂ k+1 , P̂k+1 ) = E(cnf /2 , Bnf /2 )

updated ellipsoid

V(Λ)

Fk,i

initial ellipsoid

(a)

(b)

Figure 6.1: (a) Voronoi region of the hexagonal lattice delimited by three pairs of parallel hyperplanes.
(b) Intersection between an ellipsoid and a pair of hyperplanes.

where τi , σi , δi are variables that depend on the observation ṽk , the current ellipsoid
E(ci , Bi ) and Fk,i+1 (details about their calculation can be found in [64]), and finally φi
is the i-th column of matrix Φ. Figure 6.2 illustrates the series of bounding ellipsoids
obtained in 2-dimensional problem with a hexagonal shaping lattice.
The algorithm just described is obviously optimal in one dimension, since the ellipsoids are simply real intervals. Another interesting feature of this approach, and
common to many other iterative SME algorithms, is that further refinements on the
solution set are possible by recirculating the observed data, i.e., by feeding to the system the same set of observations repeatedly (as if they were stored in a circular buffer).
This is possible because the resulting bounding ellipsoid in the ith iteration depends on
both the (i − 1)th bounding ellipsoid and the ith observation. This important feature
provides performance similar to that of the above “inner polytope” algorithm, as will
be checked in Section 6.4.
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Figure 6.2: Series of bounding ellipsoids, with the true dither vector indicated by a cross.

6.1.3

Dither estimation in the CMA scenario

The CMA scenario implies minor changes to the estimation algorithms proposed
above for the KMA case. An estimator can be implemented following the steps detailed
in Algorithm 6.2.

6.2

A practical dither estimator for the WOA scenario

A practical dither estimator for the WOA scenario is proposed in this section. The
core of the estimation procedure is the estimator devised in Sect. 6.1. Throughout this
section, the secret dither will be again assumed to be uniformly distributed in V(Λ).
6.2.1

Joint Bayesian and set-membership estimation for the WOA scenario

The ML estimate of the secret dither in the WOA scenario can be expressed as
t̂M L = arg max f (ỹ1 , . . . , ỹNo |T = t)
t∈V(Λ)
N

p o
X

f (ỹ1 , . . . , ỹNo , m(k) |T = t).
= arg max
t∈V(Λ) k=1

(6.12)
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Algorithm 6.2 Dither estimation in the CMA scenario
1. Assume that the sequence of observations is marked with message m ∈ M.
2. Perform estimation as in the KMA scenario.
A
3. Once ŜNo has been obtained, compute the approximate feasible region ŜNCM
as
o
in Eq. (5.50).

4. Provided that T ∼ U (V(Λ)), two possible cases may arise after performing Step
3:
• The resulting feasible regions (ŜNo + dm ) overlap; then, according to
Eq. (5.49), the probability of finding the dither in their intersection is higher
than in the remaining regions.
• The regions do not overlap; then, the dither is equally likely in any of the
feasible regions.

Estimation based on Eq. (6.12) is impractical due to the number of summation terms,
which is exponentially increasing with the number of observations. In order to keep
an affordable complexity for the estimation algorithm we resort to the usual “Viterbi
approximation”, where the summation in (6.12) is approximated by the value of the
maximum term. This way, approximate ML estimation of the dither amounts to estimating the most probable message sequence, and then performing dither estimation
as in Sect. 6.1 using the estimate of the embedded message. Mathematically, it can be
written as
t̂ = arg max f (ỹ1 , . . . , ỹNo , m(k̂) |t), with k̂ = arg max f (ỹ1 , . . . , ỹNo |m(k) ).
k=1,...,pNo
t∈V(Λ)
(6.13)
At this point we recall that the a priori path space MNo is divided in equivalence classes
(with p elements each) defined by the relation (5.61). Since the paths belonging to the
same equivalence class have the same a posteriori probability (according to Lemma 5.4),
the path m(k̂) in (6.13) is not unique. In order to get rid of this ambiguity, we will
reduce the search space to one representative per equivalence class. At the same time,
this strategy reduces the cardinality of the search space by a factor p. Notice that this
complexity reduction does not imply any loss in performance, since the whole set of
feasible paths can be recovered from the set of equivalence classes.
It is important to clarify that the two-stage estimator just defined is suboptimal,
in general, since its performance is subject to the correct estimate of the embedded
message. However, if α fulfills the condition imposed in Theorem 5.3, then no loss
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of optimality is incurred for large No . The reason is that for sufficiently large No
there exist only p equiprobable feasible message sequences (which belong to the same
equivalence class), as explained in the proof of the theorem. Since we are restricting
the search to one representative per equivalence class, it is clear that the summation
(6.12) will equal the value of the maximum term.
Hereinafter, we will use the term “path” for denoting each message sequence m(k) =
[mk1 , . . . , mkNo ], k = 1, . . . , pNo . From Appendix C.6, we know that the a posteriori
probability of the observations given m(k) is given by
vol(SNo (m(k) ))
f (ỹ1 , . . . , ỹNo |m ) =
.
(vol(Z(Λ)))No · vol(V(Λ))
(k)

(6.14)

The only term of (6.14) that depends on the hypothesized path is SNo (m(k) ). This
implies that, in practical terms, the most probable paths are those with the largest
feasible region. Hence, we can define the “score” of the path m(k) as
λ(m(k) ) , vol(SNo (m(k) )).

(6.15)

which can be used to compare the probabilities of different paths as long as they have
the same length. It follows that, given No observations, the ML estimate of the most
probable path is simply given by m(k̂) , where k̂ = arg max λ(m(k) ). The search for the
k

most probable path can be carried out by means of a tree search where each branch of
the tree represents a hypothesized path with an associated score. For saving computational resources, the outer bound introduced in Section 6.1.1 and a “beam search”
strategy [136, Chapt. 12] will be applied during the tree search. The steps of the proposed dither estimation algorithm are summarized in Algorithm 6.3 (page 144). The
input data are the observations {ỹi , i = 1 . . . , No } and the parameters of the nested
lattice code.
Remark 6.1. Through the variation of the “beam factor” β, defined in Algorithm 6.3,
one can control the tradeoff between computational complexity and accuracy. If β = 1,
only the most probable path is retained in each iteration of Algorithm 6.3. Hence,
complexity reaches its minimum for β = 1, but the probability of missing the correct
path may be very high. As β is increased, the number of surviving paths per iteration
increases, in general. In the case β → ∞, all the paths are retained in each iteration,
making the complexity unaffordable, in general, but reducing to 0 the probability of
missing the correct path. The impact of varying β is shown in Sect. 6.4.1. Notice that
β does not limit the absolute number of paths to be considered in each iteration. This
is why the parameter Kmax is also introduced in Step 2.c of Algorithm 6.3, for limiting
the complexity in absolute terms.
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Remark 6.2. It is possible that Step 2.c of Algorithm 6.3 results in Ki = 0. If this is the
case, then it means that the true path has been discarded at some previous iteration
of the algorithm due to too restrictive beam factors β and/or Kmax . If this happens,
Algorithm 6.3 must be restarted after increasing the values of the beam factors.
Remark 6.3. The outer bounding of the feasible regions may impact negatively the
estimator performance, due to the introduction of spurious paths and variation of the
scores.
Remark 6.4. When the shaping lattice V(Λ) is cubic, the feasible regions are hyperrectangles. In such case, they can be easily computed componentwise, since they are
simply defined by n real segments. Thus, there is no need to apply the inner polytope
algorithm when the shaping lattice is cubic.
The computation of all the outer bounding ellipsoids in Step 2.b of Algorithm 6.3
is the most time-consuming task of the estimation algorithm. Clearly, this step can be
sped up if we can use a fast algorithm to discard the “unfeasible” paths. Formally, a
certain path m(k) , k = 1, . . . , pNo , is said to be “unfeasible” or “inconsistent” with the
observations if the associated feasible region SNo (m(k) ) is an empty set; otherwise, the
path is said to be “feasible” or “consistent”. That is, the unfeasible paths are those
that yield a null score (i.e. null a posteriori probability), so it is not worth keeping
them for the next iteration. Thus, Step 2.b of Algorithm 6.3 is broken down in two
steps: Step 2.b.i, that checks the feasibility of the candidate paths, and Step 2.b.ii,
which is the same as the original 2.b of Algorithm 6.3, but computing only the feasible
region of the feasible paths.
For the i−1 first observations, we have the pairs {m(k) , Ei−1 (m(k) ), k = 1, . . . , Ki−1 }.
In order to check the feasibility of a certain candidate path m(k,l) , kT= 1, . . . , Ki−1 , l =
0, . . . , p − 1, we need to check whether the intersection Ei−1 (m(k) ) Di (l) is empty or
not. To this end, we have used an algorithm based on the OVE algorithm proposed in
[64], which is described in Algorithm 6.4 in page 145.

6.3

Experimental results for the KMA scenario

This section provides a comparison of the practical performance for the different
estimators proposed in Section 6.1, considering only the KMA scenario. The optimization problems involving LMIs were solved using the optimization packages YALMIP
[158] and SeDuMi [207] for Matlabr , and the set of observations {ỹi } was generated according to the distribution given in (5.19). As for the theoretical part, we will consider
here some of the so-called “root lattices” and their duals, introduced in Section 5.2.2.
The Voronoi regions of these lattices are described in [81], from which we derived all
the parameters needed for implementing our attack. For illustration purposes, some
examples are given in the next subsection.
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Figure 6.3: Performance comparison for the hexagonal lattice (KMA, α = 0.5).

6.3.1

Parameters of the estimation algorithms

We will consider here some of the so-called “root lattices” and their duals, introduced in Section 5.2.2. The first step is to obtain the equations of the hyperplanes that
define their Voronoi regions, which are described in [81]. This is simple for the root
lattices, since their facets are the hyperplanes bisecting the vectors that join the origin
to the lattice points of minimal norm, i.e. the nearest neighbors of 0. This procedure
is illustrated in Example 6.1.
The Voronoi region of the dual of the root lattices cannot be obtained so easily.
For instance, lattices Dn∗ can be written as the union of two cosets of a cubic lattice,
and as such their Voronoi region is given by the intersection between a hypercube and
a generalized octahedron, both in n-dimensional space. Example 6.2 considers the
particular case of the lattice D4∗ for illustration purposes.
6.3.2

Results

We provide two different measures of performance of the proposed estimators:

1. The first one is based on the volume of the estimated feasible regions. The volume
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Figure 6.4: Performance comparison for the lattice D4∗ (KMA, α = 0.5).

of the kth ellipsoid reads as
vol(E(θ̂ k , P̂k )) = (det P̂k )1/2 · Vn (1),

(6.22)

where Vn (1) stands for the volume of the n-dimensional sphere of unit radius.
When T ∼ U (V(Λ)), all points in the interior of the estimated feasible region ŜNo
have the same probability of being the true dither vector t0 , so it is immediate to
estimate the residual entropy of the dither as log(vol(ŜNo )). The average value of
this “empirical” residual entropy is computed over a large number of realizations.
The performance of each method is quantified by the gap between this measure
and the theoretical result of Section 5.2.2.
2. The second measure of performance is the MSE per dimension, i.e. n1 ||t − t̂||2 ,
where t̂ has been taken as the center of the resulting ellipsoid. Note that, as long
as this center is close to the center of masses of SNo , the resulting estimator will be
close to the MMSE estimator (i.e., the conditional mean estimator). Again, the
plots represent this squared error averaged over a large number of observations.
In the experiments, the embedding distortion was fixed to Dw = α2 /12, with α =
0.5. Figures 6.3, 6.4 and 6.5 show the performance (in terms of the equivocation) of the
different estimators when the embedding lattices are the hexagonal, D4∗ and E8 [82],
respectively. Although the inner polytope algorithm provides the best performance, it
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Figure 6.5: Performance comparison for the Gosset lattice (E8 ) (KMA, α = 0.5).

can be observed that the property of recirculation allows to compensate for the loss
of optimality of the OVE algorithm. The performance gain is remarkable for the first
recirculations, but marginal above a certain number, as can be seen in Figure 6.5.
Notice also that the number of recirculations must be increased with n in order to
match the performance of the inner polytope algorithm. Figure 6.4 shows the results
obtained with the lattice D4∗ . Finally, the plots in Figure 6.6 show the empirical mean
squared error per dimension obtained with each method. The lower bound given by
Eq. (2.10) is plotted for comparison, showing the good performance of both methods.
Interestingly, the OVE algorithm seems to perform better than the inner polytope
in terms of mean squared error. The performance of the averaging estimator is also
plotted for reference; such estimator is optimal for n → ∞ and Λ∗n , as discussed in
Section 5.2.4, but for small n it is clearly far from being so.
6.3.3

Complexity issues

One can find in the literature of set-membership estimation approaches that offer
better performance than the ellipsoidal approximations, by computing the exact solution sets [67],[220]. Nevertheless, they may be very computationally demanding in
large-scale problems. Instead, the algorithms considered in this chapter have proved
to be efficient in giving approximate solutions for several hundreds of observations.
For the optimization problem in (6.6), it has been shown that the number of itera-

136

Security of Lattice-Based Data Hiding: Practical algorithms

−1

−1

OVE
OVE (10 recirculations)
inner polytope
lower bound

10

OVE
OVE (60 recirculations)
inner polytope
lower bound

10

−2

−2

10

10

MSE

MSE

average estimator
−3

10

−4

10

−4

10

0

average estimator
−3

10

10

20
30
observation index (N )
o

(a)

40

50

0

10

20
30
observation index (N )

40

50

o

(b)

Figure 6.6: Mean squared error per dimension of the dither estimate, for the hexagonal lattice (a)
and Gosset lattice E8 (b), for KMA and α = 0.5.

tions needed to solve the problem (by means of interior-point methods) does not grow
faster than a polynomial of the problem size [215].5 Most of the computational cost
of each iteration lies in the least-squares problem (of the same size as the original
problem) that must be solved, whose number of iterations is again polynomial with
the problem size. However, in practice it is possible to exploit the problem structure
(sparsity, for instance) so as to reduce complexity: in our case, for example, there is a
potentially large number of redundant constraints that can be removed for alleviating
the computational burden. For high-dimensional lattices it is also possible to simplify
the problem description (albeit resulting in looser estimates) by approximating the
considered Voronoi region by another simpler polytope that bounds V(Λ).
For the OVE algorithm, the number of arithmetic operations (scalar sums and
products) carried out in each iteration is O(n2 ). Also, in the OVE algorithm we perform
n
exactly No · 2f · nr iterations, where No is the number of observations, nf is the number
of facets of the Voronoi cell (equivalently, the number of linear inequalities specifying
the problem), and nr is the number of recirculations of the data. The term nf will
largely depend on the considered lattice, in general, and nr will be determined by the
required accuracy, giving a degree of freedom to the attacker. Finally, it is interesting
to note that OVE-like algorithms automatically get rid of redundant constraints, using
only those pairs of hyperplanes that produce an update on the solution set.
5

The size of an optimization problem is commonly understood as the dimensionality of a vector
whose components are the coefficients of the analytical expressions for the constraints and the objective
variables.
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Experimental results for the WOA scenario

This section presents the results of applying Algorithm 6.3 over some practical lattice data hiding schemes in the WOA scenario. The experiments have been carried out
under the following assumptions: the host signals follow an i.i.d. Gaussian distribution
2
with zero mean and variance σX
= 10, the DWR is 30 dB in all cases, and the embedded messages are equiprobable and independent. In order to assess the performance
of the dither estimator without ambiguities (due to the result of Lemma 5.4), it is
assumed that the message conveyed by the first observation corresponds to the symbol
0. The parameter Kmax of Algorithm 6.3 has been set to 250 in all cases.
6.4.1

Tradeoff complexity-accuracy

One interesting performance measure is the resulting probability of decoding error
when the decoder uses the dither estimate, instead of the true dither vector. If this
measure is represented in terms of the “beam factor” (β) of Algorithm 6.3, then the
tradeoff between complexity and accuracy becomes patent. This tradeoff is illustrated
in Figure 6.7(a) for a cubic shaping lattice and repetition coding (see Section 5.3.3) with
n = 10 and p = 6. Using dither estimates obtained with No = 100 observations, the
numerically computed symbol error rate (SER) is shown in Figure 6.7(a) for different
values of α. For reference, Figure 6.7(a) also shows in dashed lines the SER obtained
by a fair decoder, i.e. knowing the true dither signal. As can be seen, the SER is
always decreased as β is increased, achieving the same decoding performance as the
fair decoder in the cases of α = 0.6 and α = 0.7. However, for α = 0.5, the SER of
the unfair decoder is slightly larger. The reason is that in this case the probability of
deciding a wrong dither is not negligible even for high β.
The average number of surviving paths in the tree search is plotted in Figure 6.7(b)
for illustrating the complexity of the search procedure. In this regard, it can be seen
that even in a difficult case as p = 10 with α = 0.6, the tree search can still be
performed with low complexity.
6.4.2

Estimation error

Now we measure the performance of the estimator in terms of the mean squared
error (MSE) per dimension between the dither estimate and the actual dither vector.
Three different shaping lattices have been considered. In all cases, a beam factor β = 45
dB has been used.
Figure 6.8 shows the results obtained for a scheme using a cubic shaping lattice in
10 dimensions and repetition coding with α = 0.6. It can be seen that for p = 4 it is
still possible to attain the same accuracy as in the KMA scenario, whereas for p = 7
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Figure 6.7: Estimation results for a cubic lattice with repetition coding, with n = 10 and DWR = 30
dB. Figure (a) shows the symbol error rate for a dither estimated with No = 100 observations versus
the beam factor β in dB, for p = 6. Figure (b) shows the average number of surviving paths in the
tree search (for β = 45) with α = 0.6 and different embedding rates.

and p = 10 a significant degradation of the MSE is observed. This degradation is a
consequence of the fact that, as p is increased, the probability of correctly retrieving
the embedded path decreases when α is kept constant (even knowing the true value
of the dither).6 In the experiments, the probability of choosing an incorrect path has
been found to be around 0.05 and 0.1 for p = 7 and p = 10, respectively.
Figure 6.9(a) shows the results obtained for a hexagonal shaping lattice and α = 0.7.
Notice that, although α is higher than in the former case, the maximum embedding
1
rate considered now is substantially larger ( 21 log2 (9) bits vs. 10
log2 (10) bits). Similarly
as above, we can see that increasing p degrades the MSE: for p = 4 it is still possible to
achieve the same accuracy as in the KMA scenario, but for p = 4 the MSE is increased,
and for p = 9 the MSE is not reduced with No . Finally, Figure 6.9(b) shows the results
obtained for the E8 shaping lattice [82], the best lattice quantizer in 8 dimensions. It
can be seen that in this case, even with large alphabets (e.g. p = 12), the estimator
achieves its optimal performance. For obtaining the results of Figure 6.9, the lattice
codes have been obtained by Construction A, in the estimation procedure we have
resorted to the inner polytope algorithm in order to compute the approximate feasible
regions.

6

Recall that, due to the Viterbi approximation, the performance of the estimator is degraded when
the embedded message cannot be correctly decoded, as explained in 6.2.1.
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Figure 6.8: MSE per dimension in the dither estimation obtained for different embedding rates and
α = 0.6.

6.4.3

Reversibility attack

An accurate dither estimate (subjected to an unknown modulo-Λ shift, as the one
obtained here) allows to implement a number of harmful attacks. As an illustrative
example, we present here a reversibility attack, consisting in producing an estimate of
the original host signal. In the context of lattice-data hiding methods, our attack is
based on the fact that the embedding function is reversible whenever α < 1 and we
know both T and the embedded message. Using our dither and path estimates t̂ and
m(k̂) , the host vector estimate corresponding to the ith marked block is computed as7
x̂i = yi −

α
(QΛ (yi − dmk̂ − t̂) − xi + dmk̂ + t̂).
i
i
1−α

(6.23)

It is interesting to notice that the ambiguity in the estimated message does not affect
negatively the host estimation whenever the estimated path m(k̂) belongs to the equivalence class (by (5.61)) of the actual embedded path. The reason is that the dither
estimate associated to any path in [m] yields the same fine lattice Λf , and thus it is
valid for performing a successful reversibility attack. This can be readily seen if we
realize that the dither estimates associated to the equivalence class of m(k̂) , given by
(6.16), differ only in the term dk , and that Λf = Λf − dk , for k ∈ M.
7

The same reversibility function had been proposed in [108] in the context of scalar lattices.
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Figure 6.9: MSE per dimension for α = 0.7 and different embedding rates. Results for n = 2 and
n = 8 using hexagonal (a) and E8 (b) shaping lattices, respectively. DWR = 30 dB in both cases.

Figure 6.10 shows the result of implementing the proposed reversibility attack on
a real marked image. The parameters of the watermarking algorithm are Λ = E8 ,
α = 0.7, p = 10, and the coset leaders were obtained through Construction A. The
watermark is embedded in the low frequency coefficients of 8 × 8 non-overlapping DCT
blocks, resulting in a PSNR after embedding of 38.2 dB. The resulting host estimate,
using only the message and dither estimates from the first 50 DCT blocks, is shown
in Figure 6.10(b) and presents a PSNR of approximately 56 dB. If the estimated host
is quantized back to integers, then PSNR → ∞, meaning that the host has been
estimated perfectly.

6.5

Application to other scenarios

In this section we discuss the application of the proposed estimation algorithms to
other related but more involved scenarios.
1. α < 0.5: Our analysis and algorithms were restricted to the case α ≥ 0.5. For the
case α < 0.5 the theoretical analysis gets more intricate, since the feasible region
SNo may be composed of multiple modulo-Λ convex sets (cf. Figure 5.3). The
difficulty of the estimation is also greatly increased, since it would be necessary
to apply several estimators in parallel, one for each possible convex set. In such
case, other set-membership approaches suited to non-convex solution sets may
perform better [67].
2. Spread Transform - Dither Modulation (ST-DM) [63]: lattice data hiding schemes
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(a)
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Figure 6.10: Illustration of a reversibility attack based on dither estimate according to Eq. (6.23).
Image marked using Λ = E8 , α = 0.7, p = 10 and PSNR = 38.2 dB (a), and estimate of the original
image with PSNR = 55.9 dB (b).

may be applied in conjunction with spread transform in low-rate data hiding applications. In that kind of schemes, lattice quantization takes place in a secret
projected domain, parameterized by certain projection matrix, and secret dithering can still be used in the projected domain for improving the security of the
scheme. The ignorance of the projection matrix invalidates the direct application
of the estimation algorithms proposed here; however, recent works [61], [46] have
shown that Independent Component Analysis (ICA) may be used for estimating the projection matrix. Thus, if ICA is successful, dither estimators may be
applied in a second step.
3. Permutations: the security of a lattice DC-DM scheme may be improved by
applying secret permutations to the host vectors. This introduces an additional
degree of uncertainty that invalidates the direct application of the estimators
proposed in this chapter. However, if the same permutation is used in multiple
marked blocks, it is still possible to exploit the information leakage, as shown in
the next example: assume that the host is partitioned in l length-n vectors xi ,
i = 1, . . . , l, and these vectors are arranged in an n × l matrix X. Given a secret
permutation matrix P, the columns of the new matrix X′ = PX are marked
using the lattice data hiding scheme described in Chapter 5, yielding a marked
matrix Y′ . Later on, the inverse permutation is applied to Y′ , obtaining Y, and
its rows are the observations that are made available to the attacker. Depending
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on the symmetry properties of the embedding lattice, two possible cases arise:
(a) The lattice is symmetric to permutations of its components. This happens,
for instance, to the cubic and “checkerboard” (aka “quincunx”) lattices in
2 dimensions [174], [82]. If this is the case, then the attacker can run the
dither estimation algorithm disregarding the actual permutation, obtaining
an estimate of the permuted dither. It is easy to see that this permuted
estimate allows the same attacks as those discussed in Section 2.2, as long as
the permutation and the secret dither are the same in the attacked contents.
(b) The lattice is not symmetric to permutations. The main consequence is that
the feasible regions for the dither are different under each permutation, and
this can be exploited to detect inconsistent arrangements in the components
of the observations, i.e., those arrangements that produce an empty feasible
region cannot be correct. Some experiments performed with the OVE algorithm and the hexagonal lattice have shown that, using 10 recirculations,
an average of 32 observations are needed to successfully detect inconsistent
arrangements of the components. Using the inner polytope algorithm it is
also possible to check for inconsistencies: one just needs to run the “feasibility test” to check whether all constraints in the optimization problem
can be simultaneously satisfied or not. If not, the considered arrangement
is inconsistent.

6.6

Conclusions

1. In Section 6.4 we have shown the strong link between the information-theoretic
and set-membership estimation frameworks, applying the latter for the first time
to attacks in the data hiding scenario. The estimator devised for the KMA
scenario can be naturally extended to the WOA scenario with the help of a
Viterbi-like estimator for the most likely embedded message.
2. The security weaknesses of the data hiding schemes studied in Chapter 5 have
been shown to be exploitable in practice with affordable complexity, yielding
accurate dither estimates and allowing to obtain host estimates with high fidelity.
3. Set-membership estimators are the optimal estimators for the dither estimation
problem when T ∼ U (V(Λ)). However, in order to perform an attack with manageable complexity, it is necessary to do some approximations and simplifications
that cause a loss of optimality (approximations with ellipsoids, for example, or
with the Viterbi algorithm). Only in simple cases, such as embedding with cubic
lattices, it is possible to achieve optimal estimator performance with low complexity. In other cases (as for the root lattices considered in Section 6.3), the
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gap with the optimal dither estimator is still very close to the theoretical limit.
However, as the complexity of the shaping lattice is increased, it seems that the
gap with the optimal estimator will also be greatly increased if one wants to keep
the complexity of the estimator within reasonable terms.
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Algorithm 6.3 Secret dither estimation in the WOA scenario
1. Initialization: m(1) = 0, D1 (m(1) ) = (1 − α)V(Λ), K1 = 1, with K1 denoting the
number of feasible paths for the first observation (1 in our case).
2. For i = 2, . . . , No
(a) Let {m(k) , k = 1, . . . , Ki−1 } be the set of feasible paths for the i − 1 first
observations. Construct a set of candidate paths as {m(k,l) , [m(k) , l], k =
1, . . . , Ki−1 , l = 0, . . . , p − 1}.
(k,l)

(b) Compute the ellipsoids Ei (m(k,l) ) ⊇ Si (m(k,l) ) using ṽr (mr ) = (ỹr −
(k,l)
dm(k,l)
− ỹ1 ) mod Λ, r = 1, . . . , i, where mr
denotes the rth element
r
(k,l)
of m .

(c) Compute the score λ(m(k,l) ) of each path as vol(Ei (m(k,l) )). Arrange the
paths in order of descending score as m(1) , . . . , m(p·Ki−1 ) . Compute now
Ki , maxq q+1, subject to the constraint λ(m(1) )/λ(m(q) ) < β, q = 1, . . . , p·
Ki−1 ≤ Kmax . The parameters β > 0, Kmax ∈ N+ are termed “beam
factors”. The set of Ki < Kmax “surviving paths” for the next iteration is
{m(1) , . . . , m(Ki −1) }.
3. Let m(1) be the path with the highest score resulting from Step 2 of Algorithm 6.3,
and let t̂1 , defined as the center of ENo (m(1) ), the dither estimate associated to
m(1) (recall that this choice minimizes the mean squared error of the estimate
[194]). The p paths belonging to the equivalence class [m(1) ] can be computed
according to (5.61), and the p corresponding dither estimates are given by
t̂k = (t̂1 − dk + ỹ1 )

mod Λ, k ∈ M.

(6.16)

Note that ỹ1 is added in order to cancel the offset introduced in Step 2b of
Algorithm 6.3.
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Algorithm 6.4 Checking of unfeasible paths
According to [194, Sect. IV], assume the feasible region for the ith observation can be
(k,l)
specified by a matrix Φ ∈ Rn×nf /2 and a vector γ ∈ Rnf /2×1 such that Di (mi ) =
Tnf /2
j=1 Fi,j , where
(k,l) T

Fi,j = {z ∈ Rn : |ṽi (mi

) φj − zT φj | ≤ γj },

(6.17)

being φj the jth column of Φ, γj , φTj z0,j is the jth element of γ, and z0,j is a vector
in the jth facet of Z(Λ). For k = 1, . . . , Ki , and l = 0, . . . , p − 1,
1. Compute
(k,l)

ηj =

ṽi (mi

q

) + γj − φTj ci−1

φTj Pi−1 φj

,

γj
, j = 1, . . . , nf /2, (6.18)
ζj = q
φTj Pi−1 φj

where Pi−1 and ci−1 are the positive-definite matrix and center defining the
ellipsoid Ei−1 (m(k) ).
2. If ηj ∈
/ [−1, 1 + 2ζj ], for some j = 1, . . . , nf /2, then the hypothesized path m(k,l)
is unfeasible. Otherwise, the path is declared as feasible.4
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Example 6.1 Parameters for the hexagonal lattice
Consider the standard hexagonal lattice whose generator matrix is [82]:


∆ √ 0
M=
,
∆/2
3∆/2

(6.19)

where ∆ is the scaling factor for adjusting the embedding distortion. This lattice has 6
vectors of minimal norm that define a regular polytope bounded by 6 pairwise parallel
hyperplanes (see Figure 6.1(a)). Let φk be the vector corresponding to the k-th facet,
the feasible region can be defined as


1
T
T
2
n
SNo = z ∈ R : φk z ≤ φk ṽi + ||φk || , k = 1, . . . , nf ; i = 1, . . . , No , (6.20)
2
which is a particular case of Eq. (6.4) with z0,k = 12 φk . For applying the SME algorithm,
we need matrix Φ and vector γ (see Eq. (6.8)). It is straightforward to see that, for
the considered generator matrix,


√
√
1
3/2
3/2
0
.
, γ = · (∆ · (1 − α))2 · (1, 1, 1)T(6.21)
Φ = ∆ · (1 − α) ·
1 1/2 −1/2
2

Example 6.2 Parameters for the lattice D4∗
For D4∗ , the faces of the hypercube are given by the hyperplanes bisecting all permutations of the vector (±1, 0, 0, 0). On the other hand, the faces of the generalized
octahedron are given by the hyperplanes bisector to 12 (±1, ±1, ±1, ±1). Thus, the
resulting Voronoi region has 24 pairwise parallel facets.

Chapter 7
Conclusions
In this thesis we have tried to provide an exhaustive analysis of watermarking security.
The problem has been cast in an information-theoretic framework whose usefulness
has been proved by its application to practical watermarking schemes in three different scenarios: KMA, CMA, and WOA. Our work shows the need for complementary
security analyses, both from theoretical and practical points of view:
• The theoretical analysis must use precise measures in order to reveal the fundamental security weaknesses and establish bounds on security. Our measure
based on Shannon’s mutual information and equivocation, introduced in Chapter 2, has proved to be very useful for revealing the security properties of a given
embedding method (cf. chapters 3 and 5) and deriving fundamental bounds on
the estimation of the secret parameters.
• As the theoretical analysis does not show how to exploit the information leakage
about the secret keys, a practical analysis is necessary for demonstrating that the
security weaknesses highlighted in the theoretical part indeed pose a threat. We
have done so in chapters 4 and 6.
• On the other hand, the security must not be solely evaluated from a practical
point of view, because it may lead to overestimating the actual security of the
watermarking scheme under study.
We have studied the two main groups of watermarking methods: spread spectrum
and quantization-based ones. In some cases, similar conclusions can be drawn for both
methods:
1. A tradeoff between robustness and security has been identified. In general, the
choice of the embedding parameters that maximize the robustness against conventional attacks leads to reveal more information about the secret key. In this
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regard, one must bear in mind that the analyzed embedding methods had not
been originally designed from a security standpoint.

2. The gap of the information leakage between KMA and WOA scenarios (and
CMA) has been shown to be negligible in many cases if the embedding rate is
sufficiently small. As practical scenarios usually demand small embedding rates, a
consequence is that the security level of the studied methods may be, in practice,
fairly low.
3. Theoretically, some fundamental ambiguities have been shown to exist in the
secret key estimation for both methods in the WOA scenario. These ambiguities prevent from perfect estimation of the secret key, no matter the number of
observations available. Nevertheless, they do not prevent from devising harmful
attacks, as already discussed in the corresponding chapters.
Regarding the security of lattice data hiding techniques, randomized via secret
dithering, we have obtained some interesting findings:
1. Lattice data hiding schemes possess some desirable security properties: by adjusting the embedding parameters (the nested code and the distortion compensation
parameters), they can achieve perfect secrecy in the WOA scenario, meaning
that no information about the secret dither is leaked from the observation of
watermarked signals. The price to pay comes in the form of a possible penalty
in robustness.
2. In most practical cases, the security level of lattice data hiding schemes is low,
since a small number of observations is enough for obtaining an accurate dither
estimate. This is mainly due to their host-rejection properties and highly structured codebook.
3. The security level of the lattice data hiding scheme can be increased by increasing
the dimensionality of the nested lattice code and properly choosing the shaping
lattice. The optimal lattices seem to be those with the smallest normalized
second order moment, which is also desirable from the robustness point of view.
The main drawback of using these high-dimensional lattices is in the inherent
embedding/decoding complexity (especially, the latter one), which grows nonlinearly with the number of dimensions. This illustrates the existence of a tradeoff
between complexity and security.
As for spread spectrum modulations, whose security relies on the secrecy of the
spreading vector, we can make the following remarks:
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1. The methods analyzed in this thesis do not provide perfect secrecy in any instance. Nevertheless, due the high host interference, the security level of the
spread spectrum embedding function is, in general, larger than that of lattice
data hiding (see discussion in Section 5.2.3). We know it is possible to design
perfectly secure spread spectrum modulations, but at the cost of impairing robustness (cf. the Natural Watermarking technique in [59]). This shows, once
again, a tradeoff between robustness and security.
2. While the ICA and PCA approaches proposed by other authors are very useful
for attacking spread spectrum systems from the security point of view, we have
shown that such techniques are not always the best choice from the attacker’s
point of view. Their success depends very much on the operating conditions (the
DWR, the length of the spreading vector, and the host rejection parameter) and
on the statistical distribution of the host signals. We have presented a more
general methodology for the practical security evaluation of spread spectrum
schemes, based on 1) the definition and analysis of suitable cost functions, and
2) the optimization of such cost functions.
From the results shown in this thesis, one can infer that if the condition of perfect
secrecy is not fulfilled, watermarking systems are in general “easy” to break, especially
if robustness (low embedding rates) is a requirement. As mentioned in [85], secret
keys in watermarking are “weaker” than in cryptography, meaning that the attacker
does not need to perfectly disclose the key, but a rough estimate is sometimes enough
for his purposes. This weakness is, in part, due to the continuous nature of the secret
parameters to be estimated, and also to the relatively small size of the secret parameter
space:1
• In lattice data hiding schemes, the codebook is highly structured, which is highly
desirable for keeping a low embedding and decoding complexity. The drawback
is that in such case there is no room for high entropy: the maximum entropy of
the codebook in the nested lattice scheme is limited to the entropy of a uniform
r.v. over V(Λ), whose volume is limited due to the small distortion constraint.
• In the case of spread spectrum methods, the attacker can restrict his search to a
vector in the surface of an n-dimensional hypersphere. The number of degrees of
freedom of such vector is n − 1. Hence, the complexity of the problem increases
linearly with the dimensionality of the embedding function.
1

Note that when dealing with continuous parameters, it makes more sense to talk about the volume
of the secret parameter space rather than its cardinality.
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It is likely that, in the future, the development of watermarking research keeps on
being driven by robustness requirements, as it has been up to now. However, under the
light of the results presented in this thesis we believe it is wise to have in mind security
considerations whenever the watermarking systems have to face hostile environments.

7.1

Future research lines

The work carried out in this thesis leaves a number of open questions which are
worth addressing in the future. In the first place, we can enumerate a number of
problems closely related to the security analysis:
1. In this thesis we have studied the security both from information-theoretic and
practical points of view. The information-theoretic measure only accounts for
attackers with unlimited computational resources. On the other hand, the practical security analysis only provides the security level obtained with the proposed
estimation algorithms. In some cases, we have compared the theoretical bounds
(which are pessimistic, in general) with the performance of the practical estimators, but we do not know yet how to compute the gap between theoretical and
practical security levels as a function of the allowed computational complexity.
This claims for the introduction of complexity theory in the field of watermarking
security, which would lead to the obtention of provable security levels (in analogy
with the provable security of cryptographic systems).
2. We have proved the existence of a fundamental tradeoff between security and
robustness for spread spectrum and lattice data hiding methods. This tradeoff
appears to be inherent to any watermarking scheme that performs host rejection
or demands high robustness, but a proper unifying framework would be necessary
in order to study this problem with a higher perspective.
3. We have studied the security of the most popular spread spectrum methods.
Other spread spectrum techniques recently proposed, with the aim of improving
the security of these methods, have been already analyzed [59]. However, the
analysis of other spread spectrum schemes [165], [70] which are likely to receive
a lot of attention in the future is still pending.
4. A theoretical study of the security of hybrid methods such as ST-DM [63],[108]
and Trellis-based methods [168], which were not covered in this thesis, is advisable
in order to get more insight into the security properties of the different sideinformed embedding methods.
5. The effect of channel coding techniques in the security level must be addressed.
When no channel coding across different host blocks takes place, the message
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sequences can be considered to be a priori equiprobable. Otherwise, the attacker
could exploit the a priori probability of each message sequence, simplifying the
estimation of the secret parameters and thus reducing the security level.
6. In parallel to the design of new watermarking schemes with improved security
properties, the design of countermeasures against security attacks must be also
taken into account. Key management solutions are the most immediate countermeasures: since the security holes come from the availability of many observations marked with the same secret key, an obvious countermeasure is to limit
the number of times a certain secret key can be reused. Several solutions based
on host-dependent key generation functions have been proposed [135],[117],[155].
However, re-synchronization at the decoder side becomes a major issue when
using host-dependent keys.
7. It is possible to study new forms of randomization for the existing watermarking
schemes. For instance, the security of lattice data hiding schemes would be certainly improved by means of non-structured codebooks ([113],[69]) which, albeit
strongly based on the nested lattice construction, introduce additional degrees of
freedom that increase the entropy of the codebook and probably render the estimation more difficult. These codes could be seen as an intermediate step between
Costa’s construction (cf. Section 5.4) and the pure nested lattice construction.
By varying the degree of additional randomness in the lattice code, one could
balance the tradeoff between embedding/decoding complexity and security. Another possibility for lattice data hiding schemes is to apply a secret rotation to
the embedding lattice [172]. The presumable advantage of this approach over
the former is that it still keeps the structure of the codebook, which is highly
desirable from the implementation point of view, whilst increasing its entropy (an
n × n rotation matrix introduces n(n − 1)/2 degrees of freedom). Further possibilities include the use of permutations (applicable to any watermarking scheme)
or other combinatorial approaches, which could significantly increase the size of
the secret parameter space.
The framework for watermarking security presented in this thesis must be regarded
as a first step towards a more complete analysis. It is necessary to extend this framework to more general scenarios:
1. Extension to steganography scenarios: traditionally, a steganographic scheme has
been considered secure if it is impossible for an eavesdropper to distinguish “innocent” cover messages from stego-messages. Security in steganography under this
viewpoint has been addressed by a number of authors, like Zollner et al. [223],
Petitcolas et al. [198], or Cachin [57] from an information-theoretic perspective,
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and by Katzenbeisser et al. [149] resorting to more practical, computational considerations. However, an aspect which is usually absent from these formulations
is the fact that the secret key used in the communication process is likely to be
repeated in the stego-messages generated by the same user. This gives raise to
the following considerations:
(a) An active eavesdropper, after detecting a series of stego-messages, can try
to estimate the secret key in order to impair the communication process or
to recover the hidden message.
(b) The repetition of the secret key in several stego-messages introduces memory (in the form of redundancy) in the communication channel, a fact that
could be exploited for improving the detectability performance of the eavesdropper.

2. Extension to oracle attacks: currently, the security of a watermarking system
where decoders/detectors are publicly available is roughly quantified by the difficulty of describing the detection/decoding region. The security measures are too
empirical, mainly based on the difficulty of breaking the system with a particular
algorithm. In this cases, no fundamental measure exists for comparing in fair
terms the security of different watermarking systems.
3. Extension to global security: this thesis only covers security in the “physical
layer”. As we have seen, the disclosure of the secret parameters gives access to
the raw embedded bits (possibly with some ambiguities). Although this can be
enough for impairing the communication very efficiently, it may not be sufficient
for reading the actual embedded message if, for instance, a cryptographic layer is
placed upon the watermarking channel (the physical layer) [85]. Thus, a global
security analysis of a watermarking system should account for attacks at the
protocol level and even side-channel attacks, which may be very important in
practical systems. As in any cryptographic system, the security level is always
given by that of the weakest link in the chain.
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[103] Gwenaël Doërr and Jean-Luc Dugelay. Security pitfalls of frame-by-frame approaches to video watermarking. IEEE Transactions on Signal Procesing, Supplement on Secure Media, 52(10):2955–2964, October 2004.
[104] Jiang Du, Chong-Hoon Lee, Heun-Kio Lee, and Youngho Suh. Watermark attack
based on blind estimation without priors. In 1st International Workshop on
Digital Watermarking, IWDW’02, volume 2613 of Lecture Notes in Computer
Science, Seoul, Korea, 2002. Springer.
[105] ECRYPT.
European Network of Excellence in Cryptology, 2004-2008.
http://www.ecrypt.eu.org.
[106] Alan Edelman, Tomás A. Arias, and Steven T. Smith. The geometry of algorithms with orthogonality constraints. SIAM Journal on Matrix Analysis and
Applications, 20(2):303–353, 1998.
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minimum mean-square error in Gaussian channels. IEEE Transactions on Information Theory, 51(4):1261–1282, April 2005.
[126] Aparna R. Gurijala and John R. Deller. Speech watermarking with objective
fidelity and robustness criteria. In Conference record of the Thirty-Seventh Asilomar Conference on Signals, Systems and Computers, volume 2, pages 1908–1912,
Pacific Grove, CA, USA, November 2003.
[127] Jaap Haitsma, Michiel van der Veen, Ton Kalker, and Fons Bruekers. Audio
watermarking for monitoring and copy protection. In ACM workshops on Multimedia, MULTIMEDIA ’00, pages 119–122, New York, NY, USA, 2000. ACM.
[128] Frank Hartung and Bernd Girod. Watermarking of uncompressed and compressed video. Signal Processing, 66(3):283–302, May 1998.
[129] Simon Haykin. Adaptive filter theory. Prentice-Hall, Englewood Cliffs, NJ, USA,
3rd edition, 1996.
[130] Emil F. Hembrooke. Identification of sound and like signals, 1961. United States
Patent, 3004104.
[131] Cormac Herley. Why watermarking is nonsense. IEEE Signal Processing Magazine, 19(5):10–11, Sep 2002.
[132] Juan R. Hernández, Martı́n Amado, and Fernando Pérez-González. DCT-domain
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watermarks. In D. Aucsmith, editor, 2nd International Workshop on Information
Hiding, IH’98, volume 1525 of Lecture Notes in Computer Science, pages 191–
207, Portland, OR, USA, April 1998. Springer-Verlag.
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Hiding and Multimedia Security I, 4300:41–72, 2006.
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Appendix A

A.1

Proof of Lemma 2.1

The proof follows directly from the definition of concavity, by taking into account
that g(·) can take only integer arguments. The function g(n) is concave if and only if
g(λn1 + (1 − λ)n2 ) ≥ λg(n1 ) + (1 − λ)g(n2 ),

(A.1)

for all n1 , n2 ∈ Z and λ ∈ [0, 1] such that λn1 + (1 − λ)n2 ∈ Z. Let us assume, without
loss of generality, that n1 < n2 = n1 + k. Hence, the valid values for λn1 + (1 − λ)n2
are given by
λi n1 + (1 − λi )n2 = n1 + i, with i = 0, . . . , k ,
(A.2)

. Substituting into Eq. (A.1) and operating, we get the following
where λi = k−i
k
equivalent condition for concavity:
k−i
i
g(n1 + i) ≥
· g(n1 ) + · g(n1 + k),
(A.3)
k
k
which in turn can be rewritten as
i−1
k−1
X
iX
∆g(n1 + j) ≥
∆g(n1 + j).
(A.4)
k
j=0
j=0
Eq. (A.4) must hold for all k ≥ i; in particular, for k = 2 we have
1
∆g(n1 ) ≥ (∆g(n1 ) + ∆g(n1 + 1)),
2
which implies that
∆g(n) ≥ ∆g(n + 1) ∀ n.

(A.5)
(A.6)

For proving sufficiency, assume now that ∆g(n) ≥ ∆g(n + 1) for all n. If this condition
holds, then it is easy to see that the partial averages satisfy the following inequality:
i−1

k−1

1X
1X
∆g(n1 + j) ≥
∆g(n1 + j),
i j=0
k j=0

which is tantamount to (A.4).

(A.7)

174

A.2

Appendix for Chapter 2

Proof of Lemma 2.2

To see that the mutual information is always increasing, consider the function
∆I(N ) = I(O1 , . . . , ON +1 ; ψ(Θ)) − I(O1 , . . . , ON ; ψ(Θ)),

(A.8)

which is nothing but the average information about t that is gained with the (N + 1)th
observation. Such function is easily seen to be always non-negative:
∆I(N ) = h(ψ(Θ)|O1 , . . . , ON ) − h(ψ(Θ)|O1 , . . . , ON +1 ) ≥ 0,

(A.9)

where (A.9) follows from the fact that conditioning reduces entropy [84].
By Lemma 2.1, the mutual information will be (strictly) concave iff ∆I(N ) is (decreasing) non-increasing. By the definition of mutual information, we have
I(O1 , . . . , ON ; ψ(Θ)) = h(O1 , . . . , ON ) − h(O1 , . . . , ON |ψ(Θ)).

(A.10)

Using (A.10) we can write
∆I(N + 1) = I(O1 , . . . , ON +2 ; ψ(Θ)) − I(O1 , . . . , ON +1 ; ψ(Θ))
= h(O1 , . . . , ON +2 ) − h(O1 , . . . , ON +2 |ψ(Θ))
− h(O1 , . . . , ON +1 ) + h(O1 , . . . , ON +1 |ψ(Θ)).

(A.11)

By the chain rule for entropies [84, Sect 9.6], it follows that
h(O1 , . . . , ON +2 ) = h(O1 , . . . , ON +1 ) + h(ON +2 |O1 , . . . , ON +1 ).

(A.12)

Likewise, it is straightforward to see that
h(O1 , . . . , ON +2 |ψ(Θ)) = h(O1 , . . . , ON +1 |ψ(Θ)) + h(ON +2 |O1 , . . . , ON +1 , ψ(Θ)).
(A.13)
Hence, by combining (A.12) and (A.13), ∆I(N + 1) can be rewritten as
∆I(N + 1) = h(ON +2 |O1 , . . . , ON +1 ) − h(ON +2 |O1 , . . . , ON +1 , ψ(Θ))
= h(ON +2 |O1 , . . . , ON +1 ) − h(ON +2 |ψ(Θ)),
(A.14)
where the last equality follows from the conditional independence of the observations
given ψ(Θ). Using similar reasonings, it can be seen that
∆I(N ) = h(ON +1 |O1 , . . . , ON ) − h(ON +1 |ψ(Θ)).

(A.15)

Since the Oi are i.i.d, h(ON +2 |ψ(Θ)) = h(ON +1 |ψ(Θ)), so we finally have that
∆I(N + 1) − ∆I(N ) = h(ON +2 |O1 , . . . , ON +1 ) − h(ON +1 |O1 , . . . , ON ) ≤ 0. (A.16)
This concludes the proof of the lemma.

Appendix B

B.1

Bounds on the information leakage in the WOA scenario
for add-SS

For obtaining the bounds to the information leakage, we will resort to the expression
given by (3.12). Since its first term has been already computed in (3.11), we will focus
on the remaining terms. For a fair user with perfect knowledge of S, the observations
are all mutually independent. Hence, the third term can be rewritten as
I(Y1 , . . . , YNo ; M1 , . . . , MNo |S)add-SS = No · I(Y1 ; M1 |S).

(B.1)

For computing (B.1) we take advantage of the fact that the statistic YTi S is a sufficient
statistic for decoding Mi when S is known by the decoder [199]. Thus, we have
I(Y1 ; M1 |S) = I(YT1 S; M1 |S) = h(YT1 S|S) − h(YT1 S|M1 , S)

1
2
log(2πeσX
) + E[log(kSk2 )] ,
= h(YT1 S|S) −
2

(B.2)

2
where we have used that YT1 S|M1 = m1 , S = s ∼ N (ksk2 (−1)m1 , ksk2 σX
). For the
T
term h(Y S|S) we must take into account that

YT1 S|S = s ∼


1
2
2
N (ksk2 , ksk2 σX
) + N (−ksk2 , ksk2 σX
) ,
2



and that h(YT1 S|S) = E h(YT1 S|S = s) , where the expectation is taken over S. The
computation of the expectations in (B.2) requires numerical integration, taking into
account that ||S||2 ∼ χ2 (n, σS ). The second term of (3.12) is the only one that remains
to be addressed. Notice that

176

Appendix for chapters 3 and 4

I(Y1 , . . . , YNo ; M1 , . . . , MNo )add-SS
= No · H(M1 ) − H(M1 , . . . , MNo |Y1 , . . . , YNo )
No
X
= No · H(M1 ) −
H(Mi |Y1 , . . . , YNo , M1 , . . . , Mi−1 )
i=1

≤ No · H(M1 ) − No · H(MNo |Y1 , . . . , YNo , M1 , . . . , MNo −1 )
= No · I(YNo ; MNo |Y1 , . . . , YNo −1 , M1 , . . . , MNo −1 ),

(B.3)
(B.4)

where the inequality (B.3) follows from the fact that conditioning reduces entropy
[84]. Conditioned on a particular realization of the observations, we have that YNo =
XNo + (−1)MNo · S̄No −1 , with S̄No −1 a random variable that follows the distribution of
S conditioned on the No − 1 past observations,1 i.e. S̄No ∼ N (v, σS̄2 N −1 In ), with v and
o
σS̄2 N −1 given by (3.8) and (3.9), respectively. Hence, considering a random variable
o
N ∼ N (0, σS̄2 N −1 In ), and noticing that (−1)MNo N is identically distributed to N, then
o
we can write
YNo = XNo + (−1)MNo (N + v) = X̄No + (−1)MNo v,
2
+ σS̄2 N
where X̄No , XNo + N ∼ N (0, (σX

o −1

(B.5)

)In ). Clearly, this implies that

I(YNo ; MNo |Y1 , . . . , YNo , M1 , . . . , MNo −1 )add-SS = I(YNo ; MNo |VNo ),

(B.6)

T (i)
where the components of VNo are the realizations of (3.8). Since µ
 y is zero-mean

4
(No −1)σS
2
2
Gaussian with variance (No − 1) · (σX + (No − 1)σS ), then VNo ∼ N 0, (No −1)σ2 +σ2 In .
S
X
Hence, (B.6) becomes

I(YNo ; MNo |Y1 , . . . , YNo −1 , M1 , . . . , MNo −1 )add-SS
= I(YTNo VNo ; MNo |VNo )
= h(YTNo VNo |VNo ) − h(YTNo VNo |MNo , VNo )



1
T
2
2
2
= h(YNo V|VNo ) − E
,
log 2πe(σX + σS̄No )kVNo k
2

(B.7)

where we have used again the fact that YTNo VNo is a sufficient statistic for decoding
(see [199]). Notice that the first term in the right hand side of (B.2) and (B.7) must
be computed by means of numerical integration. Finally, combining (3.12) with (3.11),
(B.1), (B.2), (B.4) and (B.7) we arrive at (3.13), the final expression of the upper
bound.
1

This is due to the unconditional independence between the hosts and messages of different observations.
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A lower bound on the mutual information can be obtained by taking into account
that
I(Y1 , . . . , YNo ; M1 , . . . , MNo )add-SS
=
=

No
X

I(Yi ; M1 , . . . , MNo |Y1 , . . . , Yi−1 )

i=1
No
No X
X
i=1 j=1

≥

No
X
i=2

I(Yi ; Mj |Y1 , . . . , Yi−1 , M1 , . . . , Mj−1 )

I(Yi ; Mi |Y1 , . . . , Yi−1 , M1 , . . . , Mi−1 ).

(B.8)

Note that each term of (B.8) was already computed in (B.7). The final expression of
the lower bound is given in (3.14).

B.2

Proof of Theorem 3.1

An straightforward upper bound to the loss function is given by
δ(No )add-SS ≤ No log(2) − I(Y1 , . . . , YNo ; M1 , . . . , MNo ).

(B.9)

Using the lower bound (B.8) for the second term in the right hand side of (B.9) and
recalling that the loss function is always non-negative, the latter can be bounded as
No log(2) −

No
X
i=2

I(Yi ; Mi |Vi ) ≥ δ(No )add-SS ≥ 0, for No ≥ 2,

(B.10)

(i−1)σ 4

2
2
S
where Yi = X̄i + (−1)Mi Vi , Vi ∼ N (0, (i−1)σ2 +σ
)In )
2 In ), and X̄i ∼ N (0, (σX + σS̄
i−1
S
X
2
with σS̄i−1 given by (3.9). The first term in the right hand side of (B.10) can be
rewritten as I(Yi ; Mi |Vi ) = H(Mi ) − H(Mi |Yi , Vi ). By inserting this expression into
(B.10), we obtain

log(2) +

No
X
i=2

H(Mi |Yi , Vi ) ≥ δ(No )add-SS ≥ 0,

(B.11)

Now we focus on the second term in the right hand side of (B.11). Using Fano’s
inequality [84], the conditional entropy of Mi can be bounded from above as
H(Mi |Yi , Vi ) ≤ H(Pe |Vi ) + Pe · log(|M| − 1),

(B.12)
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where Pe |Vi denotes the probability of decoding error conditioned on Vi . In our case
(|M|=2), ineq. (B.12) is reduced to
H(Mi |Yi , Vi ) ≤ H(Pe |Vi ),

(B.13)

where H(Pe ) is the binary entropy function [84], i.e. H(Pe ) = Pe log(Pe ) + (1 −
Pe ) log(1 − Pe ). Hence, (B.10) is rewritten as
log(2) +

No
X
i=2

H(Pe |Vi ) ≥ δ(No )add-SS ≥ 0,

(B.14)

For computing the error probability we define the scalar random variable Zi , YTi Vi ,
which is a sufficient statistic for the decoding of Mi . The statistic of Zi conditioned on
Vi = vi is

1 
2
2
2
2
Zi |Vi = vi ∼
N −||vi || , (σX + σS̄i−1 )||vi ||
2


2
(B.15)
+ σS̄2 i−1 )||vi ||2 .
+ N ||vi ||2 , (σX

Eq. (B.13) holds for any decoder, and in particular for a decoder based on sign-decision.
For the latter, Pe |vi = Pr{Zi > 0|Mi = 1, Vi = vi } = Pr{Zi ≤ 0|Mi = −1, Vi = vi }.
Obviously, from (B.15), we have
!
1
ti2
,
(B.16)
Pr{Zi > 0|Mi = 1, Vi = vi } = Q
1
2
(σX
+ σS̄2 i−1 ) 2
√1
2π
with σV2i

where Q(x) ,

Rx
0

2 /2

e−t

dt denotes the Gaussian Q-function, and Ti , ||Vi ||2 ∼

(i−1)σ 4

S
χ2 (n, σVi ),
= (i−1)σ2 +σ
2 . Using the well known Chernoff bound [200], we can
S
X
upper bound the error probability (B.16) as
!
−ti
1
.
(B.17)
Pr{Zi > 0|Mi = 1, Vi = vi } ≤ exp
2
2
2(σX
+ σS̄2 i−1 )

Since H(Pe ) is increasing in Pe ∈ [0, 0.5], (B.17) can be used to upper bound H(Pe |Vi =
vi ). Hence,
!!#
"
−Ti
1
exp
H(Pe |Vi ) ≤ E H
2
2
2(σX
+ σS̄2 i−1 )
"
!#!
−Ti
1
E exp
,
(B.18)
≤ H
2
2
2(σX
+ σS̄2 i−1 )
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where the second inequality follows from Jensen’s inequality [84]. The expectation
above can be computed by taking into account the pdf of the Chi-square distribution
[200]:



−Ti
E exp 2(σ2 +σ2 )
X

=

σVni

S̄i−1

·2

Identifying k =

n
−1
2

−1
· Γ(n/2)

2 +σ 2
σX
S̄

2
+σV
i
i−1
2
2
σX +σS̄
i−1

Z

∞

0

exp −t

2
σX
+ σS̄2 i−1 + σV2i
2
2σV2i (σX

+

σS̄2 i−1 )

!

n

· t 2 −1 dt.

(B.19)

and using the variable change r = tk, the integral in

(B.19) can be written as
Z
Z ∞
n
n
−1
−
exp (−tk) · t 2 dt = k 2

0

0

∞

n

n

exp(−r)r 2 −1 dr = k − 2 · Γ (n/2) .

Substituting successively into (B.19) and (B.18) we arrive at

! n2 
2
2
σX + σS̄i−1
1
,H
H(Pe |Vi ) ≤ H 
2
2 σX
+ σS̄2 i−1 + σV2i

n

τi 2
2

!

.

(B.20)

(B.21)

By combining (B.21) with (B.14), (3.16) is obtained. Now, the asymptotic results of
Theorem 3.1 follow easily:
1. For proving the first result, we rewrite the term τi in (B.21), after some algebraic
manipulations, as
2
4
iσS2 σX
+ σX
1
.
(B.22)
=
4
4
2 2
4
(i−1)σ
(i − 1)σS + iσS σX + σX
1 + iσ2 σ2 +σS 4
S X
X
 n
 n
In the limit, we have limσS →∞ H 12 τi2 = limσX →0 H 21 τi2 = 0 for i ≥ 2.
Hence,
lim δ(No )add-SS ≤ log(2).

τi =

DWR→−∞

This proves the first asymptotic result of Theorem 3.1.
2. The term τi in (B.21) is strictly
than 1; hence, (B.21) decreases with n,
 smaller
n
1 2
in such a way that limn→∞ H 2 τi = 0. Thus,
lim δ(No )add-SS ≤ log(2).

n→∞

Since δ(No )add-SS ≥ 0, according to (B.14), we have proved the second asymptotic
result of Theorem 3.1.
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Proof of Eq. (3.24) in Theorem 3.2

For computing the information leakage for ISS, we first need to prove the following
lemma.
Lemma B.1 (Gaussianity of the marked signal in ISS). For the ISS embedding
function, Yi conditioned on the embedded message Mi is i.i.d. Gaussian.
Proof: For No = 1, Yi is the sum of an i.i.d. Gaussian (S) and another Gaussian
whose covariance matrix depends on S. Noticing that the sum of Gaussian random
variables is Gaussian, we have that Yi is Gaussian. If a Gaussian random variable is
circularly symmetric, then it is i.i.d. Thus, it remains to be proved that the pdf of Y
is circularly symmetric, i.e. that its pdf is invariant under rotations, or equivalently,
f (y|M = 0) = f (Hy|M = 0), for H ∈ Rn×n any unitary matrix.
In the following we drop the subindex i from the notation for simplicity, and we
assume that the embedded message is m = 0 without loss of generality. The pdf of y
conditioned on s is


1
1
T −1
f (y|S = s, M = 0) =
(B.23)
− (y − νs) Σs (y − νs) ,
1
1 exp
2
(2π) 2 |Σs | 2
and the pdf f (Hy|M = 0) is calculated as
Z

f (Hy|S = s, M = 0) · f (s)ds



Z
1
||s||2
T −1
= K
exp −
(Hy − νs) Σs (Hy − νs) +
ds,(B.24)
2
2σS2
Rn

f (Hy|M = 0) =

Rn

where K is a constant (notice, from Eq. (3.22), that |Σs | does not depend on s). The
first term of the exponent in (B.24) can be rewritten as
(Hy − νs)T Σ−1
s (Hy − νs) =
=
+
=

T −1
2 T −1
yT HT Σ−1
s Hy − 2νs Σs Hy + ν s Σs s
T −1
T
yT HT Σ−1
s Hy − 2νs HH Σs Hy
T
ν 2 sT HHT Σ−1
s HH s
(y − νHT s)T (HT Σs H)−1 (y − νHT s),
(B.25)

where the second equality follows because HHT = In . By realizing that ||s||2 = ||HT s||2
(or equivalently, that f (s) is circularly symmetric), we can write
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f (Hy|M = 0)
Z
=
f (y|HT S = HT s, M = 0) · f (HT s)ds
n
R



Z
||HT s||2
1
T T
T
T
−1
(y − νH s) (H Σs H) (y − νH s) +
ds
= K
exp −
2
2σS2
Rn



Z
1
||s′ ||2
′ T −1
′
= K
exp −
(y − νs ) Σs′ (y − νs ) +
ds′
2
2
2σS
Rn
= f (y|M = 0),
(B.26)
where for the third equality we have used the change of variable s′ = HT s (notice that
the Jacobian of this change of variable is 1). This concludes the proof of the lemma.
By Lemma B.1, the entropy of Yj conditioned on Mj is

n
1 n
log(2πeσY20 ) + log(2πeσY21 ) ,
h(Yj |Mj ) =
2 2
2

(B.27)

XTj S
Si , for i = 1, . . . , n.
νSi − λ
kSk2

(B.28)

with σY20 and σY21 the variance of the components of Yj conditioned on Mj = 0 and
Mj = 1, respectively. Let Yj,i be the ith component of the jth observation,
Mj

Yj,i = Xj,i + (−1)

Since the components of Xj are zero-mean, it is easy to see that E[Yj,i |Mj = mj ] = 0.
Thus, the variance of Yj,i conditioned on Mj is given by
"
#
"
2 #
T
2 2

 2
(X
S)
S
S
i
j
i
2
2
+ λ2 · E
·E
E Yj,i |Mj = mj = σX
+ ν 2 σS2 − 2λσX
kSk
kSk4
"
2 #
S
i
2
2
= σX
+ ν 2 σS2 − 2λσX
·E
kSk
"
#
4
Si
2 2
+ λ σX E
kSk
" n 
2 
2 #!
X
Si
Sl
.
(B.29)
+ E
kSk
kSk
l=1,l6=i
We need to compute the second and fourth order statistics of Si /kSk. For a vector
S isotropically distributed (i.e., with its probability density function invariant under
S
· r is uniformly distributed on
rotations), the random variable defined as S′ ,
kSk
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the surface of the n-dimensional sphere of radius r. Notice that the Gaussian vector
with i.i.d. components, which is the case of interest for us, is indeed isotropically
distributed. The marginal probability density function of one component Si′ can be
computed by integrating the probability p
density function of S′ over the surface of the
(n − 1)-dimensional sphere with radius r 1 − (s′i /r)2 , yielding2


 s 2  n−3
2
Γ n2
i
′

f (si ) =
1
−
, ∀ i = 1, . . . , n; s′i ∈ [−r, r],
(B.30)
√
n−1
r
r· π·Γ 2

where Γ(·) denotes the complete Gamma function. Due to the symmetry
R r of the pdf,
it is easy to see that E[Si′ ] = 0, and the moment generating function −r (s′i )p f (s′i )ds′i
yields E[(Si′ )2 ] = r2 /n and E[(Si′ )4 ] = 3r4 /(2n + n2 ). For computing the other statistic
involved in (B.29), the joint pdf f (s′i , s′j ), i 6= j must be calculated. Conditioned on
Si′ = s′i , the remaining components of S′ are uniformly
distributed over the surface
p
of a (n − 1)-dimensional sphere of radius ri = r 1 − (s′i /r)2 . Hence, the conditional
marginal pdf of Sj′ is given by
f (s′j |Si′ = s′i )
Γ n−1
=
√ 2
ri · π · Γ



n−2
2

1−





s′j
ri

2 ! n−4
2

, ∀ j = 1, . . . , n; j 6= i; s′j ∈ [−ri , ri ]. (B.31)

After some algebraic simplifications, we arrive at the following expression for the joint
pdf:

 ′ 2  n2 
 s′ 2  n2
si
2
r 1− r
1 − rji
n
−
2
·
.
(B.32)
f (s′i , s′j ) =
2π
(s′i )2 + (s′j )2 − r2
Now we can calculate
E[(Si′ )k

·

(Sj′ )k ]

=

Z

r

−r

Z

ri

−ri

(s′i )k · (s′j )k f (s′i , s′j )ds′j ds′i ,

(B.33)

finding out that Si′ and Sj′ are uncorrelated, but E[(Si′ )2 · (Sj′ )2 ] = r4 /(2n + n2 ). Substituting in (B.29) with r = 1, which is the case of interest for us, we obtain


2
 2

σX
3
n−1
2
2 2
2 2
E Yj,i |Mj = mj = σX + ν σS − 2λ
+
+ λ σX
n
2n + n2 2n + n2
2
2 λ(λ − 2)
.
(B.34)
= σX
+ ν 2 σS2 + σX
n
2

A similar calculus is performed in [42, Chapter 14.3.1] for obtaining the marginal pdf of the
uniform inside the n-dimensional sphere.
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Since (B.34) is independent of the actual value of Mj , it follows that (B.27) is given by



n
2 λ(λ − 2)
2 2
2
h(Yj |Mj ) = log 2πe σX + ν σS + σX
.
2
n
Finally, combining this result with (3.23) for No = 1 and rearranging terms, we arrive
at (3.24).

B.4

Upper bound to the entropy of the observations in the
KMA scenario for ISS

An upper bound to the entropy of the observations can be derived as follows:
h(Y1 , . . . , YNo |M1 , . . . , MNo ) ≤
≤

n
X

i=1
n
X
i=1

h(Y1,i , . . . , YNo ,i |M1 , . . . , MNo )

(B.35)

i
1 h 
No
E log (2πe) |ΣYi | ,
2

(B.36)

where ΣYi denotes the covariance matrix of Y1,i , . . . , YNo ,i |M1 = m1 , . . . , MNo = mNo ,
and the expectation is taken over all possible realizations of the messages sequences. It
can be seen that, for a particular realization , the off-diagonal terms of the covariance
matrix are given by
 
ΣYi (j, k) = E [Yj,i · Yk,i |M1 = m1 , . . . , MNo = mNo ] = (−1)mj +mk ν 2 · E Si2
= (−1)mj +mk ν 2 σS2 , j 6= k.
(B.37)
The diagonal terms have been already calculated in (B.34). As can be seen, the covariance matrix ΣYi is of the form




ΣYi = 


· · · (−1)m1 +mNo C
· · · (−1)m2 +mNo C
..
...
.
mNo +m1
mNo +m2
(−1)
C (−1)
C ···
P +C
P +C
(−1)m2 +m1 C
..
.

(−1)m1 +m2 C
P +C
..
.





,


(B.38)

2
). Taking into account that multiplying a row
with C = ν 2 σS2 , and P = σX
(1 + λ(λ−2)
n
or a column of a matrix by a scalar multiplies the determinant by that scalar, it is not

difficult to show that the determinant of the above matrix is equal to P No 1 + NPo C ,
independently of the actual values of mi . We can insert this result in Eq. (B.36),
arriving at
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h(Y1 , . . . , YNo |M1 , . . . , MNo )



No

2 2
n
N ν σS
λ(λ − 2)
2 No
1 +
 o
  .
≤ log (2πe)No (σX
1+
)
λ(λ−2)
2
n
2
σX 1 + n

(B.39)

This result is finally combined with (3.23) for obtaining (3.25).

B.5

Upper bounds to the conditional entropy and the logexpectation of the norm

In the KMA scenario, the conditional pdf of the spreading vector follows a nonzeromean Gaussian N (v, σS̄2 N ), where v and σS̄2 N are given by (3.8) and (3.9), respectively.
o
o
The bounds derived in this appendix are based on the fact that the norm of a nonzeromean Gaussian follows a noncentral Chi-square distribution. For the sake of notational
clarity, let us define the random variable T ∼ χ′2 (n, v, σS̄No ).
We will first derive the bound for the log-expectation of the norm. We can write


h  1 i 1
1
1
2
2
2
= E [log(T )] ≤ log (E[T ]) = log nσS̄No + ||v|| ,
(B.40)
E log T
2
2
2


4
No σS
where the upper bound follows from Jensen’s inequality [84]. Since V ∼ N 0, No σ2 +σ2 In ,
S
X
the third term of (3.33) can be bounded from above as follows:
(n − 1)E [E[log(Q)|O1 = o1 , . . . , ONo = oNo ]]
i
(n − 1) h
2
2
E log(nσS̄No + ||V|| )
≤
2


1
(n − 1)
No σS4
2
= log(nσS2 ),
≤
log nσS̄No + n
2
2
2
No σS + σX
2

(B.41)

where we have applied again Jensen’s inequality. An upper bound to the second term of
1
1
(3.33) is now derived. First, note that h(T 2 ) ≤ 21 log(2πe · var(T 2 )). For the variance,
we have [200, Chapter 2]
1

1

var(T 2 ) = E[T ] − E 2 [T 2 ]
= nσS̄2 No + ||v||2
−

√

||v||2
2σS̄No exp − 2
2σS̄N

o

!

Γ((n + 1)/2)
1 F1
Γ(n/2)

n + 1 n ||v||2
; ; 2
2
2 2σS̄N

o

!!2

,(B.42)

where 1 F1 (α; β; x) denotes the confluent hypergeometric function of the first kind [29].
Hence, the second term of (3.33) can be upper bounded as
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h(Q|Y1 , . . . , YNo , M1 , . . . , MNo )
1
No σS4
1
log(2πe) + log nσS̄2 No + n
2
2
2
No σS2 + σX

2
Γ((n + 1)/2)
2
− 2σS̄No
×
Γ(n/2)

!
!!2 
2
2
n + 1 n ||V||
||V||
 ,
; ; 2
E  exp − 2
1 F1
2σS̄N
2
2 2σS̄N
≤

o

(B.43)

o

Using the Kummer transformation [29, Chapter 13], the expectation in (B.43) can be
written as


!
!!2 
!2 
2
2
2
||V||
n + 1 n ||V||
 = E  1 F1 − 1 ; n ; − ||V||
.
E  exp − 2
; ; 2
1 F1
2σS̄N
2
2 2σS̄N
2 2 2σS̄2 N
o

o

o

(B.44)
Now, consider the integral representation of the hypergeometric function [29]


Z 1
Γ( n2 )
n−1
3
1 n


e−zt t− 2 (1 − t) 2 dt.
=
(B.45)
1 F1 − ; ; −z
1
n+1
2 2
Γ 2 Γ −2 0
2
We want to prove that the function 1 F1 − 21 ; n2 ; −z is convex in z. Using Leibniz’s
rule [29, Chapter 3], we take the second derivative of the squared integral in (B.45),
obtaining
2
R
n−1
1 −zt − 3
∂2
2 (1 − t) 2 dt
e
t
2
∂z
0
" Z
2
1

= 2

0

+

Z

0

1

1

e−zt t− 2 (1 − t)

−zt − 23

e

t

(1 − t)

n−1
2

n−1
2

dt

 Z
dt

0

1

−zt

e

1
2

t (1 − t)

n−1
2


dt .

(B.46)

Eq. (B.46) is easily seen to be positive for all z, since all the integrands are positive.
2
Thus, 1 F1 − 12 ; n2 ; −z is convex in z. This implies that we can lower bound (B.44)
using Jensen’s inequality as


2
4
!2 
No σS
2
n
2
2
1 n ||V||
 ≥ 1 F1 − 1 ; n ; − No σS +σX 
E  1 F1 − ; ; − 2
2
2 2 2σS̄N
2 2
2σS̄N
o
o


2
1 n nNo σS2
.
(B.47)
= 1 F1 − ; ; −
2
2 2
2σX

186

Appendix for chapters 3 and 4

Combining (B.43), (B.44), and (B.47), we obtain
h(Q|Y1 , . . . , YNo , M1 , . . . , MNo )
1
log(2πe)
2
2
2 !


2σS2
1 n nNo −1
Γ((n + 1)/2)
1
2
. (B.48)
log nσS −
ξ
+
1 F1 − ; ; −
2
1 + No ξ −1
Γ(n/2)
2 2
2

≤

Finally, combining (3.10), (B.41), (B.48), and simplifying terms, the lower bound (3.34)
follows.

B.6

Analysis of the blind CM cost function

Taking into account that both s and s0 are of unit norm, the first term of (4.25)
can be computed as
h


4 i
E (YT s)4 = E XT s + ν(−1)M ρ − λ(XT s0 )ρ
(B.49)
 T 4


= E (X s) + 6ν 2 ρ2 E (XT s)2 + ν 4 ρ4
(B.50)




+6ν 2 λ2 ρ4 E (XT s0 )2 + λ4 ρ4 E (XT s0 )4
(B.51)
 T 3 T 
−4λρE (X s) (X s0 )
(B.52)
 T

T
2 3
−12λν ρ E (X s)(X s0 )
(B.53)


+6λ2 ρ2 E (XT s)2 (XT s0 )2
(B.54)


T
T
−4λ3 ρ3 E (X s)(X s0 )3 .
(B.55)




4
By recalling that X is i.i.d. Gaussian, it follows that E (XT s)4 = E (XT s0 )4 = 3σX
,
 T 2
 T 2
2
and E (Y s) = E (Y s0 ) = σX . Similarly, for the expectation in (B.53) we have




2
E (XT s)(XT s0 ) = sT E XXT s0 = σX
ρ.
(B.56)

Hence, computation of the terms (B.50), (B.51) and (B.53) is straightforward. The
remaining terms require more involvement:
• For the expectation in the term (B.52), we first expand the terms of the correlation as follows

 XXXX
E (XT s)3 (XT s0 ) =
E [Xi Xj Xk Xm si sj sk s0,m ] .
(B.57)
i

j

k

m

We consider now the non-null terms of (B.57):
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(i = j = k = m)
X
i

(i = j) 6= (k = m)

XX
i

k6=i

X
 
4
s3i s0,i
E Xi4 s3i s0,i = 3σX

(B.58)

i

XX


4
E Xi2 Xk2 s2i sk s0,k = σX
s2i sk s0,k
i

(B.59)

k6=i

(i = k) 6= (j = m)
XX
i

j6=i

XX


4
E x2i x2j s2i sj s0,j = σX
s2i sj s0,j
i

(i = m) 6= (j = k)

4
σX

XX
i

(B.60)

j6=i

s2j si s0,i

(B.61)

j6=i

Combining the above expressions, rearranging terms and using the fact that
!
n
n
n
X
X
X
X
2
2
s3i s0,i ,
si −
sk s0,k = ρ
si
i=1

i=1

k6=i

i=1

Eq. (B.57) can be rewritten as
n
X

T 3
T
4
4
E (X s) (X s0 ) = 3σX
s3i s0,i + 3σX



=

i=1
4
3ρσX .

ρ−

n
X
i=1

s3i s0,i

!
(B.62)

• The computation of the statistic in (B.55) is analogous to that of (B.52). It can
be shown that


4
E (XT s)3 (XT s0 ) = 3ρσX
.
(B.63)
• For computing the statistic in (B.54), we expand again the correlations

 XXXX
E (XT s)2 (XT s0 )2 =
E [Xi Xj Xk Xm si sj s0,k s0,m ] .
i

j

k

(B.64)

m

The non-null terms of (B.57) are:
(i = j = k = m)
X
i

X
 
4
s2i s20,i
E Xi4 s2i s20,i = 3σX
i

(B.65)
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(i = j) 6= (k = m)

XX

s2i s20,k

(B.66)

XX

si sj s0,i s0,j

(B.67)

XX

si sj s0,i s0,j

(B.68)

4
σX

i

(i = k) 6= (j = m)

4
σX

i

(i = m) 6= (j = k)

4
σX

k6=i

j6=i

i

j6=i

Now, taking into account that
n
X

s2i

i=1

X

s20,k

k6=i

!

=

n
X

s2i

i=1

X

s20,i

k=1

= ||s||2 ||s0 ||2 −
n
X
i=1

si s0,i

X
j6=i

sj s0,j

!

2

= ρ −

n
X

−

n
X

s2i s20,i

i=1
n
X
s2i s20,i
i=1

(B.69)

s2i s20,i ,

(B.70)

i=1

and combining the above terms, we can rewrite (B.64) as
n
X

4
4
E (XT s)2 (XT s0 )2 = 3σX
s2i s20,i + σX



=

i=1
4
σX (1 + 2ρ2 ).

1 + 2ρ2 − 3

n
X
i=1

s2i s20,i

!
(B.71)

By combining all the terms computed above, we can arrive at the final expression for
the fourth order moment of the correlation between the observations and the estimate,
i.e Eq. (B.49). The calculation of the second order moment is easier:
h


2 i
E (YT s)2 = E XT s + ν(−1)M ρ − λ(XT s0 )ρ




= E (XT s)2 + ν 2 ρ2 + λ2 ρ2 E (XT s0 )2


− 2λρE (XT s)(XT s0 )
2
2
2
= σX
+ ν 2 ρ2 + λ2 ρ2 σX
− 2λρ2 σX
.
(B.72)
Finally, by combining all the statistics obtained above, we can arrive at the expression of the cost function (4.25)

2
2
4
4
4
JCM (s) = JCM (ρ) = ρ4 ν 4 − 12ν 2 λσX
+ 6ν 2 λ2 σX
+ 12λ2 σX
− 12λ3 σX
+ 3λ4 σX
 2

2
2
2
4
2
ν − 2λσX
+ λ2 σX
+ 3σX
− 2ν 2 σX
+ ν 4.
(B.73)
−2ρ2 ν 2 − 3σX
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Cost function of the blind CM method for Generalized
Gaussian hosts

We assume that the components of the host signal follow a zero-mean Gener2
alized Gaussian distribution with shape parameter c and variance σX
, i.e. Xi ∼
2
GG(c, σX
) , i = 1, . . . , n. Following similar calculations to those in Appendix B.6,
the CM cost function for a GG host can be shown to be given by
JCM (s, s0 , c) = ρ4

2
2
4
4
4
ν 4 − 12ν 2 λσX
+ 6ν 2 λ2 σX
+ 12λ2 σX
− 12λ3 σX
+ 3λ4 σX

4
+λ4 σX
κ(c)

n
X

s40,i

i=1

−2ρ2

ν 2 − 3σX

4
−4ρλσX
κ(c)
Γ(1/c)Γ(5/c)
Γ2 (3/c)

!


2

n
X
i=1

4
− 4ρ3 λ3 σX
κ(c)

n
X

si s30,i

i=1

4
2
κ(c)
+ λ2 σX − 3λ2 σX
ν 2 − 2λσX


2

4
2
4
s3i s0,i + 3σX
− 2ν 2 σX
+ ν 4 + σX
κ(c)

n
X
i=1

n
X

s2i s20,i

!

s4i , (B.74)

i=1

− 3 is the kurtosis excess (γ2 in the notation of [29]) for a GG
where κ(c) ,
with parameter c. Notice that for κ(c) = 0 and c = 2 (i.e. for a Gaussian host), the
expression above is reduced to (B.73). Intuitively, the behavior of CM for any GG host
should approach the behavior for a Gaussian host as n grows, because the sum of GGs
tends asymptotically to a Gaussian distribution. As one can see, Eq. (B.74) depends
on the actual realizations of s and s0 , not only on their cross-correlation ρ, as happened
with (B.73). However, taking the expectation of JCM (s, s0 , c) over s0 and taking into
account that, for unit norm s, E[Si4 ] = 3/(2n + n2 ), E[Si2 ] = 1/n and E[Sik ] = 0 for
odd k (cf. Appendix B.3),

4
2
2
4
4
4
E [JCM (s, S0 , c)] = ρ ν 4 − 12ν 2 λσX
+ 6ν 2 λ2 σX
+ 12λ2 σX
− 12λ3 σX
+ 3λ4 σX

n
4 4
+λ σX κ(c)
2n + n2


 2

1
2
2
2
2
2 2
2 4
−2ρ
ν − 3σX ν − 2λσX + λ σX − 3λ σX κ(c)
n
n
X
4
2
4
s4i .
(B.75)
+3σX
− 2ν 2 σX
+ ν 4 + σX
κ(c)
i=1

If we take the limit of the above expression when n → ∞, we arrive at
lim E [JCM (s, S0 , c)] = JCM (ρ) +

n→∞

4
σX
κ(c)

n
X
i=1

s4i ,

(B.76)
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P
where JCM (ρ) is given by (B.73). Also for large n, ni=1 s4i will be close to zero unless s
is very close to any of the vectors of the canonical basis of Rn . Hence, when the number
of dimensions is very large, the cost function of CM is, in average, nearly independent
of the shape parameter c and CM behaves approximately as for a Gaussian host.

Appendix C

C.1

Proof of Lemma 5.1

Assume that the secret dither, which is fixed for all k, takes the value t. The
random variable defined as Ṽk , (Ỹk − dMk ) mod Λ is uniformly distributed over
(t + Z(Λ)) mod Λ. For α ≥ 0.5, the feasible region SNo is a modulo-Λ convex set.
For any lattice Λ, Z(Λ) can be upper bounded by B(0, (1 − α)rc (Λ)), where rc (Λ) is
the covering radius of Λ defined in (5.11), and B(c, r) denotes the n-dimensional closed
hypersphere of radius r centered in c. Therefore,
S⊆

No
\

k=1

B(Ṽk , (1 − α)rc (Λ)) mod Λ.

The intersection between two hyperspheres of radius r becomes arbitrarily small as
the distance between the centers of both spheres approaches 2r. In the limit, their
intersection is the unique point equidistant to the two centers. This means that the
feasible region SNo converges to t if the maximum distance between the modulo-Λ
reduced observations Ṽk approaches 2(1 − α)rc (Λ). For this condition to hold, at least
one observation Ṽi must be arbitrarily close to a certain vertex a of (t+Z(Λ)) mod Λ,
and at least another observation Ṽj , with j 6= i, must be arbitrarily close to another
vertex b at distance 2(1 − α)rc (Λ). Intuitively, the probability of finding such a pair
of observations goes to 1 almost surely as No → ∞.
Let us define the random variable DNo , max{δNo (a), δNo (b)}, with δNo (a) =
a.s.
mink |a − Ṽk | and δNo (b) = mink |b − Ṽk |. Formally, we want to show that DNo −→ 0,
which is equivalent to show that for all ǫ > 0


(C.1)
Pr lim |DNo | > ǫ = 0.
No →∞

In
P∞order to prove almost sure convergence, it is sufficient to prove that the sum
No =1 Pr (|DNo | > ǫ) is finite. In such case, almost sure convergence follows by virtue
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b

ǫ

(1 − α)rc (Λ)

a

Z(Λ)

ǫ

Figure C.1: Geometrical interpretation of the variables involved in the proof of Lemma 5.1. The value
(1 − α)rc (Λ) is the covering radius of Z(Λ). The regions of Z(Λ) within distance ǫ of the vertices of
interest, a and b, are shaded.

of the Borel-Cantelli lemma [114]. The probability of interest can be obtained as


[
Pr (|DNo | > ǫ) = Pr (DNo > ǫ) = Pr δNo (a) > ǫ δNo (b) > ǫ
≤ Pr (δNo (a) > ǫ) + Pr (δNo (b) > ǫ)
!
!
No
No
\
\
= Pr
|a − Ṽk | > ǫ + Pr
|b − Ṽk | > ǫ
k=1

k=1


No
 No
+ Pr |b − Ṽk | > ǫ
= Pr |a − Ṽk | > ǫ


(C.2)

The probabilities in (C.2) can be easily computed by taking into account the geometrical interpretation provided by Figure C.1, using an hexagonal lattice as example. For
the first probability in the right hand side of (C.2) we have


vol(Z(Λ)) − vol(B(a, ǫ) ∩ Z(Λ))
Pr |a − Ṽk | > ǫ =
vol(Z(Λ))
vol(B(a, ǫ) ∩ Z(Λ))
= 1 − ρa (ǫ),
= 1−
vol(Z(Λ))
with 0 < ρa (ǫ) ≤ 1. Following a similar calculation for the other term involved in
(C.2), we can write
Pr (|DNo | > ǫ) ≤ (1 − ρa (ǫ))No + (1 − ρb (ǫ))No ,

C.2 Proof of Theorem 5.1
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and consequently
∞
X

No =1

Pr(|DNo | > ǫ) ≤ 1/ρa (ǫ) + 1/ρb (ǫ) < ∞.

Since the above sum is finite, the result (C.1) follows as a consequence of the BorelCantelli lemma, thus proving Lemma C.1.

C.2

Proof of Theorem 5.1

Here we compute the mean value of (5.33). It can be seen that
W = 2µ + min{Ṽ1 , . . . , ṼNo } − max{Ṽ1 , . . . , ṼNo }.
Hence, W = 2µ + X, where X is the random variable defined as
X , min{Ṽ1 , . . . , ṼNo } − max{Ṽ1 , . . . , ṼNo },
where x ∈ (−2µ, 0], so the pdf of W is fW (w) = fX (w − 2µ). This allows us to rewrite
the problem as
Z 2µ
E[log(W )] =
log(w) · fW (w)dw.
(C.3)
0

First, let us see how the pdf of X can be computed. For having X = x, it should
be min{. . .} = t and max{. . .} = t − x; this is so when ṽi = t, ṽj = t − x, and
t ≤ ṽk ≤ t − x, for k = {1, . . . , No } \ {i, j}, but taking into account that there are
infinite values of t that yield X = x. Hence, the pdf of X reads as
Z µ+x
fX (x) = No (No − 1)
fṼi (t) · fṼi (t − x) · (Prob{t < Ṽi < t − x})No −2 dt, (C.4)
−µ

where the factor No (No − 1) comes from the number of different orderings of the
minimum and the maximum in vector (ṽ1 , . . . , ṽNo ); since all observations are i.i.d., we
can simply multiply the integral by this factor. When Ṽi ∼ U (−µ, µ), computation of
(C.4) in this case is straightforward and yields
fX (x) = No (No − 1) ·

(−x)No −2
· [(1 − α)∆ + x],
((1 − α)∆)No

for µ = (1 − α)∆/2. Thus, we must solve the following integral:
Z
No (No − 1) 2µ
(2µ − w)No −2 w log(w)dw,
E[log(W )] =
2µ
0

(C.5)

(C.6)
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where µ = (1 − α)∆/2. Integration by parts must be recursively applied to (C.6). We
define
u , (2µ − w)No −2 ⇒ du = −(No − 2)(2µ − w)No −3 dw,


w2
1
dv , w log(w)dw ⇒ v =
log(w) −
,
2
2

(C.7)
(C.8)

hence,

 2µ
Z 2µ
2
1
No −2
No −2 w
(2µ − w)
w log(w)dw = (2µ − w)
·
log(w) −
2
2 0
0


Z 2µ
2
1
No −3 w
+ (No − 2)
(2µ − w)
·
log(w) −
dw.
2
2
0
(C.9)
Integration by parts can be successively applied to the resulting integrals by using
variables u and dv analogous to those of (C.7) and (C.8), arriving at a summation with
No − 1 terms. For the k-th term, k = 1, . . . , No − 1, we must compute an integral of
the form
Z
wk+2
(log(w) − bk ) ,
(C.10)
wk+1 (log(w) − bk−1 ) dw =
k+2
where

1
1 + bk−1 + (k + 1) · bk−1
b0 = ; bk =
, k = 1, . . . , No − 2.
2
k+2
The expression with all the terms in the summation reads as


Z 2µ
2
1
No −2
No −2 w
log(w) −
(2µ − w)
w log(w)dw = (2µ − w)
·
2
2
0
+

N
o −2
X
k=1

(C.11)

2µ
0

(2µ − w)No −2−k wk+2 (log(w) − bk ) · ck

2µ

,
0

(C.12)

where bk are given by (C.11), and
No − 1 − k
1
, k = 1, . . . , No − 2.
c0 = ; ck = ck−1 ·
2
k+2

(C.13)

It can be seen that all the terms in (C.12) are null but the last one; hence, the value
of the integral results in
Z 2µ
(2µ − w)No −2 w log(w)dw = (2µ)No · (log(2µ) − bNo −2 ) · cNo −2 . (C.14)
0

C.3 Lower bound on the equivocation
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Notice that
cNo −2 =
and

(No − 2)!
1
=
,
No !
No (No − 1)

(C.15)

1 + bk−1 + (k + 1) · bk−1
1
= bk−1 +
, k = 1, . . . , No − 2,
(C.16)
k+2
k+2
P o 1
thus bNo −2 = −1 + N
i=1 i = HNo − 1, where HNo is known as the No -th “harmonic
number”. Hence, the value of (C.14) can be succinctly expressed as
Z 2µ
(2µ)No
(2µ − w)No −2 w log(w)dw = (log(2µ) − HNo + 1) ·
. (C.17)
No (No − 1)
0
bk =

Finally, by plugging (C.17) into (C.6) with µ = (1 − α)∆/2, we arrive at
E[log(W )] = log (1 − α)∆ − HNo + 1.

C.3

(C.18)

Lower bound on the equivocation

By the definition of mutual information, we have
I(Ỹ2 , . . . , ỸNo ; T′ |M2 , . . . , MNo ) = h(Ỹ2 , . . . , ỸNo |M2 , . . . , MNo )
No
X
−
h(Ỹi |T′ , Mi ).

(C.19)

h(Ỹ2 , . . . , ỸNo |M2 , . . . , MNo ) = h(Z2 + T′ , . . . , ZNo + T′ )
n
X
≤
h(Zi,2 + Ti′ , . . . , Zi,No + Ti′ ),

(C.20)

R , Cov(Zi,2 + Ti′ , . . . , Zi,No + Ti′ ) = RZi + RTi′ ,

(C.21)

i=2

The first term of (C.19) can be bounded from above as [84]

i=1

where Zi,j is the i-th component of Zj , and Ti′ denotes the i-th component of T′ . Since
the host signals Xj and the secret dither T are mutually independent, it follows that
Zi,j and Ti′ are independent. Hence, we can write
where RZi , Cov(Zi,2 , . . . , Zi,No ), and RTi′ , Cov(Ti′ , . . . , Ti′ ). Furthermore, it follows
from Assumption 2 that the self-noise is white [222] with variance per dimension (1 −
α)2 P (Λ∗n ). Hence, by considering that Zi,j are mutually independent for all j, we have


1 1 ... 1


RZi = (1 − α)2 P (Λ∗n ) · INo −1 ,
RTi′ = (1 − α)2 P (Λ∗n ) ·  ... ... . . . ...  , (C.22)
1 1 . . . 1.
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for i = 1, . . . , n. This allows us to bound Eq. (C.20) as [84, Th. 9.6.5]:

n
log (2πe)No −1 |R|
2

n
log (2πe(1 − α)2 P (Λ∗n ))No −1 · No . (C.23)
=
2

h(Ỹ2 , . . . , ỸNo |M2 , . . . , MNo ) ≤

The equivocation or residual entropy is

h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo ) = h(T′ ) − I(Ỹ2 , . . . , ỸNo ; T′ |M2 , . . . , MNo ), (C.24)
hence, using (C.19) and (C.23), Eq. (C.24) can be lower bounded as
h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo ) ≥ h(T′ ) +

No
X
i=2

h(Ỹi |T′ , Mi )


n
log (2πe(1 − α)2 P (Λ∗n ))No −1 · No . (C.25)
−
2

Taking into account that h(Ỹi |T′ , Mi ) = h(T′ ) = h(T) + n log(1 − α), and rearranging
terms, we finally arrive at the following lower bound to the equivocation per dimension:
1
h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo )
n


h(T) 1
− log (2πeP (Λ∗n ))No −1 · No + log(1 − α),
(C.26)
n
2
 ∗ 
P (Λn )
and after substituting n1 h(T) = n1 log(vol(V(Λ∗n ))) = 21 log G(Λ
∗ ) , we obtain Eq. (5.40).
≥ No

n

C.4

Proof of Theorem 5.2

In order to arrive at Eq. (5.41), we start from the expression
1
h(T)
h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo ) = No
+ No log(1 − α)
n
n
1
h(Ỹ2 , . . . , ỸNo |M2 , . . . , MNo ), (C.27)
−
n
which can be straightforwardly obtained by following the reasoning in Appendix C.3.
First, we note that for the sequence of optimum lattice quantizers Λ∗n we have [222]
lim

n→∞

1
h(T)
= log(2πeP (Λ∗n )).
n
2

(C.28)
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On the other hand, we want to prove that the following relation holds:
1
h(Ỹ1 , . . . , ỸNo −1 |M1 , . . . , MNo −1 ) =
n→∞ n
lim

=

lim

n→∞

1
h(Z1 + T′ , . . . , ZNo −1 + T′ )
n


1
log (2πe(1 − α)2 · P (Λ∗n ))No −1 · No ,
2
(C.29)

with Zi , T′ independent and uniformly distributed in (1 − α)V(Λ∗n ), being V(Λ∗n ) the
Voronoi cell of Λ∗n with second moment per dimension P (Λ∗n ). Notice that we have
rearranged the observation indices from 1 to No − 1, for the sake of clarity. We will
prove this result by making use of two lemmas.
Lemma C.1. Let Z, T′ be two independent random variables uniformly distributed
in (1 − α)V(Λ∗n ). We have that

1
h(Z + T′ )
= log 2πe(1 − α)2 P (Λ∗n ) · 2 .
lim
n→∞
n
2

(C.30)

Proof: The entropy power inequality [84] states that
′

′

e n h(Z+T ) ≥ e n h(Z) + e n h(T ) .
2

2

2

(C.31)

Furthermore, we know that [222]

h(Z)
h(T′ )
1
= lim
= log 2πe(1 − α)2 P (Λ∗n ) ,
n→∞ n
n→∞
n
2
lim

(C.32)

so we can write

′

lim e n h(Z) + e n h(T ) = 2 · elog(2πe(1−α)
2

2

2 P (Λ∗ )
n

)

n→∞

= 2πe(1 − α)2 P (Λ∗n ) · 2 = e n h(U) ,
2

(C.33)

with U ∼ N (0, 2(1 − α)2 P (Λ∗n ) · In ). Thus, from Eq. (C.31) we have that
h(U)
1
1
h(Z + T′ ) ≥
= log(2πe(1 − α)2 P (Λ∗n ) · 2),
n→∞ n
n
2
lim

(C.34)

and we know from Eq. (C.23) that

h(Z + T′ )
1
≤ log 2πe(1 − α)2 P (Λ∗n ) · 2
n
2

for all n. Hence, by combining (C.34) and (C.35) the lemma follows.

(C.35)
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Lemma C.2. For Zi , T′ uniformly distributed in (1 − α)V(Λ∗n ), the following result
holds
limn→∞ n1 h(Zm + T′ |Zm−1 + T′ , . . . , Z1 + T′ ) =


1
m+1
2
∗
log 2πe(1 − α) P (Λn ) ·
, for m ≥ 1.
2
m

(C.36)

Proof: We will prove the result by induction. Since it was proven for m = 1 in
Lemma C.1, we will show now that it is true for m = i, assuming that it holds for
m ≤ i − 1. Making use of the entropy power inequality and the convexity of log(ex + c)
in x [49], we can write
 2
′
′
′ 
2
2
′
′
h(Zi )
h(T |Zi−1 +T ,...,Z1 +T )
n
n
h(Zi + T |Zi−1 + T , . . . , Z1 + T) ≥ log e
.
+e
n
(C.37)
By using the chain rule for entropies, it can be shown that the following equivocation
can be written as
′

′

′

h(T |Zi−1 + T , . . . , Z1 + T ) = i · h(Zi ) −

i−1
X
j=1

h(Zj + T′ |Zj−1 + T′ , . . . , Z1 + T′ ),
(C.38)

and making use of the inductive hypothesis we have that

i
1
h(T′ |Zi−1 + T′ , . . . , Z1 + T′ ) =
log 2πe(1 − α)2 P (Λ∗n )
n→∞ n
2


i−1
1X
j+1
2
∗
−
log 2πe(1 − α) P (Λn ) ·
2 j=1
j


(1 − α)2 P (Λ∗n )
1
.
(C.39)
log 2πe ·
=
2
i
lim

Thus, if we take limits in (C.37) we arrive at the following bound:


1
1
i+1
′
′
′
2
∗
lim h(Zi + T |Zi−1 + T , . . . , Z1 + T ) ≥ log 2πe(1 − α) P (Λn ) ·
.(C.40)
n→∞ n
2
i
Note that from the bounding given in (C.23) and the inductive hypothesis it follows
that


i+1
1
1
′
′
′
2
∗
. (C.41)
lim h(Zi + T |Zi−1 + T , . . . , Z1 + T ) ≤ log 2πe(1 − α) P (Λn ) ·
n→∞ n
2
i

C.5 Proof of Lemma 5.3

199

Hence, by combining (C.40) and (C.41), the lemma follows.
Now, using the chain rule for differential entropies we can write
No −1
1
1 X
′
′
h(Z1 + T , . . . , ZNo −1 + T ) =
h(Zi + T′ |Zi−1 + T′ , . . . , Z1 + T′ ),
n
n i=1

(C.42)

and taking the limit when n → ∞, by virtue of Lemma C.2, we arrive at the result
given in (C.29). Finally, by combining (C.27), (C.28) and (C.29) we can conclude that
1
1
1
h(T′ |Ỹ2 , . . . , ỸNo , M2 , . . . , MNo ) = log(2πeP (Λ∗n )) − log(No ) + log(1 − α),
n→∞ n
2
2
lim

which is the desired result. If we identify now P (Λ∗n ) = Dw /α2 , then Theorem 5.2
follows.

C.5

Proof of Lemma 5.3

First, one must realize that if the assumption of independence between embedded
messages holds, then null information leakage for one observation implies perfect secrecy for all No . Thus, the proof of perfect secrecy can be reduced to show that the
condition I(Ỹ1 ; T) = h(Ỹ1 ) − h(Ỹ1 |T) = 0 is fulfilled.
With a little abuse of notation, in this appendix we will denote the pdf of ỹ1
conditioned on t by fp (ỹ1 |t), for making clear the dependence with p, the alphabet
size. We will first consider the term h(Ỹ1 |T). Due to the flat-host assumption, we
have h(Ỹ1 |T) = h(Ỹ1 |T = t) for any t. Hence, we need to calculate
Z
fp (ỹ1 |t) log(fp (ỹ1 |t))dỹ1 .
(C.43)
lim h(Ỹ1 |T = t) = − lim
p→∞

p→∞

V(Λ)

Computation of the integral in (C.43) is unaffordable. However, by virtue of the
bounded convergence theorem [202, Chapt. 4], integral sign and limit can be interchanged if the integrand converges pointwise and
|fp (ỹ1 |t) log(fp (ỹ1 |t))| ≤ g(ỹ1 ) ∀ p,
(C.44)
R
where g(ỹ1 ) is any function such that V(Λ) |g(ỹ1 )|dỹ1 < ∞. In our case it suffices to
choose a constant function g(ỹ1 ) = vol(Z(Λ))−1 log(vol(Z(Λ))−1 ) ∀ ỹ1 ∈ V(Λ). The
integral of |g(ỹ1 )| for this choice is finite, since α < 1 by assumption. Thus, (C.43) can
be computed as
Z
lim h(Ỹ1 |T = t) = −
lim fp (ỹ1 |t) log(fp (ỹ1 |t))dỹ1 .
(C.45)
p→∞

V(Λ) p→∞
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We turn, for the moment, our attention to the computation of the limit of the
conditioned pdf. The pdf of ỹ1 conditioned on t is given by
p−1

1X
ϕ(ỹ1 − t − dk
fp (ỹ1 |t) =
p k=0

mod Λ)

p−1

=

X
1
ϕ(ỹ1 − t − dk
vol(V(Λ)) k=0

mod Λ) · vol(V(Λf )),

(C.46)

where the second equality follows from the definition of nesting ratio (cf. Sect. 5.1.1).
By recalling the definition of the function ϕ(x) in (5.18), Eq. (C.46) can be further
rewritten as
p−1
vol(Z(Λ))−1 X
fp (ỹ1 |t) =
φZ(Λ) (ỹ1 − t − dk
vol(V(Λ)) k=0

mod Λ) · vol(V(Λf )),

(C.47)

where Z(Λ) = (1 − α)V(Λ). Let us analyze the sum in (C.47). Each term is given by

1, for dk ∈ (ỹ1 − t − Z(Λ)) mod Λ
(C.48)
φZ(Λ) (ỹ1 − t − dk mod Λ) =
0, elsewhere
P
Hence, the sum p−1
k=0 φZ(Λ) (ỹ1 − t − dk mod Λ) is equivalent to counting the points
dk ∈ Dp that fall inside the region (ỹ1 − t − Z(Λ)) mod Λ. Let us denote by F the
subset of points of Dp for which the indicator function (C.48) is nonnull. The set F
induces a partition (according to Λf ) of the region (ỹ1 − t − Z(Λ) mod Λ. Since each
term in the sum is multiplied by vol(V(Λf )), the result is an approximation of the
volume of −Z(Λ) (which is equal to Z(Λ) up to a set of measure zero), i.e.
p−1
X
k=0

φZ(Λ) (ỹ1 − t − dk

mod Λ) · vol(V(Λf )) = vol(Z(Λ)) + ε(p),

(C.49)

where ε(p) represents the discrepancy between vol(Z(Λ)) and the value of the sum,
which comes from the points of F close to the boundary of Z(Λ). Recall that, by
definition of covering radius (cf. Eq. (5.11)),
V(Λf ) ⊂ B(0, rc (Λf )),

(C.50)

where B(0, rc (Λf )) is the n-dimensional closed ball of radius rc (Λf ). Hence, if rc (Λf ) →
0 as p → ∞, the term ε(p) goes to 0 as well, and we have the definition of n-dimensional
Riemann integral:1
1

Notice that the volume of Z(Λ) can be computed by means of a Riemann integral, because for
α < 1, Z(Λ) is compact, and it is the linear (and invertible) image of a n-dimensional hypercube.
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p→∞

p−1
X
k=0
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φZ(Λ) (ỹ1 − t − dk mod Λ) · vol(V(Λf ))
=

Z

Z(Λ)

dd = vol(Z(Λ)), ∀ ỹ1 ∈ V(Λ).

(C.51)

Finally, by substituting (C.51) into (C.47) we arrive at
lim fp (ỹ1 |t) =

p→∞

1
, ∀ ỹ1 ∈ V(Λ).
vol(V(Λ))

(C.52)

Furthermore, from the properties of the Riemann sum, it follows that ∀ ǫ > 0 there
exists p0 such that, for p ≥ p0 ,
fp (ỹ1 |t) − vol(V(Λ))−1 ) < ǫ ∀ ỹ1 ∈ V(Λ).

(C.53)

Thus, we have proved that fp (ỹ1 |t) is uniformly convergent [202] with limit vol(V(Λ))−1 ,
∀ ỹ1 ∈ V(Λ).
In order to compute the limit in (C.45), we observe that the function x log(x)
is continuous in [0, Q], with finite Q, so it is uniformly continuous on that interval.
Therefore, (C.45) can be computed as
Z
lim h(Ỹ1 |T = t) = −
vol(V(Λ))−1 log(vol(V(Λ))−1 dỹ1
p→∞

V(Λ)

= log(vol(V(Λ))).

(C.54)

As for the other term involved in the mutual information, h(Ỹ1 ), we know that the
entropy of a continuous random variable with bounded support can be upper bounded
by the log-volume of its support set. Thus, we can write
h(Ỹ1 |T) ≤ h(Ỹ1 ) ≤ log(vol(V(Λ))).

(C.55)

Since limp→∞ h(Ỹ1 |T) = log(vol(V(Λ))) it is immediate, by (C.54) and (C.55), that
limp→∞ h(Ỹ1 ) = log(vol(V(Λ))), fulfilling the condition of perfect secrecy regardless
the distribution of T, and Lemma 5.3 follows.

C.6

A posteriori probability of the message sequences

In order to compute the a posteriori probability of a message sequence m(i) =
(mi1 , . . . , miNo ) (hereinafter, a “path”), this probability is first rewritten using Bayes’
rule:
f (ỹ1 , . . . , ỹNo |mi1 , . . . , miNo ) · Pr(mi1 , . . . , miNo )
.
Pr(mi1 , . . . , miNo |ỹ1 , . . . , ỹNo ) =
f (ỹ1 , . . . , ỹNo )
(C.56)

202

Appendix for Chapter 5

We will focus on the probability a posteriori of the observations, which can be written
as
f (ỹ1 , . . . , ỹNo |mi1 , . . . , miNo )
Z
=
f (ỹ1 , . . . , ỹNo |mi1 , . . . , miNo , t) · f (t)dt
ZV(Λ)
=
f (ỹNo |miNo , t) · f (ỹ1 , . . . , ỹNo −1 |mi1 , . . . , miNo −1 , t) · f (t)dt, (C.57)
V(Λ)

where the second equality follows from the mutual independence between the observations when the secret dither t is known. Eq. (C.57) can be rewritten as
f (ỹ1 , . . . , ỹNo |mi1 , . . . , miNo )
= f (ỹ1 , . . . , ỹNo −1 |mi1 , . . . , miNo −1 ) ×
Z
f (ỹNo |miNo , t) · f (t|ỹ1 , . . . , ỹNo −1 , mi1 , . . . , miNo −1 )dt.

(C.58)

V(Λ)

If the same procedure is applied recursively to the leftmost term in the right hand side
of (C.58), we arrive at the following factorization for the a posteriori probability:
f (ỹ1 , . . . , ỹNo |mi1 , . . . , miNo )
=
=

No
Y

f (ỹk |mi1 , . . . , mik , ỹ1 , . . . , ỹk−1 )

k=1
No Z
Y

k=1

V(Λ)

f (ỹk |mik , t) · f (t|ỹ1 , . . . , ỹk−1 , mi1 , . . . , mik−1 )dt.

(C.59)

In order to compute each factor of (C.59), we recall the flat-host assumption, which
implies that f (ỹk |mik , t) = ϕ(ỹk − dmik − t mod Λ). Thus, each factor of (C.59) can
be seen as a circular convolution over V(Λ). Furthermore, under the assumption that
T ∼ U (V(Λ)), we have that the conditional pdf of the dither is given by Eq. (5.26).
By combining (5.18) and (5.26), it can be seen that the integrand of the kth factor in
Eq. (C.59) is

 vol(Sk−1 (m(i) ))−1
, for t ∈ Sk−1 (m(i) ) such that (ỹk − dmik − t) mod Λ ∈ Z(Λ)
vol(Z(Λ))
 0,
otherwise.

The condition on t in the equation above is equivalent to t ∈ Sk−1 (m(i) ) such that t ∈
(ỹk − dmik − Z(Λ)) mod Λ, so each factor in (C.59) is proportional to the volume of
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Sk (m(i) ) = Sk−1 (m(i) ) ∩ Dk (mik ). Finally, Eq. (C.59) can be succinctly expressed as
f (ỹ1 , . . . , ỹNo |mi1 , . . . , miNo )

No

vol(Sk (mi1 , . . . , mik ))
 Y
, for ỹ1 , . . . , ỹNo ∈ SNo (m(i) )
i
i
=
vol(Z(Λ))
·
vol(S
(m
,
.
.
.
,
m
))
k−1
1
k−1

 k=1
0,
otherwise

i
i
 vol(SNo (m1 , . . . , mNo ))
, for ỹ1 , . . . , ỹNo ∈ SNo (m(i) )
=
(C.60)
(vol(Z(Λ)))No · vol(V(Λ))

0,
otherwise

C.7

Proof of Theorem 5.3

As shown in Eq. (C.56) and (C.60) from App. C.6, the a posteriori probability of a
message sequence is nonnull only if its feasible region is not an empty set. Using the
definition of feasible region (cf. (5.53) and (5.54)), we can state that a certain message
sequence m(i) has nonnull a posteriori probability if
No
\

k=1

(ỹk − dmik − Z(Λ)) mod Λ 6= ∅.

(C.61)

We say that the sequences fulfilling the above condition are “feasible” given the set of
observations. The proof of the theorem is based on the concept of feasibility.
First, let us denote by m(1) the message sequence embedded in the observations. We
will arrange, without loss of generality, the message space MNo in two disjoint subsets:
{m(i) , i = 1, . . . , p}, which will represent the sequences in the equivalence class of m(1) ,
and {m(i) , i = p + 1, . . . , pNo }, which will represent the remaining sequences in MNo .
For the sake of clarity, the proof will be conducted in 4 steps.
Step 1)
In this step we will show that all the sequences in the equivalent class of m(1) are
feasible.
Notice that from Eq. (5.17), taking into account that Nk is uniformly distributed
over V(Λ), we can write
(ỹk − dmik ) mod Λ ∈ (Z(Λ) + t + dm1k − dmik ) mod Λ, for all k = 1, . . . , No ,
or equivalently,
(t + dm1k − dmik ) mod Λ ∈ (ỹk − dmik − Z(Λ)) mod Λ, for all k = 1, . . . , No . (C.62)
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By Lemma 5.4, for i = 1, . . . , p, and for all k, we have dmik = (dm1k + dl ) mod Λ, for
some fixed l ∈ M. Hence, (t + dm1k − dmik ) mod Λ = (t − dl ) mod Λ, for all k =
1, . . . , No . Substituting in (C.62), we obtain
(t − dl ) mod Λ ∈ (ỹk − dmik − Z(Λ)) mod Λ, for all k = 1, . . . , No .

(C.63)

This proves that, for the message sequences belonging to the equivalence class of m(1) ,
the intersection (C.61) is always non-empty, since at least the point (t − dl ) mod Λ is
contained in the intersection.
Step 2)
In this step we prove that the feasible regions of the message sequences that belong
to the equivalence class of m(1) asymptotically converge to (t − dl ) mod Λ, l ∈ M.
As shown in Lemma 5.4, the feasible region for the sequences in the equivalence
class of m(1) only differ in their centers: for i = 1, . . . , p, SNo (m(i) ) = (SNo (m(1) ) − dl )
mod Λ. On the other hand, from Lemma 5.1 we know that the feasible region in the
KMA case converges almost surely to t as No → ∞. Combining these results with the
result of Step 1), it follows that the feasible regions of the sequences in the equivalence
class of m(1) converge to (t − dl ) mod Λ, l ∈ M, as No → ∞.
Step 3)
Now we consider the sequences not belonging to the equivalence class of m(1) . We
will prove that these sequences are all unfeasible for sufficiently large No .
Among the elements of this set of sequences, consider a sequence m(j) which, for
some i = 1, . . . , p, equals m(i) for all k but for a certain k = k0 . Consider the feasible
region of this sequence, which is given by



\
\
SNo (m(j) ) =  (ỹk − dmj − Z(Λ)) mod Λ
(ỹk0 − dmj − Z(Λ)) mod Λ
k

k0

k\k0

= H1

\

H2 .

(C.64)

For all k \ k0 , (t + dm1k − dmik ) mod Λ = (t − dl ), for some fixed l ∈ M. Hence,
using the result of Step 2),
lim H1 = (t − dl ) mod Λ.

No →∞

(C.65)

For k = k0 , (t + dm1k − dmik ) = (t − dc ), with c 6= l. Therefore, (t − dc ) mod Λ ∈ H2 .
Since Z(Λ) ⊂ V(Λf ) by assumption, then (t − dl ) mod Λ, with c 6= l, cannot belong
to H2 . Thus,
\
(C.66)
lim SNo (m(j) ) = lim H1 H2 = ∅.
No →∞

No →∞
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This shows that the sequences that do not belong to the equivalence class of m(1)
cannot contain in their feasible region any of the points (t − dl ) mod Λ, l ∈ M, when
No → ∞. It only remains to be proved that these points are the only feasible regions
when No → ∞. This is a consequence of the next result.
Claim: Consider any point z ∈ V(Λ) such that z 6= (t − dl ) mod Λ, l ∈ M. For
any such point, the probability of observing one ỹk such that z does not belong to any
of the regions (ỹk − di − Z(Λ)) mod Λ, i ∈ M, goes to 1 as No → ∞.
S
Sketch of the proof: For fixed t, the support of the observations is R , l∈M (t +
dl + Z(Λ)) mod Λ. Note that R does not cover the whole Voronoi region V(Λ), since
Z(Λ) ⊂ V(Λf ) by assumption. Let us denote by R the complement of R in V(Λ). If
z ∈ R, then it suffices to observe ỹk = (t + dl ) mod Λ, for some l ∈ M. On the other
hand, if z ∈ R, then it suffices to observe ỹk = (t + dl − e) mod Λ, for some l ∈ M,
where e is the shortest norm vector such that (z + e) mod Λ ∈ R. Since for fixed t
the observations are uniformly distributed over R, the probability of observing such
ỹk goes to 1 as No → ∞.
Therefore, any sequence not belonging to the equivalence class of m(1) is unfeasible
for No → ∞.
Step 4)
The three previous steps have shown that the only message sequences in MNo that
have nonnull probability when No → ∞ are those belonging to the equivalence class
of m(1) . We know, by Lemma 5.4, that all these sequences are equiprobable. Hence, if
the attacker has enough computational power for checking an exponentially increasing
number of intersections, then his uncertainty about the embedded message sequence
becomes log(p) for No → ∞, and the theorem follows.

C.8

Proof of Lemma 5.5

The proof consists in showing that the right hand side of (2.22) is lower bounded
by log(p) when No → ∞, i.e.
lim H(M1 , . . . , MNo |Ỹ1 , . . . , ỸNo ) − H(M1 , . . . , MNo |Ỹ1 , . . . , ỸNo , T) ≥ log(p).

No →∞

(C.67)

For the sake of clarity, the proof will be conducted in three steps.
Step 1)
Let us denote by LNo = L1 × L2 × . . . × LNo the set of feasible message sequences for
a fair (knowing T) user, given No observations. In order to obtain the elements of Li ,
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consider the a posteriori probability of a certain message m,
Pr(m|ỹi , t) =

Pr(m)
· ϕ((ỹi − dm − t) mod Λ).
f (ỹi |t)

(C.68)

By recalling the definition of ϕ(x) in (5.18), Eq. (C.68) shows that m ∈ Li iff dm
belongs to (ỹi − t − Z(Λ)) mod Λ, and that all the elements of
Q Loi are equiprobable
(see example in Figure C.3). Thus, LNo is composed of |LNo | = N
i=1 |Li | equiprobable
2
No
message sequences. Furthermore, note that |L | does not depend on the particular
realization of t. Hence, the entropy of the embedded message sequence for the fair
user, given a particular realization of the observations, is
H(M1 , . . . , MNo |ỹ1 , . . . , ỹNo , t) = H(M1 , . . . , MNo |ỹ1 , . . . , ỹNo , t = 0)
= log(|LNo |) =

No
X
i=1

log(|Li |).

(C.69)

Step 2)
Let us denote by P No the set of feasible message sequences when T is not known in
advance. Lemma 5.4 tells us that P No contains, at least, the sequences of LNo plus all
the sequences that fulfill the equivalence relation (5.63) with those of LNo . Taking into
account the particular form of the equivalence classes for Construction A (see (5.63)),
we can write P No ⊇ KNo , where
K No ,

|LNo | p−1

[ [

i=1 j=0

(m(i) + j · 1) mod p, with m(i) ∈ LNo .

Notice that all the elements of KNo are equiprobable. Thus, the equivocation about the
embedded message for an unfair user and a particular realization of the observations
can be bounded from below as
H(M1 , . . . , MNo |ỹ1 , . . . , ỹNo ) ≥ log(|KNo |).

(C.70)

The cardinality of KNo depends on the number of equivalence classes in LNo as
|KNo | = p · |G No |,

(C.71)

where G No is the quotient space under the equivalence relation (5.63), i.e. G No ,
LNo / ∼. The determination of |G No | is the subject of the next lemma.
2

Notice that in the case of α = 0, we have Li = M ∀ i equiprobably, i.e. null communication rate.
When α > 0, a positive communication rate is always achievable.
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ỹi

Figure C.2: Illustration of the region (ỹi − t − Z(Λ)) mod Λ for the lattice code of Figure 5.1(a) with
α = 0.5. Notice that 3 different messages are feasible in this case.

Lemma C.3 (Cardinality of the quotient space). For LNo with |Li | ≤ ⌈ p2 ⌉, ∀ i =
1, . . . , No , consider the equivalence relation defined in (5.63) and the quotient space
under this equivalence relation, G No = LNo / ∼. The cardinality of the quotient space
is given by
!
k−1
No
No
Y
Y
X
(C.72)
|Li | (|Li | − 1) .
|G No | =
k=1

i=k+1

i=1

Proof:
Let us assume, without loss of generality, that Li = {0, . . . , |Li | − 1}. The number of equivalence classes can be obtained in closed form by taking into account the
geometrical structure that the equivalence relation (5.63) defines in MNo , which is
illustrated in Figure C.3 for No = 2, p = 5, |L1 | = |L2 | = 3. The 25 dots in the
shaded area represent MNo . The nine circled dots in the lower left corner represent
LNo , whereas the remaining circled dots are identical modulo p to LNo . The elements
of LNo that belong to the same equivalence class fall in the same diagonal (taking into
account the modulo-p reduction). Thus, the number of equivalence classes is determined by the number of different diagonals in MNo that hit the points in LNo . As in
the figure, under the condition |Li | ≤ ⌈ p2 ⌉, ∀ i = 1, . . . , No , this number is given by
the number of elements of LNo contained in the No -dimensional hyperplanes defined by
{mi = 0, i = 1, . . . , No }. In other words, it is the number of sequences in LNo which
contain zeros in any of their coordinates. A simple calculus reveals that |G No | is given
by Eq. (C.72).
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8
7
6
5

m2

4
3
2
1
0

0

2

4

6

8

m1
Figure C.3: Geometrical interpretation of the equivalence classes involved in the proof of Lemma C.3
for No = 2, L1 = L2 = {0, 1, 2}, and p = 5. The circled dots represent LNo and its modulo-p
equivalent sequences according to (5.63). The points falling on the same diagonal line belong to the
same equivalence class.

Step 3)
By combining (C.69) and (C.70), we have
H(M1 , . . . , MNo |ỹ1 , . . . , ỹNo ) − H(M1 , . . . , MNo |ỹ1 , . . . , ỹNo , t = 0) ≥ log



|KNo |
|LNo |



.

(C.73)

If |Li | ≤ ⌈ p2 ⌉ ∀ i = 1, . . . , No , using (C.71) and the result of Lemma C.3 we can write
log



|KNo |
|LNo |



!


No Qk−1
X
(|L
|
−
1)
|G No |
i
i=1
= log p · No = log p ·
Qk
|L |
i=1 |Li |
k=1
!


No
Y
|Lk | − 1
.
= log(p) + log 1 −
|Lk |
k=1

(C.74)

The values of |Lk | above depend on each particular realization of the observations.
Thus, in order to obtain the bound to (2.22) we need to average (C.74) over the
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observations:
"

g(No ) ≥ log(p) + E log 1 −


No 
Y
|Lk | − 1

|Lk |
k=1

 No 
≥ log(p) + log 1 − 1 − ⌈p/2⌉−1
,

!#
(C.75)

where for the second inequality we have set |Lk | = ⌈ p2 ⌉, ∀ k, in the computation of the
expectation. Lemma 5.5 follows by realizing that the right hand side of (C.75) goes to
log(p) for No → ∞.

