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Abstract—Enabling simultaneous transmission and reception
on the same carrier frequency, i.e., full-duplex (FD) communication, critically requires that the self-interference (SI) be sufficiently suppressed. We investigate the design of precoders and
combiners for an FD millimeter wave point-to-point bidirectional
link, where dense antenna arrays provide an opportunity for
SI suppression via beamforming cancellation. In practice the
precoders and combiners are usually implemented in a hybrid
digital/analog fashion with a reduced number of radio frequency
(RF) chains, and it becomes necessary to overcome a number
of limitations imposed by this structure. We focus on a hybrid
architecture with a phase shifter-based fully-connected analog
stage, assuming finite-resolution phase shifters. To avoid analogto-digital converter saturation at the receiver, the proposed design
aims at cancelling SI at the analog combiner output. Although
accurate SI suppression is difficult with low-resolution phase
shifters, our design is able to provide reasonable performance,
significantly improving upon previous approaches, and allowing
to efficiently exploit the availability of RF chains to partially
compensate for coarse phase quantization effects.
Index Terms—Full-duplex, millimeter wave communication,
hybrid precoding and combining, finite-resolution phase shifters,
beamforming cancellation.

I. I NTRODUCTION
Communication in the millimeter wave (mmWave) band
can provide very large bandwidths, and so it is envisioned
as a key technology for future and current high data rate
systems, such as fifth generation (5G) cellular and WLAN
IEEE 802.11ay [1]–[3]. Directional transmission using large
antenna arrays is generally needed to compensate the high path
losses experienced at mmWave frequencies. With such dense
arrays, the traditional approach at microwave frequencies of
implementing precoding and combining in the digital domain
at baseband becomes unfeasible, as it would require a dedicated radio frequency (RF) chain per antenna, resulting in high
cost and power consumption. Instead, hybrid analog/digital
solutions splitting the processing between the digital baseband
and analog RF domains are generally preferred, so that the
number of RF chains can be reduced substantially [4], [5].
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Full-duplex (FD) constitutes another physical layer technology currently receiving much attention. In a transceiver
operating in FD mode, transmission (TX) and reception (RX)
take place simultaneously and on the same carrier frequency,
in contrast with more traditional half-duplex (HD) approaches
which split the time and/or bandwidth resources to ensure TXRX orthogonality [6], [7]. Not only has FD the potential to
double spectral efficiency, but it may also add flexibility to
point-to-point handshaking and multiple access schemes, as
well as help reduce latency stemming from delays related to
HD operation [8]. The main obstacle to widespread adoption
of FD, however, is self-interference (SI): an FD node’s transmission will leak to its own receiver and overwhelm the much
weaker signal of interest from a remote node. Hence, much
effort has been devoted to the development of SI mitigation
methods for FD. Promising results in this direction have been
reported for a single-antenna FD node operating in microwave
frequencies [9]–[11], by adequate combination of a number
of techniques [12]. First, propagation domain methods, which
are passive, focus on antenna design and placement [13], [14].
Second, analog-circuit domain methods actively construct an
analog replica of the SI and substract it from the received
signal in order to avoid RX front-end saturation [15]. Lastly,
digital domain methods estimate and substract the residual SI
at the baseband [16]; for this, it is necessary that residual SI
levels be sufficiently low so that the dynamic range of analogto-digital converters (ADCs) can be fully exploited.
In recent years there has been significant interest in furnishing mmWave systems with FD capabilities [17], [18].
However, SI cancellation faces particular challenges different
from those at microwave frequencies: RF impairments become
more significant, and their effect on SI needs to be addressed in
the analog domain, as it is difficult to cancel them at baseband
[17]. But at the same time, analog-circuit domain methods
do not scale well with the number of antennas, so their
extension to multi-input multi-output (MIMO) FD is difficult
[7]. On the other hand, the availability of multiple antennas
can be exploited in MIMO FD to mitigate SI by means of
beamforming cancellation (BFC). The downside of BFC in
microwave-band systems is a spectral efficiency loss due to
some of the available spatial degrees of freedom (DoF) being
spent in mitigating SI [19]–[22]. In contrast, the large arrays
used in mmWave result in much larger available DoF, and thus
BFC approaches to SI mitigation become very appealing.
We study the design of BFC for mmWave FD systems in
this context, in particular for a bi-directional link between
two FD nodes, and taking into account two important issues.
First, sufficient SI cancellation must be provided in the analog
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domain to avoid ADC saturation and make digital domain SI
cancellation feasible. Second, the strong constraints imposed
by the particular hybrid analog/digital architecture commonly
found in mmWave transceivers must be addressed. We focus
on fully-connected phase-shifter based implementations of the
analog stage in the hybrid architecture, so that the entries of
the corresponding beamformer are constrained to be complex
numbers with the same magnitude throughout, and with phases
taken from a discrete set as dictated by the finite resolution
of the phase shifters. These constraints make accurate SI cancellation quite challenging, particularly so for low-resolution
phase shifters as those typically found in practice to reduce
power consumption and hardware cost [23]–[25].
Review of relevant previous work: Initial approaches to FD
mmWave focused on the suitability of propagation domain
methods for SI mitigation [26]–[28]. BFC in this context was
originally considered in [29] with a single data stream in
each direction, based on a zero-forcing (ZF) constraint on
the SI. Although the approach in [29] assumed all-digital
beamforming, and thus its applicability in mmWave settings
is limited, it showed a very small loss with respect to an SIfree reference setting, which means that the DoF consumed by
ZF constraints have little impact on final performance. When
considering analog beamforming, it was shown in [17] that
simply projecting the optimal all-digital beamforming weights
onto the feasible set severely degrades performance, even
with infinite-resolution phase shifters. The reason is that ZF
constraints need not hold anymore after the final projection
step, and SI leakage ensues. This issue was overcome in
[30] by suitably modifying the design from [29], and later
extended to multiple data streams with hybrid beamforming
in [31]. Other FD designs for the hybrid beamformers in this
setting include [32]–[37]. The method from [32] is based on a
hybrid factorization by least squares (LS) approximation of alldigital beamformers, and has two main drawbacks: it suffers
from high SI leakage due to LS approximation errors, and it
suppresses SI at the baseband rather than in the analog domain,
analogously to [35]. On the other hand, the designs from [33],
[36], [37] do aim at suppressing SI in the analog domain. To
design the hybrid beamformers, [33] exploits a result from
[38] by which any beamforming matrix can be factored into
the analog (assuming unquantized phase shifters) and digital
stages without error as long as the number of RF chains is
at least twice the number of data streams, a condition which
need not always hold in practice. The authors of [36] propose
a design based on the angular information about the involved
far-field channel responses; however, they assumed that the
line-of-sight (LOS) near-field component of SI channels can be
perfectly suppressed by antenna isolation techniques. In [34],
[37] the RF stages are obtained by exhaustive search, solving
a convex optimization problem for each possible candidate; in
[34] a joint design incorporating active analog cancellation
is proposed, whereas in [37] the remaining SI is assumed
perfectly known and cancelled via substraction in the digital
domain.
Of the aforementioned works on hybrid beamforming design, [30]–[33] assume unquantized phase shifters, whereas
[34]–[37] are based on Discrete Fourier Transform (DFT)

codebooks for the analog stages and allow implementation
with log2 𝑁-bit phase-shifters, where 𝑁 is the number of
antenna elements; thus, the larger the array, the higher the
required precision for these designs, a problem compounded
by the fact that the number of phase shifters is proportional to
the array size 𝑁. This motivates alternatives allowing to arbitrarily select phase-shifter resolution, trading off performance
vs. cost.
But as it turns out, quantization becomes a critical issue
for FD systems, since it limits BFC accuracy: in Sec. V it is
shown that the direct modification of the aforementioned state
of the art methods to incorporate phase-shifter quantization
leads to poor results. Hence, it becomes necessary to account
for this limitation from the very beginning when designing the
beamformers. An initial step in this direction is our previous
work [39], which considered analog beamforming for singlestream transmission. In this paper we take this approach further, by generalizing [39] to multiple data streams and hybrid
analog/digital beamformers. To the best of our knowledge, the
only related work considering the issue of arbitrary phaseshifter quantization is [40], but in a different setting in which
a single multiantenna FD node transmits to and receives from
two single-antenna HD nodes. The method from [40] does not
attempt to cancel the SI in the analog domain, and it cannot be
directly generalized to our multistream, bi-directional setting
of two MIMO FD nodes. Performance comparisons between
our design and [40] in this restricted setting are provided in
Sec. V.
Contribution: The main contributions of this paper can be
summarized as follows:
1) We propose a new design for the all-digital precoders
and combiners with the goal of maximizing spectral
efficiency, generalizing the method from [29] for singlestream, two-node, bi-directional MIMO FD mmWave
transceivers to the multistream setting. The proposed
scheme has close to optimal performance, and serves
as a reference and benchmark for subsequent hybrid
designs.
2) We present an approach to obtain a hybrid factorization
approximating the all-digital precoder matrices, assuming a fully-connected phase shifter-based implementation of the analog stage, and explicitly accounting for
phase shifter quantization.
3) A method is developed for the design of the finiteresolution phase shifter-based analog stage of the hybrid
combiners to minimize SI at their output, thus avoiding
ADC saturation at the receivers.
4) We present a method to compute the baseband combiners trading off residual SI reduction and beamforming
towards the intended transmitter, depending on the residual SI level, and which is able to efficiently exploit the
availability of any additional RF chains beyond the strict
minimum.
Organization: The signal model is given in Sec. II, and
then in Sec. III the all-digital design for FD beamformers is
presented. The hybrid design is developed in Sec. IV, and results are shown in Sec. V, including comparison with previous
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approaches. Finally, conclusions are drawn in Sec. VI.
Notation: Vectors and matrices are respectively denoted in
bold lowercase and bold uppercase. The transpose, conjugate
transpose, pseudoinverse, Frobenius norm and determinant of
A are denoted as A𝑇 , A 𝐻 , A† , ∥A∥ 𝐹 and |A| respectively, whereas 𝜎1 (A) ≥ 𝜎2 (A) ≥ . . . denote its ordered
singular values. The submatrix of A comprising rows 𝑝 to
𝑞 and columns 𝑟 to 𝑠 is denoted as [A] 𝑝:𝑞,𝑟:𝑠 . The size-𝑁
identity matrix is I 𝑁 , with 𝑗-th column e 𝑗 . We denote by
V𝑏𝑁 ×𝐿 ⊂ C 𝑁 ×𝐿 the set of complex-valued 𝑁 × 𝐿 matrices
whose entries have unit magnitude, and phases taking values
in the set Φ𝑏 = {0, 22𝑏𝜋 , . . . , (2𝑏 − 1) 22𝑏𝜋 }, corresponding to a
resolution of 𝑏 bits. The element of Φ𝑏 closest to 𝛼 (modulo
2𝜋) is denoted by 𝑄{𝛼 ; 𝑏}. The projection of A ∈ C 𝑁 ×𝐿
onto V𝑏𝑁 ×𝐿 is denoted as P𝑏 {A}, with (𝑛, 𝑚) element given
by 𝑒 𝑗𝑄{∠[ A ] 𝑛,𝑚 ; 𝑏} . The expectation operator is denoted by
E{·}.
II. S YSTEM M ODEL
Consider the two-node network shown in Fig. 1, in which
both nodes have full-duplex capabilities. For 𝑖 ∈ {1, 2}, node
𝑖 is equipped with 𝑁𝑡 ,𝑖 transmit antennas, supporting the
transmission of 𝑁 𝑠,𝑖 data streams towards node 𝑗 ∈ {1, 2},
𝑗 ≠ 𝑖, which in turn is equipped with 𝑁𝑟 , 𝑗 receive antennas.
The data vectors s𝑖 ∈ C 𝑁𝑠,𝑖 , 𝑖 ∈ {1, 2}, are zero-mean with
covariance E{s𝑖 s𝑖𝐻 } = I 𝑁𝑠,𝑖 . The transmit and receive frontends of node 𝑖 have 𝐿 𝑡 ,𝑖 and 𝐿 𝑟 ,𝑖 RF chains, respectively. In
an all-digital system with one dedicated RF chain per antenna,
one has 𝐿 𝑡 ,𝑖 = 𝑁𝑡 ,𝑖 and 𝐿 𝑟 ,𝑖 = 𝑁𝑟 ,𝑖 , 𝑖 ∈ {1, 2}. With a hybrid
analog/digital architecture, a smaller number of RF chains is
used, in order to reduce cost and power consumption, so that
in general one has 𝑁 𝑠,𝑖 ≤ 𝐿 𝑡 ,𝑖 ≤ 𝑁𝑡 ,𝑖 and 𝑁 𝑠,𝑖 ≤ 𝐿 𝑟 , 𝑗 ≤ 𝑁𝑟 , 𝑗 ,
𝑖, 𝑗 ∈ {1, 2}, 𝑖 ≠ 𝑗.
It is assumed that channels can be approximated as
frequency-flat, which implies narrowband transmission, and
that they are perfectly known. These assumptions are in
agreement with most previous works on the topic [29]–[33],
[40]. Channel estimation may be performed during an initial
training stage in HD mode using well-established sparsitybased techniques for mmWave [5], [41], [42], although it is
acknowledged that SI channel modeling and estimation at
mmWave is still an open area of research [17], [18], [40].
Acknowledging that practical mmWave systems will likely be
broadband, and that channel estimation errors are important
in practice, we defer the extension to frequency-selective
channels and channel uncertainty for future work, for which
our designs constitute a first step. Thus, we denote by H𝑖 𝑗
the 𝑁𝑟 , 𝑗 × 𝑁𝑡 ,𝑖 channel matrix from the transmit array of
node 𝑖 to the receive array of node 𝑗. For 𝑖 ≠ 𝑗, H𝑖 𝑗
represents an inter-node channel, whereas H 𝑗 𝑗 corresponds
to the self-interference channel affecting node 𝑗. Channel
matrices are assumed normalized, so that ∥H𝑖 𝑗 ∥ 2𝐹 = 𝑁𝑡 ,𝑖 𝑁𝑟 , 𝑗 .
The designs developed in the sequel are model-independent;
specific channel models will be presented in Sec. V in the
context of simulation experiments.
Previous to transmission, node 𝑖 applies a precoder F𝑖 =
FRF,𝑖 FBB,𝑖 to the data vector s𝑖 , where FBB,𝑖 ∈ C 𝐿𝑡,𝑖 × 𝑁𝑠,𝑖 and

Fig. 1: Two-node MIMO FD network with hybrid precoding
and combining.
FRF,𝑖 ∈ C 𝑁𝑡,𝑖 ×𝐿𝑡,𝑖 denote the baseband digital and the RF analog precoders, respectively. A fully-connected implementation
of the analog precoders/combiners, based on finite-precision
𝑁 ×𝐿
phase-shifters, is assumed. Therefore, FRF,𝑖 ∈ V𝑏𝑡,𝑖𝑡,𝑖 𝑡,𝑖 , with
𝑏 𝑡 ,𝑖 denoting the resolution of the phase shifters in the transmit
side of node 𝑖. Analogously, node 𝑗 applies a combiner W 𝑗 =
WRF, 𝑗 WBB, 𝑗 to the received vector, where WBB, 𝑗 ∈ C 𝐿𝑟 , 𝑗 × 𝑁𝑠,𝑖
𝑁 ×𝐿
is the baseband combiner, and WRF, 𝑗 ∈ V𝑏𝑟𝑟,,𝑗𝑗 𝑟 , 𝑗 is the RF
combiner with 𝑏𝑟 , 𝑗 -bit resolution. In this way, the signal at
the output of node 𝑗’s combiner can be written as
√
√
y 𝑗 = 𝜌𝑖 W 𝑗𝐻 H𝑖 𝑗 F𝑖 s𝑖 + 𝜂 𝑗 W 𝑗𝐻 H 𝑗 𝑗 F 𝑗 z 𝑗 + W 𝑗𝐻 n 𝑗 , (1)
|
{z
}
SI + noise

where n 𝑗 ∈
is the noise at node 𝑗, assumed zero-mean
white Gaussian with covariance 𝜎 2𝑗 I 𝑁𝑟 , 𝑗 , and z 𝑗 ∈ C 𝑁𝑠, 𝑗 represents the residual SI at node 𝑗 left over by any propagationdomain or analog circuit-domain self-interference mitigation
stages implemented at that node. Generally, z 𝑗 will be a
delayed and, due to hardware imperfections in the analog
frontends, also distorted version of the signal transmitted by
node 𝑗 [8]; we avoid explicitly modeling such distortion and
regard z 𝑗 as a zero-mean random vector, independent of n 𝑗 ,
and with covariance I 𝑁𝑠, 𝑗 . The constants 𝜌𝑖 , 𝜂 𝑗 ≥ 0 in (1)
quantify the strength of the useful component and the SI,
respectively1 . Hence, the SI + noise covariance matrix at node
𝑗 is
C 𝑁𝑟 , 𝑗

R 𝑗 = 𝜂 𝑗 W 𝑗𝐻 H 𝑗 𝑗 F 𝑗 F 𝑗𝐻 H 𝑗𝐻𝑗 W 𝑗 + 𝜎 2𝑗 W 𝑗𝐻 W 𝑗 .

(2)

f𝑖 𝑗 =
The effective channel from node 𝑖 to node 𝑗 is H
W 𝑗𝐻 H𝑖 𝑗 F𝑖 , so that, assuming Gaussian signaling and treating
SI as noise, the spectral efficiency of the 𝑖 → 𝑗 link is given
by
f𝐻 R −1 H
f𝑖 𝑗 .
R 𝑖 𝑗 = log2 I 𝑁𝑠,𝑖 + 𝜌𝑖 H
(3)
𝑖𝑗
𝑗
Using the singular value decomposition (SVD) of W 𝑗 , it is
found that R 𝑖 𝑗 depends on W 𝑗 only through its left singular
vectors, so that without loss of generality W 𝑗 can be assumed
semi-unitary: W 𝑗𝐻 W 𝑗 = I 𝑁𝑠,𝑖 . Then, R 𝑖 𝑗 can be written as in
(4) at the top of the next page, where 𝜖𝑖 𝑗 ≜ 𝜎𝜌𝑖2 for 𝑖 ≠ 𝑗 and
𝑗

𝜖𝑗𝑗 ≜

𝜂𝑗
𝜎 2𝑗

respectively denote the signal-to-noise ratio (SNR)

and (self-)interference-to-noise ratio (INR) at the receiver of
1 Note that these quantities need not directly correspond to the physical
power levels, due to the assumed normalization of channel matrices.
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node 𝑗. Uniform power allocation across streams is assumed
throughout, so that F𝑖 is also taken as semi-unitary.
The goal is to design the analog and digital precoders and
combiners to maximize the sum spectral efficiency of the
network, R = R 12 + R 21 . A performance upper bound, not
achievable in general but useful for benchmarking purposes,
can be obtained by assuming no SI (𝜖11 = 𝜖 22 = 0) and neglecting hardware constraints, so that {F1 , W1 , F2 , W2 } are only
constrained to be semi-unitary. Then the optimum precoders
and combiners are respectively given by the dominant right
and left singular vectors of the inter-node channel matrices,
yielding R ≤ R ★ where
R★ ≜

𝑁
𝑠,1
∑︁

log2 (1 + 𝜖 12 𝜎𝑘2 (H12 )) +

𝑘=1

𝑁
𝑠,2
∑︁

log2 (1 + 𝜖 21 𝜎ℓ2 (H21 )).

ℓ=1

(5)

Algorithm 1: All-Digital Full-Duplex design
Function ZFmaxRate(A ∈ C 𝑀 × 𝑁 , C ∈ C 𝑀 × 𝑃 )
P⊥ ← I 𝑀 − CC †
Compute economy-size SVD P⊥ A = U SV 𝐻
X ← [U ] :,1:𝑁
return X
end
Function AllDigDesign(H12 , H21 , H11 , H22 )
Initialize F1 ∈ C 𝑁𝑡,1 × 𝑁𝑠,1 , F2 ∈ C 𝑁𝑡,2 × 𝑁𝑠,2 randomly
repeat
W1 ← ZFmaxRate(H21 F2 , H11 F1 )
W2 ← ZFmaxRate(H12 F1 , H22 F2 )
𝐻W , H𝐻W )
F1 ← ZFmaxRate(H12
2
1
11
𝐻W , H𝐻W )
F2 ← ZFmaxRate(H21
2
1
22
until convergence;
return F1 , F2 , W1 , W2
end

III. A LL -D IGITAL D ESIGN
As starting point for the hybrid design to be presented
in Sec. IV, as well as a reference for its performance, we
develop an all-digital design for the precoders and combiners:
an RF chain per antenna is assumed, so that all the processing
can be implemented at baseband without any hardware-related
constraints. Note that even in this case, i.e., with no constraints
on {F𝑖 , W𝑖 }𝑖=1,2 beyond being semi-unitary, maximizing R is
a non-convex problem with no known closed-form solution.
Following similar steps to those in [29] for the single-stream
case, we adopt a suboptimal approach in which a ZF constraint
is imposed on the SI term at both nodes, resulting in the
following problem:
max

2
∑︁

{ F𝑖 , W𝑖 } 𝑖=1,2

s. to









log2 I 𝑁𝑠,𝑖 + 𝜖𝑖 𝑗 F𝑖𝐻 H𝑖𝐻𝑗 W 𝑗 W 𝑗𝐻 H𝑖 𝑗 F𝑖

𝑖, 𝑗=1
𝑗≠𝑖
W 𝑗𝐻 W 𝑗
F𝑖𝐻 F𝑖
W𝑖𝐻 H𝑖𝑖 F𝑖

= I 𝑁𝑠,𝑖 ,
= I 𝑁𝑠,𝑖 ,
=
0,

𝑖, 𝑗 ∈ {1, 2},

𝑖 ≠ 𝑗.
(6)

Problem (6) is difficult due to variable coupling introduced by
the ZF constraints W𝑖𝐻 H𝑖𝑖 F𝑖 = 0 . Note, however, that if F1 ,
F2 are held fixed, then it is possible to maximize the objective
w.r.t. W1 , W2 in closed form, and vice versa. This suggests
the following cyclic maximization procedure to address (6):
• Given F1 , F2 , for 𝑗 ∈ {1, 2} and 𝑖 ≠ 𝑗 solve
max log2 I 𝑁𝑠,𝑖 + 𝜖𝑖 𝑗 W 𝑗𝐻 H𝑖 𝑗 F𝑖 F𝑖𝐻 H𝑖𝐻𝑗 W 𝑗
W𝑗

W 𝑗𝐻 W 𝑗
= I 𝑁𝑠,𝑖 ,
s. to
W 𝑗𝐻 H 𝑗 𝑗 F 𝑗 =
0.
•

(7)

Given W1 , W2 , for 𝑖 ∈ {1, 2} and 𝑗 ≠ 𝑖 solve
max log2 I 𝑁𝑠,𝑖 + 𝜖𝑖 𝑗 F𝑖𝐻 H𝑖𝐻𝑗 W 𝑗 W 𝑗𝐻 H𝑖 𝑗 F𝑖
F𝑖

F𝑖𝐻 F𝑖
= I 𝑁𝑠,𝑖 ,
s. to
𝐻
F𝑖 H𝑖𝑖𝐻 W𝑖 =
0.

C 𝑀 × 𝑁 is the optimization variable, and with A ∈ C 𝑀 × 𝑁 ,
𝑪 ∈ C 𝑀 ×𝑃 given matrices:

X 𝐻 X = I𝑁 ,
max log2 I 𝑁 + 𝜖X 𝐻 AA 𝐻 X s. to
(9)
X 𝐻 C = 0.
X
In this generic problem, 𝑀 corresponds to the number of
antennas (𝑀 = 𝑁𝑟 , 𝑗 in (7) and 𝑀 = 𝑁𝑡 ,𝑖 in (8)), whereas
𝑁 and 𝑃 correspond to the dimension of the signal of interest
and of the SI, respectively (𝑁 = 𝑁 𝑠,𝑖 and 𝑃 = 𝑁 𝑠, 𝑗 in both (7)
and (8)).
The solution to (9) is developed in Appendix A and summarized in Algorithm 1, and can be stated as follows. Assume
that 𝑀 ≥ 𝑁 + 𝑃, i.e., the array size 𝑀 is sufficiently large
to sustain the communication of 𝑁 streams after spending 𝑃
degrees of freedom to meet the ZF constraint X 𝐻 C = 0 (if
𝑀 < 𝑁 +𝑃, the problem is unfeasible). Let 𝑷⊥ ∈ C 𝑀 ×𝑀 be the
projection matrix onto the subspace orthogonal to the columns
of 𝑪. Then the optimal X is given by the 𝑁 dominant left
singular vectors of 𝑷⊥ A.
This provides the solution to subproblems (7)-(8), completing the all-digital design. Since at each iteration the objective
of the original problem (6), which is upper bounded by R ★
from (5), does not decrease, it follows that the sequence of
objective values must be convergent.
Note that the condition 𝑀 ≥ 𝑁 + 𝑃 for the generic problem
(9) particularizes for (7)-(8) as 𝑁𝑟 , 𝑗 ≥ 𝑁 𝑠,𝑖 + 𝑁 𝑠, 𝑗 and
𝑁𝑡 ,𝑖 ≥ 𝑁 𝑠,𝑖 + 𝑁 𝑠, 𝑗 , for 𝑖, 𝑗 ∈ {1, 2} with 𝑖 ≠ 𝑗. With practical
antenna array sizes for mmWave transceivers, these conditions
are generally satisfied. Although the proposed design does not
necessarily minimize the sum spectral efficiency R, the gap
to the upper bound (5) turns out to be small, as the numerical
results in Sec. V will show.
IV. H YBRID D ESIGN

(8)

These steps are iterated until convergence. Now, subproblems
(7)-(8) share the following generic structure, where X ∈

Now the precoding and combining matrices are decomposed
into their baseband (BB) and analog (RF) factors, with the
latter implemented using finite-resolution phase shifters: their
entries are constrained to having constant amplitude (CA)
and quantized phase (QP), and this CAQP constraint must
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R 𝑖 𝑗 = log2 I 𝑁𝑠,𝑖 + 𝜖𝑖 𝑗 F𝑖𝐻 H𝑖𝐻𝑗 W 𝑗 (I 𝑁𝑠,𝑖 + 𝜖 𝑗 𝑗 W 𝑗𝐻 H 𝑗 𝑗 F 𝑗 F 𝑗𝐻 H 𝑗𝐻𝑗 W 𝑗 ) −1 W 𝑗𝐻 H𝑖 𝑗 F𝑖

be taken into account in the design. Additionally, to avoid
ADC saturation at the receiver side, SI must be sufficiently
mitigated at the output of the RF combiners. In the sequel we
adopt an approach by which the precoders and combiners are
designed under different but complementary criteria. In a first
step, the hybrid precoders are obtained as an approximation to
the all-digital precoders developed in Sec. III. In the second
step, the RF combiners are designed so that they minimize
SI power at their output. Finally, a design is proposed for
the baseband combiners to maximize spectral efficiency while
further reducing SI power.

A. Hybrid Precoder Design
The all-digital precoders F1 , F2 from Sec. III were obtained
with the goal of maximizing spectral efficiency under a ZF
constraint on SI. For the design of the hybrid precoders, we
propose to approximate their all-digital counterparts in terms
of Euclidean distance. Thus, for 𝑖 ∈ {1, 2} one must solve:
min
(

FRF,𝑖 , FBB,𝑖

s. to

F𝑖 − FRF,𝑖 FBB,𝑖

2
𝐹

𝐻 F𝐻 F
FBB,𝑖
RF,𝑖 RF,𝑖 FBB,𝑖 = I 𝑁𝑠,𝑖 ,
𝑁 ×𝐿
FRF,𝑖 ∈ V𝑏𝑡,𝑖𝑡,𝑖 𝑡,𝑖 .

(10)

The main difficulty in (10) is due to the CAQP constraint
on FRF,𝑖 . If this constraint is momentarily dropped, the corresponding relaxed version of (10) becomes equivalent to
𝐻 F 𝐻 F } subject to F
maximizing Re Tr{FBB,𝑖
RF,𝑖 FBB,𝑖 being
RF,𝑖 𝑖
semi-unitary. Applying von Neumann’s trace inequality [43],
and given the SVD F𝑖 = U𝑖 S𝑖 V𝑖 𝐻 , with U𝑖 ∈ C 𝑁𝑡,𝑖 × 𝑁𝑠,𝑖 ,
S𝑖 ∈ C 𝑁𝑠,𝑖 × 𝑁𝑠,𝑖 and V𝑖 ∈ C 𝑁𝑠,𝑖 × 𝑁𝑠,𝑖 , the optimal solution is
seen to be such that FRF,𝑖 FBB,𝑖 = U𝑖 V𝑖 𝐻 ; in particular, one
could take
 𝐻 


V𝑖
FRF,𝑖 = U𝑖 Z ,
FBB,𝑖 =
,
(11)
0
with Z ∈ C 𝑁𝑡,𝑖 × (𝐿𝑡,𝑖 − 𝑁𝑠,𝑖 ) any matrix. But since (11) will not
be generally feasible for problem (10), the CAQP constraint
must be explicitly accounted for. To do so, we adopt a
cyclic approach by successively optimizing with respect to
each factor while keeping the other fixed, and iterating until
convergence:
•

Given the all-digital precoder F𝑖 and the RF factor FRF,𝑖 ,
solve
min F𝑖 − FRF,𝑖 FBB,𝑖

FBB,𝑖

s. to

2
𝐹

(4)

Algorithm 2: Hybrid Full-Duplex precoder design
Function HybridPrecoder(F 𝑗 ∈ C 𝑁𝑡, 𝑗 × 𝑁𝑠, 𝑗 , 𝐿 𝑡 , 𝑗 , 𝑏 𝑡 , 𝑗 )
Compute full SVD F 𝑗 = U𝐹 S𝐹 V𝐹𝐻
FRF, 𝑗 ← P𝑏𝑡, 𝑗 {[U𝐹 ] :,1:𝐿𝑡, 𝑗 }
repeat
Compute economy-size SVD
𝐻
FRF, 𝑗 = URF SRF VRF
Compute economy-size SVD
𝐻F = U S V 𝐻
URF
𝑗
𝐴 𝐴 𝐴
−1 U V 𝐻
FBB, 𝑗 ← VRF SRF
𝐴 𝐴
𝐻
G ← FRF, 𝑗
repeat
for 𝑢 = 1 : 𝐿 𝑡 , 𝑗 do
Set [G] 𝑢,: = 0 1× 𝑁𝑡, 𝑗 



𝐻 G−F𝐻
Set η𝑢 = FBB, 𝑗 𝑢,: FBB,
𝑗
𝑗
[G] 𝑢,: ← −𝑒 𝑗𝑄{∠η𝑢 ; 𝑏𝑡, 𝑗 }
end
until no change in G;
FRF, 𝑗 ← G 𝐻
until no change in FRF, 𝑗 ;
return FBB, 𝑗 , FRF, 𝑗
end

•

Given the all-digital precoder F𝑖 and the baseband factor
FBB,𝑖 , solve
min F𝑖 − FRF,𝑖 FBB,𝑖

FRF,𝑖

2
𝐹

𝑁

s. to FRF,𝑖 ∈ V𝑏𝑡,𝑖𝑡,𝑖

×𝐿𝑡,𝑖

. (13)

Note that the unitary constraint on the overall precoder
is left out in this step, as it is already enforced by the
choice of baseband precoder, cf. (12). Nevertheless, the
CAQP constraint on the RF precoder makes problem (13)
challenging. Inspired by [38], we propose an iterative
approach to approximately solve (13), in which the entries
of FRF,𝑖 are sequentially optimized one at a time keeping
all others fixed, until convergence is achieved. Details are
provided in Appendix C.
To start the iteration, we take the initial RF precoder as the
𝑁 ×𝐿
projection onto V𝑏𝑡,𝑖𝑡,𝑖 𝑡,𝑖 of the solution (11) to the relaxed
problem, with Z semi-unitary and such that Z 𝐻 U𝑖 = 0 , as this
yields FRF,𝑖 in (11) full column rank (actually, semi-unitary).
The hybrid precoder design is summarized in Algorithm 2.
B. Hybrid Combiner Design

(12)

𝐻
𝐻
FBB,𝑖
FRF,𝑖
FRF,𝑖 FBB,𝑖 = I 𝑁𝑠,𝑖 .

As shown in Appendix B, Problem (12) has a closed-form
𝐻
solution in terms of the SVDs FRF,𝑖 = URF,𝑖 SRF,𝑖 VRF,𝑖
𝐻
𝐻
and URF,𝑖 F𝑖 = U 𝐴S 𝐴V 𝐴 . This solution is given by
−1 U V 𝐻 .
FBB,𝑖 = VRF,𝑖 SRF,𝑖
𝐴 𝐴

At this point, it would be possible in principle to apply
an analogous approach to that from Sec. IV-A, attempting
to minimize the Euclidean distance between the all-digital
and hybrid combiners. This, however, would result in poor
performance, since the approximation errors incurred in both
precoding and combining stages would translate into high SI
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leakage. We adopt an alternative approach under which SI
mitigation constitutes the analog RF combiners’ main role, as
it is important to minimize SI power before the ADC stages
to avoid dynamic range issues. Then, the baseband combiners
can be designed with different tradeoffs between residual SI
cancellation and beamforming in the intended direction, as
explained next.
1) RF combiners: The RF combiners are designed to minimize SI power at their respective outputs. Let us introduce
the following effective channel matrices:
A𝑖 𝑗 ≜ H𝑖 𝑗 FRF,𝑖 FBB,𝑖 ∈ C 𝑁𝑟 , 𝑗 × 𝑁𝑠,𝑖 .
(14)
Then, given the precoders FRF, 𝑗 , FBB, 𝑗 obtained via Algorithm
2, we minimize the gain of the overall SI channel by solving,
for 𝑗 ∈ {1, 2},
B 𝑗 ≜ H 𝑗 𝑗 FRF, 𝑗 FBB, 𝑗 ,

𝐻
2
min ∥WRF,
𝑗 B 𝑗 ∥𝐹

WRF, 𝑗

s. to

𝑁

WRF, 𝑗 ∈ V𝑏𝑟𝑟,,𝑗𝑗

×𝐿𝑟 , 𝑗

.

(15)

Note that (15) is structurally similar to problem (13); thus, we
adopt an analogous strategy to approximately solve it; namely,
each entry of WRF, 𝑗 is optimized assuming the remaining
ones fixed, and the process is repeated until convergence. In
particular, the corresponding expression to update the (𝑢, 𝑣)
entry ofÍ WRF, 𝑗 is [WRF, 𝑗 ] 𝑢,𝑣 = −𝑒 𝑗𝑄{∠ 𝜂𝑢𝑣 ; 𝑏𝑟 , 𝑗 } , where
𝜂𝑢𝑣 = 𝑚≠𝑢 [B 𝑗 B 𝐻
𝑗 ] 𝑢,𝑚 [WRF, 𝑗 ] 𝑚,𝑣 . For initialization, we
𝑁

×𝐿

take WRF, 𝑗 as the projection onto V𝑏𝑟𝑟,,𝑗𝑗 𝑟 , 𝑗 of the optimal
combiner in the absence of SI, given by the dominant 𝐿 𝑟 , 𝑗
left singular vectors of the effective channel matrix A𝑖 𝑗 from
(14).
2) Baseband combiners: With the above choice of RF
combiners, it is one’s hope that the SI has been sufficiently
reduced to avoid dynamic range issues at the ADCs. However,
it is likely that some residual SI remains at the RF combiner
output, particularly for phase shifters with coarse quantization.
This residual SI may still have a significant impact on the
final spectral efficiency, so that it will be taken into account
in the design of the baseband combiners. For this task, it is
sensible to adopt a similar strategy to that in the design of
all-digital combiners, cf. (7), in which the spectral efficiency
is maximized under a ZF constraint on SI. Noting that FRF,𝑖 ,
FBB,𝑖 and WRF, 𝑗 are available from the previous stages, for
𝑗 ∈ {1, 2} and 𝑖 ≠ 𝑗 we must solve the following problem,
with A𝑖 𝑗 and B 𝑗 given again by (14):
𝐻
𝐻
𝐻
max log2 I 𝑁𝑠,𝑖 + 𝜖𝑖 𝑗 WBB,
𝑗 WRF, 𝑗 A𝑖 𝑗 A𝑖 𝑗 WRF, 𝑗 WBB, 𝑗

(16)
𝐻 W𝐻 W
WBB,
RF, 𝑗 WBB, 𝑗 = I 𝑁𝑠,𝑖 ,
𝑗
RF, 𝑗
s. to
𝐻
𝐻
WBB, 𝑗 WRF, 𝑗 B 𝑗 = 0 .

C 𝐿𝑟 , 𝑗 × 𝑁𝑠,𝑖 , problem (16) becomes
𝐻
𝐻
max log2 I 𝑁𝑠,𝑖 + 𝜖𝑖 𝑗 𝑸 𝐻
𝑗 𝑼 RF, 𝑗 A𝑖 𝑗 A𝑖 𝑗 𝑼 RF, 𝑗 𝑸 𝑗
𝑸𝑗


s. to

𝐻
𝐻
C 𝑗 ≜ 𝑼 RF,
𝑗 B 𝑗 = 𝑼 RF, 𝑗 H 𝑗 𝑗 FRF, 𝑗 FBB, 𝑗 .

(17)

𝐻
Applying the change of variable 𝑸 𝑗 = 𝑺RF, 𝑗 𝑽 RF,
𝑗 WBB, 𝑗 ∈

(18)

Note that (18) has the structure of the generic problem (9);
hence, the solution developed in Appendix A applies, provided
that 𝐿 𝑟 , 𝑗 ≥ 𝑁 𝑠,𝑖 + 𝑁 𝑠, 𝑗 so that the feasible set is nonempty. In
words, the number of receive RF chains 𝐿 𝑟 , 𝑗 at node 𝑗 has to
be large enough to allow recovering the 𝑁 𝑠,𝑖 data streams from
node 𝑖 and simultaneously cancelling the 𝑁 𝑠, 𝑗 SI streams.
However, there are two potential problems with this approach. First, given that the number of RF chains has a
direct impact in cost and consumption, the condition 𝐿 𝑟 , 𝑗 ≥
𝑁 𝑠,𝑖 + 𝑁 𝑠, 𝑗 need not hold in general. Second, even when
such condition holds, the DoF available after imposing the
ZF constraint on the SI may be too few (because the number
of RF chains is limited) to provide a significant improvement
in spectral efficiency by means of beamforming towards the
intended signal; this is particularly problematic in situations
in which the RF combiner already provides sufficient SI
mitigation, as in that case imposing an additional ZF constraint
on the baseband combiner seems wasteful.
To address these issues, we propose to replace the ZF
constraint Q 𝐻
𝑗 C 𝑗 = 0 in (18) by a more general constraint:
namely, that Q 𝑗 lie in the subspace spanned by the 𝑑 𝑗 least
dominant left singular vectors of C 𝑗 , including those associated to the zero singular value. Here, 𝑑 𝑗 is a user-selectable
parameter, which we shall refer to as the constraint dimension.
In particular, by choosing 𝑑 𝑗 = 𝐿 𝑟 , 𝑗 − 𝑁 𝑠, 𝑗 , the original ZF
condition in (18) is recovered, whereas 𝑑 𝑗 > 𝐿 𝑟 , 𝑗 − 𝑁 𝑠, 𝑗 will
result in additional DoF available at the expense of some SI
leakage; and in the extreme case 𝑑 𝑗 = 𝐿 𝑟 , 𝑗 , the corresponding
subspace is C 𝐿𝑟 , 𝑗 × 𝑁𝑠,𝑖 , so that there is no constraint on the
residual SI. Thus, the ability to choose 𝑑 𝑗 adds flexibility to
the design. Taking into account that 𝑑 𝑗 ≥ 𝑁 𝑠,𝑖 is necessary
in order to have Q 𝐻
𝑗 Q 𝑗 = I 𝑁𝑠,𝑖 , the range of valid constraint
dimension values is
max{ 𝑁 𝑠,𝑖 , 𝐿 𝑟 , 𝑗 − 𝑁 𝑠, 𝑗 } ≤ 𝑑 𝑗 ≤ 𝐿 𝑟 , 𝑗 .

(19)

With lower levels of residual SI at the RF combiner output,
larger values of 𝑑 𝑗 should be favored.
Thus, let the columns of U0 ∈ C 𝐿𝑟 , 𝑗 ×𝑑 𝑗 comprise the 𝑑 𝑗
least dominant left singular vectors of C 𝑗 . We impose Q 𝑗 =
U0 Y for some Y ∈ C𝑑 𝑗 × 𝑁𝑠,𝑖 , and then solve

WBB, 𝑗

Consider the (economy-size) SVD WRF, 𝑗
=
𝐻
𝑁𝑟 , 𝑗 ×𝐿𝑟 , 𝑗 and S
URF, 𝑗 SRF, 𝑗 VRF,
with
U
∈
C
RF,
𝑗
RF,
𝑗,
𝑗
VRF, 𝑗 ∈ C 𝐿𝑟 , 𝑗 ×𝐿𝑟 , 𝑗 , and let us introduce the 𝐿 𝑟 , 𝑗 × 𝑁 𝑠, 𝑗 matrix

𝑸𝐻
𝑗 𝑸 𝑗 = I 𝑁𝑠,𝑖 ,
𝐻
𝑸 𝑗 𝑪 𝑗 = 0.

Y

𝐻
𝐻
max log2 I 𝑁𝑠,𝑖 + 𝜖 𝑖 𝑗 Y 𝐻 U0𝐻 URF,
𝑗 A𝑖 𝑗 A𝑖 𝑗 URF, 𝑗 U0 Y .
𝐻Y

=I

(20)
The objective in (20) is only an approximation to the true
SE unless 𝑑 𝑗 = 𝐿 𝑟 , 𝑗 − 𝑁 𝑠, 𝑗 , since for smaller values of 𝑑 𝑗 the
residual SI, which has been neglected in (20), is not necessarily
zero. The advantage of such approximation is that (20) is a
standard problem whose solution Y can be found in closed
form: it is given by the 𝑁 𝑠,𝑖 left singular vectors of the 𝑑 𝑗 ×𝑁 𝑠,𝑖
𝐻
matrix 𝑼 0𝐻 𝑼 RF,
𝑗 A𝑖 𝑗 . Thus, writing the SVD of this matrix as
𝐻
𝐻
U0 URF, 𝑗 A𝑖 𝑗 = Y SV 𝐻 , and multiplying from the left by U0 ,
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Algorithm 3: Hybrid Full-Duplex combiner design

Algorithm 4: Hybrid Full-Duplex overall design
Function HybridDesign(H𝑖 𝑗 , 𝐿 𝑡 ,𝑖 , 𝐿 𝑟 , 𝑗 , 𝑏 𝑡 ,𝑖 , 𝑏𝑟 , 𝑗 , 𝑑 𝑗 ,
∀𝑖, 𝑗 ∈ {1, 2})
(F1 , F2 ) = AllDigDesign(H𝑖 𝑗 , ∀𝑖, 𝑗 ∈ {1, 2})
(FBB,1 , FRF,1 ) = HybridPrecoder(F1 , 𝐿 𝑡 ,1 , 𝑏 𝑡 ,1 )
(FBB,2 , FRF,2 ) = HybridPrecoder(F2 , 𝐿 𝑡 ,2 , 𝑏 𝑡 ,2 )
A1 ← H12 FRF,1 FBB,1 ,
A2 ← H21 FRF,2 FBB,2
B1 ← H11 FRF,1 FBB,1 ,
B2 ← H22 FRF,2 FBB,2
WRF,1 = HybridRFcombiner(A21 , B1 , 𝐿 𝑟 ,1 , 𝑏𝑟 ,1 )
WRF,2 = HybridRFcombiner(A12 , B2 , 𝐿 𝑟 ,2 , 𝑏𝑟 ,2 )
WBB,1 = HybridBBcombiner(WRF,1 , A21 , B1 , 𝑑1 )
WBB,2 = HybridBBcombiner(WRF,2 , A12 , B2 , 𝑑2 )
return FRF,𝑖 , FBB,𝑖 , WRF,𝑖 , WBB,𝑖 , 𝑖 ∈ {1, 2}
end

C 𝑁𝑟 , 𝑗 × 𝑁𝑠,𝑖 ,

Function HybridRFcombiner(A𝑖 𝑗 ∈
B 𝑗 ∈ C 𝑁𝑟 , 𝑗 × 𝑁𝑠, 𝑗 , 𝐿 𝑟 , 𝑗 , 𝑏𝑟 , 𝑗 )
Compute full SVD A𝑖 𝑗 = U 𝐴S 𝐴V 𝐴𝐻
WRF, 𝑗 ← P𝑏𝑟 , 𝑗 {[U 𝐴] :,1:𝐿𝑟 , 𝑗 },
𝐻
G ← B 𝑗B𝐻
𝑗 − diag{B 𝑗 B 𝑗 }
repeat
for 𝑢 = 1 : 𝑁𝑟 , 𝑗 do
η
 𝑢 = [G]
 𝑢,: WRF, 𝑗
WRF, 𝑗 𝑢,: ← −𝑒 𝑗𝑄{∠η𝑢 ; 𝑏𝑟 , 𝑗 }
end
until no change in WRF, 𝑗 ;
return WRF, 𝑗
end
Function HybridBBcombiner(WRF, 𝑗 ∈ C 𝑁𝑟 , 𝑗 ×𝐿𝑟 , 𝑗 ,
A𝑖 𝑗 ∈ C 𝑁𝑟 , 𝑗 × 𝑁𝑠,𝑖 , B 𝑗 ∈ C 𝑁𝑟 , 𝑗 × 𝑁𝑠, 𝑗 , 𝑑 𝑗 )
𝐻
Compute full SVD WRF, 𝑗 = 𝑼 RF 𝑺RF𝑽 RF

𝐻
C 𝑗 ← [𝑼 RF ] :,1:𝐿𝑟 , 𝑗 B 𝑗

max{𝑁𝑡 ,1 , 𝑁𝑡 ,2 , 𝑁𝑟 ,1 , 𝑁𝑟 ,2 } and 𝑆∗ = max{𝑁 𝑠,1 , 𝑁 𝑠,2 }, its complexity is 𝑂 (𝑁∗ 𝑆∗2 ) per iteration. The next step is to obtain
the hybrid precoders, with complexity 𝑂 (𝑁𝑡 ,1 𝐿 2𝑡 ,1 + 𝑁𝑡 ,2 𝐿 2𝑡 ,2 )
per iteration as dictated by the SVDs of the RF precoders.
Finally, to obtain the hybrid combiners, the dominating step
is given by the SVDs of the RF factors, with complexity
𝑂 (𝑁𝑟 ,1 𝐿 𝑟2 ,1 + 𝑁𝑟 ,2 𝐿 𝑟2 ,2 ).

𝐻
Compute full SVD 𝑪 𝑗 = 𝑼𝐶 𝑺𝐶 𝑽 𝐶
𝑼 0 ← [𝑼𝐶 ] :, (𝐿𝑟 , 𝑗 −𝑑 𝑗 +1):𝐿𝑟 , 𝑗
𝑷0 ← 𝑼 0𝑼 0𝐻
Compute
full SVD


𝐻

𝑷0 [𝑼 RF ] :,1:𝐿𝑟 , 𝑗
WBB, 𝑗 ←

A𝑖 𝑗 = U SV 𝐻
V. N UMERICAL RESULTS



[VRF ] 1:𝐿𝑟 , 𝑗 ,1:𝐿𝑟 , 𝑗 [SRF ] 1:𝐿𝑟 , 𝑗 ,1:𝐿𝑟 , 𝑗
return WBB, 𝑗
end

 −1

A. Half-Duplex benchmark

[U ] :,1:𝑁𝑠,𝑖

it is seen that
𝐻
𝐻
U0 U0𝐻 URF,
𝑗 A𝑖 𝑗 = U0 Y SV ,
|{z}
| {z }
P0

(21)

Q𝑗

with P0 the orthogonal projection matrix onto the subspace
spanned by the columns of U0 . Noting that the right-hand side
of (21) actually provides the SVD of the left-hand side, we
conclude that the optimal Q 𝑗 is given by the 𝑁 𝑠,𝑖 left singular
𝐻 A . By undoing the
vectors of the 𝐿 𝑟 , 𝑗 × 𝑁 𝑠,𝑖 matrix P0 URF,
𝑗 𝑖𝑗
change of variable, the baseband combiner can be retrieved as
−1
WBB, 𝑗 = 𝑽 RF, 𝑗 𝑺RF,
𝑗𝑸 𝑗.
The hybrid combiner design is summarized in Algorithm
3. Note that if the number of receive RF chains equals the
number of intended data streams, i.e., 𝐿 𝑟 , 𝑗 = 𝑁 𝑠,𝑖 , then the
only permissible value of the constraint dimension is 𝑑 𝑗 =
𝐿 𝑟 , 𝑗 = 𝑁 𝑠,𝑖 , see (19); the matrices U0 , Y become square
unitary, so that the objective in (20) becomes independent of
the variable Y . Thus, in this ”RF chain-limited” scenario, the
baseband precoder cannot provide any further improvement.
C. Complexity analysis
The overall hybrid design is summarized in Algorithm
4. As a first step, the all-digital precoders are obtained.
The computational load of the all-digital design is dominated by the SVDs required at each iteration; letting 𝑁∗ =

For comparison purposes, a hybrid HD design has also been
included in the simulation results. The hybrid HD precoders
and combiners were obtained by applying the iterative approximation method from Algorithm 2 to the optimal all-digital
matrices given respectively by the dominant right and left
singular vectors of the corresponding channel matrix. Note that
if, on one hand, the available bandwidth is split in half between
the 1 → 2 and 2 → 1 links, then for the same noise power
spectral density as in FD, the corresponding noise powers are
halved. If on the other hand orthogonal time slots of equal
duration are used instead, then for the same energy per symbol
as in FD the corresponding transmission powers are doubled.
In either case, the SNR values 𝜖 𝑖 𝑗 become 2𝜖𝑖 𝑗 , and since the
transmission of symbols s1 , s2 now takes two channel uses,
the HD spectral efficiency becomes
R HD =

2
1 ∑︁
log I 𝑁𝑠,𝑖 + 2𝜖 𝑖 𝑗 F𝑖𝐻 H𝑖𝐻𝑗 W 𝑗 W 𝑗𝐻 H𝑖 𝑗 F𝑖 ,
2 𝑖, 𝑗=1 2
𝑗≠𝑖

(22)
where F𝑖 = FRF,𝑖 FBB,𝑖 and W 𝑗 = WRF, 𝑗 WBB, 𝑗 are the overall
precoders and combiners.
B. Channel model
The simulation setting is as follows. Both nodes are
equipped with separate2 TX and RX uniform linear arrays
2 An alternative configuration consists of using the same array for TX
and RX incorporating circulators. However, it does not seem appropriate for
FD operation, as available circulators for mmWave frequencies provide low
isolation, and the application of propagation domain measures to mitigate SI
becomes more difficult [17].
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themselves in [0, 360◦ ]. Path gains are i.i.d. complex circular
Gaussian with equal variance. All channel matrices H𝑖 𝑗 are
normalized so that their squared Frobenius norms equal the
number of their entries. Array parameters in Fig. 2 were taken
as 𝛿 = 2𝜆 and 𝛼 = 𝛽 = 𝜋2 . For each parameter setting,
the spectral efficiency was computed by averaging over 300
independent channel realizations.
C. Performance of the proposed design

Fig. 2: Array configuration at a given node.

(ULAs) with 𝜆/2 inter-element separation (𝜆 is the wavelength). For the 1 → 2 and 2 → 1 links, the Saleh-Valenzuela
narrowband clustered model [4], [44], [45] is assumed, with
𝑁cl scattering clusters and 𝑁ray rays per cluster:
H𝑖 𝑗 =

𝑁ray
𝑁cl ∑︁
∑︁





𝑚,𝑛
𝑚,𝑛
𝐻
𝑔𝑖𝑚,𝑛
a
𝜙
a
𝜃
,
r,
𝑗
t,𝑖
𝑗
𝑖𝑗
𝑖𝑗

(23)

𝑛=1 𝑚=1

where at,𝑖 and ar, 𝑗 are the antenna array steering vectors at
the transmitter of node 𝑖 and receiver of node 𝑗, respectively,
evaluated at the corresponding angles of departure from transmitter, 𝜃, or arrival at receiver, 𝜙; and 𝑔𝑖 𝑗 are the complex
path gains.
Since the transmit and receive arrays at a given node will
be physically close to each other (especially so for portable
devices), the distance between their respective elements may
well be shorter than the Fraunhofer distance 2𝐷 2 /𝜆, where
𝐷 is the array aperture [46]; thus, neglecting reactive field
effects, the SI channel for node 𝑖 ∈ {1, 2} will be assumed
to have a line-of-sight (LOS) component, similarly to [17],
[29], [32], induced by the spherical wavefront model in the
near-field region:
!
(𝑖)
h
i
𝑟 𝑝𝑞
1
(𝑖)
,
(24)
HLOS
= (𝑖) exp − 𝑗2𝜋
𝑝𝑞
𝜆
𝑟 𝑝𝑞
(𝑖)
with 𝑟 𝑝𝑞
the distance from the 𝑝-th element of the TX array
to the 𝑞-th element of the RX array of node 𝑖. The TX and
RX arrays at a given node are assumed co-planar, with the
geometry of Fig. 2, so that 𝑟 𝑝𝑞 is given by (25) at the top of
the next page, where ℎ𝑡 , ℎ𝑟 are the inter-element separation at
the TX and RX arrays, respectively. We also assume a far-field
(𝑖)
component HREF
due to SI reflections in nearby scatterers,
following the same model as in (23), so that for a Rice factor
𝜅, the SI channel matrix is given by
√︂
√︂
𝜅
1
(𝑖)
H𝑖𝑖 =
HLOS +
H (𝑖) .
(26)
𝜅+1
𝜅 + 1 REF

In the simulations, we assumed 𝑁cl = 6, 𝑁ray = 10 for
all links, and 𝜅 = 10 dB for the SI channels, since the LOS
component is expected to be dominant in the SI channel.
Departure/arrival angles are Gaussian distributed with standard
deviation of 16◦ , and mean cluster angles uniformly distributed

The convergence behavior of the proposed scheme is illustrated in Fig. 3 for a single random channel realization in
a setting with 𝑁𝑡 ,1 = 𝑁𝑡 ,2 = 𝑁𝑟 ,1 = 𝑁𝑟 ,2 = 64 antennas,
𝐿 𝑡 ,1 = 𝐿 𝑡 ,2 = 𝐿 𝑟 ,1 = 𝐿 𝑟 ,2 = 8 RF chains and 𝑁 𝑠,1 = 𝑁 𝑠,2 = 4
data streams in each direction. The SNR at both nodes is set
to 𝜖12 = 𝜖21 = 5 dB, whereas the INR is 𝜖11 = 𝜖22 = 30 dB.
Fig. 3(a) shows the evolution of the sum spectral efficiency for
the all-digital design of Sec. III, with 20 random initializations
for the precoders. It is seen that convergence takes place in
a few iterations to a final value which is close to the upper
bound given by (5), and not very sensitive to initialization. In
Fig. 3(b), the evolution of the normalized approximation errors
∥F 𝑗 − FRF, 𝑗 FBB, 𝑗 ∥ 𝐹 /∥F 𝑗 ∥ 𝐹 , 𝑗 ∈ {1, 2} in the hybrid precoder
design of Sec. IV-A is shown as a function of the number of
column updates in the RF factor, for different bit resolutions
𝑏 𝑡 ,1 = 𝑏 𝑡 ,2 . As expected, convergence is monotonic, reaching
an error floor which decreases with larger bit resolution.
Fig. 4 shows the results in terms of sum spectral efficiency
in this setting, assuming phase shifters with resolutions 𝑏 𝑡 ,1 =
𝑏 𝑡 ,2 = 𝑏𝑟 ,1 = 𝑏𝑟 ,2 = 4 bits, and with the same constraint
dimension in the design of the baseband combiner at both
nodes, i.e., 𝑑1 = 𝑑2 = 𝑑. In Fig. 4(a), the INR is fixed at
𝜖11 = 𝜖 22 = 30 dB at both nodes, and the spectral efficiency is
shown as a function of the SNR 𝜖12 = 𝜖21 . This corresponds
to a case in which transmit power and antenna isolation levels
vary in the same proportion. The proposed FD hybrid design
clearly outperforms the HD scheme3 , following the trend of
the all-digital FD design, which in turn remains close to the
upper bound4 . The gap between the FD hybrid and digital
designs is seen to be between 4.5 and 6.5 dB, depending
on the constraint dimension. The role of the latter is better
illustrated in Fig. 4(b), which shows the spectral efficiency in
terms of INR (assumed the same at both nodes) for a fixed
SNR 𝜖12 = 𝜖21 = 0 dB; this corresponds to a case in which the
transmit power is kept fixed while the antenna isolation level
changes. Setting the constraint dimension to 𝐿 𝑟 , 𝑗 − 𝑁 𝑠, 𝑗 = 4
results in a ZF constraint on the self-interference, so that
performance becomes independent of the INR level. Increasing
the constraint dimension 𝑑 improves spectral efficiency in
the low INR regime; however, with stronger SI levels the
degradation is substantial. Thus, there is a tradeoff between
performance and robustness in the selection of the constraint
dimension, which should be driven by the effectivity of other
SI mitigation methods (antenna isolation and active analog
3 The HD curves assume the same array sizes, number of RF chains and
data streams as for the FD curves.
4 In all figures, the curves labeled ”FD upper bound” refer to the bound
given by expression (5).
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√︃
𝑟 𝑝𝑞 =

(𝛿 cos 𝛽 + ( 𝑝 − 1)ℎ𝑡 cos 𝛼 − (𝑞 − 1)ℎ𝑟 ) 2 + (𝛿 sin 𝛽 + ( 𝑝 − 1)ℎ𝑡 sin 𝛼) 2
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Fig. 3: Convergence of the proposed method. (a) Sum spectral efficiency, all-digital design; 20 random initializations. The
dashed line corresponds to the upper bound (5). (b) Normalized root mean square precoder approximation error, hybrid design.

cancellation). In this example, choosing 𝑑 = 5 provides a 10%
improvement in spectral efficiency with respect to 𝑑 = 4 under
weak SI, but with a 20% degradation for very high SI levels;
for 𝑑 ∈ {6, 7, 8}, larger improvements can be achieved for
low SI, but performance eventually drops below that of HD
for sufficiently strong SI.
Fig. 5 shows the results obtained by fixing 𝑑1 = 𝑑2 = 5
at both nodes, for different values of phase shifter precision
𝑏 𝑡 ,1 = 𝑏 𝑡 ,2 = 𝑏𝑟 ,1 = 𝑏𝑟 ,2 . The first observation is that the
approximation method from Algorithm 2 is very effective in
the design of hybrid HD precoders and combiners: the SNR
degradation with respect to the all-digital HD design due to
finite-precision phase shifters is 2.5 dB with 1-bit and less than
0.8 dB with 2-bit or larger resolution. In the FD case, direct
application of Algorithm 2 to obtain a hybrid factorization for
both the precoders and combiners would yield an unacceptable
performance loss (not shown for brevity), due to SI leakage resulting from approximation errors. However, with the proposed
method, the SI is explicitly taken into account when designing
the hybrid combiners, yielding acceptable performance with
practical finite-precision phase-shifters. As seen in Fig. 5, with
a resolution of 3 bits or larger the FD design becomes a better
alternative than HD in this setting; and even 2 bits may suffice
with good SNR and low-medium SI levels. Nevertheless, it is
clear that finer phase-shifter quantization is beneficial in terms
of robustness to SI.
To further clarify the impact on performance of finiteprecision phase shifters, Fig. 6 shows the spectral efficiency
in a scenario analogous to that of Fig. 5(b), but fixing the bit
resolution at either the transmit or receive arrays to a low value
of 2 bits. Thus, in Fig. 6(a) we fix 𝑏 𝑡 ,1 = 𝑏 𝑡 ,2 = 2 and represent

the results for different values of 𝑏𝑟 ,1 = 𝑏𝑟 ,2 ; and vice versa in
Fig. 6(b). It is seen that the payoff for increasing phase shifter
resolution is larger for the RX array than for the TX array;
this is because in the proposed design the RF combiners are
in charge of SI cancellation, a task requiring high accuracy.
In contrast, low-resolution phase shifters can be used at the
analog precoders without degrading performance much.
D. Comparison with previous methods
We compare the performance of the proposed FD hybrid
design (with constraint dimension 𝑑1 = 𝑑2 = 5) with a number
of recent approaches. First, we consider the one from Palacios
et al. [33] (labeled ”PRG”), the one from Satyanarayana el
al. [32] (”SEKMH”), and our previous work [31] (”LM”). In
the original development of these three methods, unquantized
phase shifters were assumed; therefore, we have modified
them to allow for phase shifter quantization by replacing all
projections onto the set of constant amplitude matrices by
projections onto the set of constant amplitude and quantized
phase matrices. It is seen in Fig. 7 that even with a relatively
fine quantization of 4 bits in all precoders and combiners, the
schemes from [31]–[33] degrade substantially (unless the SI
level is very weak), in contrast with the proposed design. This
is due to the sensitivity of SI cancellation to quantizationinduced inaccuracies in the beamformers.
Next we consider the hybrid beamformer design of Roberts
and Vishwanath [35] (”RV”). This design is based on the
hybrid approximation of certain fully-digital beamformers, in
which the columns of the analog beamformers are selected via
OMP from a suitable dictionary, e.g., the DFT codebook. For
𝑁-element arrays, this codebook requires phase shifter resolu-
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Fig. 5: Performance of the proposed design for different bit resolutions. 𝑁𝑡 ,𝑖 = 𝑁𝑟 , 𝑗 = 64, 𝐿 𝑡 ,𝑖 = 𝐿 𝑟 , 𝑗 = 8, 𝑁 𝑠,𝑖 = 4, constraint
dimension 𝑑1 = 𝑑2 = 5. (a) Spectral efficiency vs. SNR. (b) Spectral efficiency vs. INR.
tion of log2 𝑁 bits; thus, for a fair comparison, we substitute
such OMP step by the iterative approximation method from
Algorithm 2, which allows arbitrary resolutions. The setting
of [35], in which an FD node (say, node 1) transmits to and
receives from two HD nodes with no inter-node interference,
can be seen as a particular case of Fig. 1 in which H22 = 0 , or
equivalently, 𝜖 22 = 0. In [35], the baseband precoder FBB,1 is
obtained by a final projection step onto the null subspace of the
𝐻 W𝐻 H F
effective SI channel WBB,1
RF,1 11 RF,1 . This requires that
the number of transmit RF chains 𝐿 𝑡 ,1 satisfy 𝐿 𝑡 ,1 ≥ 𝑁 𝑠,1 +𝑁 𝑠,2
in order to simultaneously cancel SI and sustain the reception
of 𝑁 𝑠,2 data streams.
In this context, Fig. 8 shows the spectral efficiencies of both
approaches as a function of the INR at node 1, 𝜖11 , assuming
64-antenna arrays and 4 data streams per direction, for SNR

𝜖12 = 𝜖21 = 0 dB. For both designs, the beamformers of the
HD nodes are designed as in Sec. V-A. On one hand, with
8 RF chains at each frontend, cf. Fig. 8(a), both the design
from [35] and the proposed design with constraint dimension
𝑑1 = 4 are able to completely cancel SI. On the other hand,
with 6 RF chains per frontend, cf. Fig. 8(b), the condition
𝐿 𝑡 ,1 ≥ 𝑁 𝑠,1 + 𝑁 𝑠,2 does not hold, and null space projection is
not feasible for [35]. In that case, the proposed design clearly
outperforms that from [35] except for very low SI levels.
The design by Da Silva et al. [40] (”SSFF”) considers a
similar setting to that in [35], but with the difference that
the two HD nodes are equipped with a single antenna, so
that it is only possible to transmit one data stream in each
direction. The performance of our design and that from [40]
in this setting, assuming 64-antenna arrays and 2 RF chains per
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direction at the FD node, is shown in Fig. 9; the valid range
of constraint dimension values is in this case 𝑑1 ∈ {1, 2}.
It is seen that our approach is more robust to SI, especially
for a low value of the constraint dimension 𝑑1 = 1, as
expected from our previous discussions. The proposed design
has some additional advantages with respect to [40] in terms
of implementation: being based on a ZF approach, it does not
require knowledge of the SNR and INR levels; it does not
require parameter tuning, in contrast with the Penalty Dual
Decomposition approach in [40]; and it tends to converge
significantly faster.
It must be pointed out that [35] and [40] do not explicitly
take into account SI levels at the analog combiner output.
Although not shown for brevity, for the proposed design in
the settings of Fig. 8(a), Fig. 8(b), and Fig. 9 with 4-bit

phase shifters, those levels5 consistently remain 30, 35 and
50 dB below those of [35] and [40] respectively, significantly
reducing the likelihood of saturating the ADCs at the FD
node’s receiver. With 2-bit phase shifters, the corresponding
figures are 20, 25 and 40 dB respectively.
E. Effect of the number of RF chains and antennas
The design from [33] requires that the number of RF chains
be at least twice the number of data streams, a limitation absent
in other schemes. In particular, the proposed design is able to
provide valid precoders and combiners even if the number
of RF chains at the terminals is the lowest possible, i.e.,
5 Measured in terms of the Frobenius norm of the residual SI channel
𝐻 H F
WRF,1
11 RF,1 FBB,1 .
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the number of corresponding data streams. This is illustrated
in Fig. 10 for a setting in which each node was equipped
with 32-antenna arrays, the number of data streams in each
direction was 𝑁 𝑠,1 = 𝑁 𝑠,2 = 2, and the number of RF chains
𝐿 𝑡 ,𝑖 = 𝐿 𝑟 , 𝑗 = 2 for all 𝑖, 𝑗 ∈ {1, 2}. In this case the only
admissible value of the constraint dimension is seen from (19)
to be 𝑑𝑖 = 𝐿 𝑟 ,𝑖 = 2, 𝑖 ∈ {1, 2}, which means that the baseband
combiner is unable to provide additional SI mitigation. As
a consequence, performance drops significantly if the SI is
sufficiently strong. Nevertheless, with practical phase shifter
resolutions the proposed design remains competitive for a
sizable range of SI levels: for example, with a 0-dB SNR and
3-bit phase shifters, the performance of the hybrid FD design
remains above that of the HD scheme for INR values up to
33 dB; with 4-bit precision, the corresponding breakeven INR
point becomes 40 dB, see Fig. 10(b).

The effect of the number of RF chains is shown in Fig. 11,
for a setting with 64-antenna arrays, 4 data streams in each
direction, and for phase shifters with 2- and 4-bit resolution.
The same number of RF chains 𝐿 ∈ {4, . . . , 10} is assumed
at both nodes in both transmit and receive frontends, and for
each value of 𝐿, the smallest feasible value of the constraint
dimension 𝑑1 = 𝑑2 according to (19) is considered, so that
baseband combiners attempt to cancel the residual SI to the
best of their ability. Clearly, the proposed design is able to
efficiently exploit the availability of additional RF chains to
improve performance; particularly, with a larger number of
RF chains, the FD design becomes more robust to stronger SI
levels.
To investigate the impact of array size, we consider a setting
with the same number of transmit and receive antennas at both
nodes (𝑁𝑡 ,𝑖 = 𝑁𝑟 , 𝑗 ). The number of RF chains is fixed to 8
in all cases, and the number of streams is 𝑁 𝑠,1 = 𝑁 𝑠,2 = 4.
We assume designs with constraint dimension 𝑑1 = 𝑑2 = 4 in
all cases. The SNR and INR are set to 𝜖12 = 𝜖21 = 0 dB and
𝜖 11 = 𝜖22 = 30 dB, respectively. Results are shown in Fig. 12
in terms of spectral efficiency. It is seen that with relatively
small arrays (e.g. 16-element), the hybrid architecture has a
hard time exploiting the available degrees of freedom, even
with large phase-shifter resolution; the advantage of FD with
respect to HD materializes with larger arrays. Performance
practically saturates with 4-bit phase shifters, indicating that
the gap to the all-digital design is mainly due to the CA
constraint on the analog beamformers, rather than to the QP
constraint of phase shifters.
F. Channel estimation errors
To close this section we consider the impact of channel
estimation error (CEE) on the performance of the proposed
designs. Since SI-channel CEE is expected to have larger
impact than direct-link CEE due to the high sensitivity to SI
levels, we assume that H12 , H21 are perfectly known, whereas
H𝑖𝑖 = H̄𝑖𝑖 + E𝑖𝑖 for 𝑖 ∈ {1, 2}, with H̄𝑖𝑖 the true SI channel
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and E𝑖𝑖 the estimation error. Following [47], the entries of E𝑖𝑖
are independent and identically distributed, drawn from a zeromean circular complex Gaussian distribution with variance 𝛾𝑖 .
The parameter 𝛾𝑖 corresponds to the relative CEE power: since
H̄𝑖𝑖 is normalized to ∥ H̄𝑖𝑖 ∥ 2𝐹 = 𝑁𝑡 ,𝑖 𝑁𝑟 ,𝑖 , one has

E ∥E𝑖𝑖 ∥ 2𝐹
𝛾𝑖 𝑁𝑡 ,𝑖 𝑁𝑟 ,𝑖

= 
= 𝛾𝑖 .
(27)
2
E ∥ H̄𝑖𝑖 ∥ 𝐹
E ∥ H̄𝑖𝑖 ∥ 2𝐹
The assumed channel matrix H𝑖𝑖 is finally re-normalized
itself to satisfy ∥H𝑖𝑖 ∥ 2𝐹 = 𝑁𝑡 ,𝑖 𝑁𝑟 ,𝑖 . Results are shown in
Fig. 13 for a setting with 64-antenna arrays, 8 RF chains
and 4 data streams in each direction, assuming the same
SNR 𝜖 12 = 𝜖 21 = 0 dB, the same INR 𝜖11 = 𝜖22 , and the
same CEE level 𝛾1 = 𝛾2 at both nodes. Large CEE levels
degrade the performance of the digital FD design, because the
ZF condition cannot be guaranteed with imperfect SI channel
knowledge, and the hybrid FD design follows the same trend.
As shown in Fig. 13(a), for INR = 20 dB the SI channels
must be estimated with accuracy 𝛾𝑖 < −30 dB to avoid this
degradation; with INR = 40 dB, this figure drops to 𝛾𝑖 < −50
dB, see Fig. 13(b). It must be noted, however, that stronger
SI levels should result in more accurate SI channel estimates
(at least as long as ADC saturation is avoided in the training
stage), so that 𝛾𝑖 will generally be a decreasing function
of 𝜖𝑖𝑖 [47]. It is also seen that with moderate INR levels,
choosing the largest possible constraint dimension is beneficial
(𝑑1 = 𝑑2 = 8 in this setting); with stronger SI, this is not
necessarily the case, analogously to the perfect CSI case, cf.
Fig. 4.
VI. C ONCLUSIONS
Beamforming cancellation is a powerful tool for mitigating SI in mmWave full-duplex transceivers, but the hybrid
architecture imposes stringent constraints on the beamformers,
difficulting their design. Although this problem was partially
addressed in previous works which took into account the

lack of amplitude control of phase shifter-based implementations, the issue of phase shifter quantization has been largely
neglected, leading to severe performance losses due to SI
leakage. We have shown that it is possible to incorporate
these quantization constraints in the design, while cancelling
SI in the analog domain to avoid dynamic range issues at
the ADCs. The availability of RF chains can be leveraged
to compensate for coarser phase shifter quantization, and
the constraint dimension can be selected depending on the
expected SI levels. A good tradeoff can be achieved by
using low-precision phase shifters in the analog precoders in
exchange for higher resolution in the analog combiners.
Sensitivity to channel uncertainty is an important issue motivating further research on robust designs as well as SI channel
modeling and estimation at mmWave. Future work should
also address alternative architectures, such as the partially
connected structure, and extensions to wideband and multiuser
settings.
A PPENDIX A
S OLUTION TO (9)
Assume 𝑀 ≥ 𝑁 + 𝑃. If rank C = 𝑃′ < 𝑃, the constraint
′
X 𝐻 C = 0 can be replaced by X 𝐻 C ′ = 0, where C ′ ∈ C 𝑀 × 𝑃
has full rank 𝑃′ with the same column space as C. Thus,
assume w.l.o.g. that C has full rank 𝑃. Let the columns of the
semi-unitary matrix U0 ∈ C 𝑀 × ( 𝑀 − 𝑃) constitute an orthonormal basis for the subspace orthogonal to the columns of 𝑪.
Then X 𝐻 C = 0 iff X = U0 X0 for some X0 ∈ C ( 𝑀 − 𝑃) × 𝑁 .
In addition, X is semi-unitary iff X0 is semi-unitary. Hence,
(9) can be recast as
max log2 I 𝑁 + 𝜖X0𝐻 U0𝐻 AA 𝐻 U0 X0
X0

s. to

X0𝐻 X0 = I 𝑁 ,

(28)
whose solution is given by the 𝑁 dominant left singular vectors
of U0𝐻 A ∈ C ( 𝑀 −𝑃) × 𝑁 . If 𝑀 ≥ 𝑁 + 𝑃, then the rank of U0𝐻 A
is at most 𝑁, so that its SVD can be written as U0𝐻 A =
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X0 SV 𝐻 . In that case, with P⊥ = U0 U0𝐻 the orthogonal
projection matrix onto the subspace orthogonal to the columns
of C, one has P⊥ A = U0 U0𝐻 A = U0 X0 SV 𝐻 = XSV 𝐻 ,
which constitutes an SVD of P⊥ A, with X its dominant left
singular vectors.
A PPENDIX B
S OLUTION TO (12)
Let 𝑟 𝑖 = rank FRF,𝑖 . Note that 𝑁 𝑠,𝑖 ≤ 𝑟 𝑖 ≤ 𝐿 𝑡 ,𝑖 must hold for
a feasible solution of (12) to exist. Consider the SVD FRF,𝑖 =
𝐻 where U
𝑁𝑡,𝑖 ×𝑟𝑖 , S
𝑟𝑖 ×𝑟𝑖 and
URF,𝑖 SRF,𝑖 VRF,𝑖
RF,𝑖 ∈ C
RF,𝑖 ∈ C
𝐿
×𝑟
𝑡,𝑖
𝑖
VRF,𝑖 ∈ C
. Since the objective and constraint in (12)
depend on FBB,𝑖 only through the product FRF,𝑖 FBB,𝑖 , there is
no loss of optimality in assuming that FBB,𝑖 lies in the column
𝐻 F
space of VRF,𝑖 , i.e., VRF,𝑖 VRF,𝑖
BB,𝑖 = FBB,𝑖 . Let now X =
𝐻
SRF,𝑖 VRF,𝑖 FBB,𝑖 be the new optimization variable, and note

that the baseband factor can be obtained from X as FBB,𝑖 =
−1 X. The problem becomes
VRF,𝑖 SRF,𝑖
min F − URF,𝑖 X
X

2
𝐹

s. to

X 𝐻 X = I 𝑁𝑠,𝑖 ,

(29)

which is equivalent to maximizing Re Tr{X 𝐻 A} subject to
𝐻 F . Considering the
X being semi-unitary, with A = URF,𝑖
𝐻
SVD A = U 𝐴S 𝐴V 𝐴 , then by virtue of von Neumann’s trace
inequality [43], for X semi-unitary one has Re Tr{X 𝐻 A} ≤
Tr S 𝐴, and equality holds if X = U 𝐴V 𝐴𝐻 . Thus, the baseband
−1 U V 𝐻 .
factor is given by FBB,𝑖 = VRF,𝑖 SRF,𝑖
𝐴 𝐴
A PPENDIX C
A PPROXIMATE SOLUTION TO (13)
We seek to approximately solve (13), which is rewritten
here in more generic terms for notational ease:
min ∥F − FRF FBB ∥ 2𝐹
FRF

s. to

FRF ∈ V𝑏𝑁𝑡𝑡 ×𝐿𝑡 .

(30)
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only the last term in (35) depends on 𝑔𝑢𝑣 . Using (34) and (35)
in (33), we find that
 ∗
2
𝜂𝑢𝑣 + 𝑐,
(36)
e𝑣𝐻 F − g𝑣𝐻 FBB = 2 Re 𝑔𝑢𝑣
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𝑁 𝑠,𝑖 = 4, 𝑑 𝑗 = 4.

𝐻
𝐻
=
columnwise as FRF
Let us write FRF
𝐿𝑡 ×1
[ g1 g2 · · · g 𝑁𝑡 ], with g𝑖 ∈ V𝑏𝑡
for all 𝑖. Also,
let e𝑖 be the 𝑖-th column of the identity matrix. Then the cost
in (30) can be rewritten as

∥F − FRF FBB ∥ 2𝐹 =

𝑁𝑡
∑︁

e𝑖𝐻 F − g𝑖𝐻 FBB

2

.

(31)

𝑖=1

The 𝑖-th term in the right-hand side of (31) depends only on
g𝑖 . Therefore we can focus on
min e𝑣𝐻 F − g𝑣𝐻 FBB

2

s. to

g𝑣

g𝑣 ∈ V𝑏𝐿𝑡𝑡 ×1 .

(32)

Í
Now let g𝑣 = [ 𝑔1𝑣 𝑔2𝑣 · · · 𝑔 𝐿𝑡 𝑣 ] 𝑇 = 𝐿𝑗=1 𝑔 𝑗𝑣 e 𝑗 . We
seek now to isolate the contribution of the individual entry
𝑔𝑢𝑣 . Developing (32),
e𝑣𝐻 F − g𝑣𝐻 FBB

2

𝐻
= g𝑣𝐻 FBB FBB
g𝑣 + e𝑣𝐻 F F 𝐻 e𝑣
 𝐻
− 2 Re g𝑣 FBB F 𝐻 e𝑣 .
(33)

Note that
g𝑣𝐻 FBB F 𝐻 e𝑣

=

∗
𝑔𝑢𝑣
e 𝐻 F F 𝐻 e𝑣
∑︁𝑢 BB
𝐻
+
𝑔 ∗𝑗𝑣 e 𝐻
𝑗 FBB F e𝑣 ,

(34)

𝑗≠𝑢

where the last term does not depend on 𝑔𝑢𝑣 . On the other
hand,
𝐻
g𝑣𝐻 FBB FBB
g𝑣

=
=

𝐿𝑡 ∑︁
𝐿𝑡
∑︁

𝐻
𝑔 ∗𝑗𝑣 e 𝐻
𝑗 FBB FBB e 𝑘 𝑔 𝑘𝑣

𝑗=1 𝑘=1
𝐻
e𝑢𝐻 FBB FBB
e
∑︁ ∑︁ 𝑢
∗ 𝐻
𝐻
+
𝑔 𝑗𝑣 e 𝑗 FBB FBB
e 𝑘 𝑔 𝑘𝑣
𝑗≠𝑢 𝑘≠𝑢

(

)

∗
+ 2 Re 𝑔𝑢𝑣

∑︁

𝐻
e𝑢𝐻 FBB FBB
e 𝑘 𝑔 𝑘𝑣 (35)
,

𝑘≠𝑢

where we have used that |𝑔𝑢𝑣

|2

(37)

Í

0
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𝐻
e
g𝑣 − F 𝐻 e𝑣 ,
e𝑢𝐻 FBB FBB

= 1 for g𝑢 ∈ V𝑏𝐿𝑡𝑡 ×1 . Note that

with e
g𝑣 ≜ 𝑘≠𝑢 𝑔 𝑘𝑣 e 𝑘 = g𝑣 −𝑔𝑢𝑣 e𝑢 (thus, e
g𝑣 is obtained from
g𝑣 after setting its 𝑢-th entry to zero).
Thus, if we assume that all entries of g𝑣 are fixed except
for  𝑔𝑢𝑣 , the optimal value of the latter should minimize
∗ 𝜂
Re 𝑔𝑢𝑣
subject to 𝑔𝑢𝑣 ∈ V1×1
𝑢𝑣
𝑏𝑡 ; the solution is given
by 𝑔𝑢𝑣 = −𝑒 𝑗𝑄{∠ 𝜂𝑢𝑣 ; 𝑏𝑡 } . In view of this, we propose an
iterative scheme in which the entries of the RF precoder are sequentially updated via 𝑔𝑢𝑣 = −𝑒 𝑗𝑄{∠ 𝜂𝑢𝑣 ; 𝑏𝑡 } until convergence
(which must necessarily take place, since at each iteration the
objective in (30) does not increase). Note that 𝜂𝑢𝑣 depends
only on 𝑔𝑖𝑣 , 𝑖 ≠ 𝑢, so that the terms 𝑔𝑢1 , 𝑔𝑢2 ,. . . ,𝑔𝑢𝑁𝑡 can be
updated simultaneously; i.e., the update of the RF precoder
can be done columnwise.
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