Efficient Real Single-Tone Frequency Estimator
Based on a Normalized IIR Notch Filter

Abstract

A novel unbiased frequency estimator for a single real-valued sinusoid in white noise is proposed, which is based
on a normalized second-order Infinite Impulse Response (IIR) notch filter, an can be seen as an extension of the
Pisarenko Harmonic Decomposer (PHD) estimator. The new estimator inherits the simplicity of the PHD estimator
and the high accuracy and selectivity achieved by an IIR filter. As the coefficient determining the pole angle of the
IIR notch filter depends on the unknown frequency value, an iterative scheme is proposed in which this coefficient
is computed from the frequency estimate from the previous iteration. An analytic expression for the Mean Square
Error at each iteration is derived. Simulation results show that this iterative method can approach the Cramer-Rao
Lower Bound in a few iterations under different Signal to Noise Ratio levels, provided that the data record length is
sufficiently large.

|. INTRODUCTION

Estimation of the frequency of a sinusoidal signal in the presence of broad-band noise is a common problem
in signal processing [1]. Numerous techniques have been developed for its treatment [1], [2], including Maximum
Likelihood (ML) estimation [3], notch filtering [4] and methods based on the linear prediction (LP) property of
sinusoidal signals such as Prony’s method, instrumental variable methods [5], iterative filtering [6], Yule-Walker
methods [7] and subspace schemes such as truncated singular value decomposition, MUSIC and ESPRIT [2].

The ML estimator is known to be statistically efficient in the sense that its variance asymptotically achieves the
Cramer-Rao Lower Bound (CRLB), but it requires the maximization of a highly nonlinear and multimodal cost
function [3], [8], with the corresponding high computational burden. On the other hand, computationally ssmple
estimators can be obtained by exploiting the LP property of the sinusoidal signal, but they result in suboptimum
performance. Among these, the Pisarenko Harmonic Decomposer (PHD) [9] is of historical interest, since it was
the first to exploit the eigenstructure of the covariance matrix of the observations, and its performance has been
extensively studied [10], [11]. Interestingly, for the case of a real-valued single sinusoid the PHD estimator can be
implemented in a very simple way [12].

Some attempts to improve the performance of the PHD estimator can be found in the literature. In [13] a variant
termed Reformed PHD (RPHD) was proposed. Its performance is superior to that of the original PHD, although the
statistical analysis in [13] revealed its inefficiency. Another estimator in the Pisarenko framework was derived in
[14] from a generaized eigenvalue problem, as a solution to a constrained Weighted Least Squares criterion. The
high computational load of this method, however, precludes its application to situations requiring rapid frequency
estimation.

The above estimators are esentially off-line (i.e. batch) methods. A different approach to frequency estimation
is the use of on-line (i.e. adaptive) notch filters. In fact, adaptive versions of Pisarenko’s method are possible,

August 1, 2008 DRAFT



which attempt to match the angular positions of the zeros of a Finite Impulse Response (FIR) filter to the unknown
frequencies of the sinusoids. However, high noise rejection and sharp cutoff bandpass characteristics are desirable
traits which can only be obtained with very high order FIR structures, and thus Infinite Impulse Response (IIR)
notch filters have become a popular choice. Several algorithms have been developed for the adaptation of these
systems, essentially seeking the minimum point of some cost function; see e.g. [15, Ch. 10] and the references
therein.

It is natural then to ask whether off-line frequency estimators based on the idea of IR notch filtering could be
devised. The main difficulty in this sense is the fact that the notch filter output is not a linear function of the IIR
filter parameters, and thus no Wiener-Hopf type closed-form expression for the optimum filter exists. However, if
the recursive portion of the IIR notch filter is regarded as fixed, the minimization problem becomes a quadratic
one.

The main contribution of this paper is to derive a computationally simple estimator based on the minimization
of the Least Squares (LS) cost function defined as the output power of a new normalized IIR notch filter. The
normalization constant is chosen so as to ensure that the frequency estimate is unbiased. The statistical analysis of
the proposed method, of which the RPHD estimator turns out to be a particular case, is derived in terms of the
Mean Square Error (MSE) of the frequency estimate.

In essence, the recursive part of the IR notch filter acts as a data prefilter that enhances the sinusoidal component
over the noise background. For this purpose, the prefilter parameter must be tuned to the true frequency value. As
this value is a priori unknown, an iterative scheme is proposed in which, at each iteration, the prefilter parameter
is obtained based on the frequency estimate from the previous step. Simulation results show that convergence is
usually achieved in a few iterations, whereas the performance turns out to be very close to the CRLB for a range
of Signal to Noise Ratio (SNR) values, provided that the data record length is sufficiently large.

This paper is organized as follows. In Section 11, the frequency estimation problem is formulated and the IR notch
filter approach is presented. In Section |11, the new normalized IR notch filter is introduced and the estimator based
on the minimization of the corresponding LS cost function is derived. The relationship of the proposed estimator
with the PHD method is discussed and an iterative implementation is proposed. Performance is analyzed in Section
IV, whereas the selection of the notch filter bandwidth is discussed in Section V. Simulations are presented in
Section VI and conclusions are drawn in Section 6.

[I. PROBLEM FORMULATION
Consider the problem of estimating the unknown frequency w o of areal-vaued sine wave s(i) immersed in white
noise u(z). The observed signal, y(i), is given by
y(i) = () +u(i) @
= asin(woi + ) + u(i), 1<i<N,
where « is the sinusoid amplitude, ¢ is a random phase uniformly distributed in the interval [—m, 7|, u(i) is a
real-valued zero mean white noise process with variance o2, and IV is the number of observations. We assume that

the processes u(i) and s(i) are statistically independent. The SNR is defined as SNR = a?/(202), and assumed
unknown.
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Usually, a second-order IR filter with constrained parameterization is used for notch-filter-based estimation. The
following structure is typically used in practice [4]:
Az (z7h) 1+ agz~ !+ 272

H& r = = ) 2
or(27) Az (rz=1) 14 agrz—t +r2z72 2

where a9 = —2coswo, @ is the frequency estimate and the parameter » (0 < r < 1) is known as the pole
contraction factor.

Note that the zeros of A;,(»~1) are on the unit circle, at angular locations +&. The basic idea underlying notch-
filter-based estimation techniques is the minimization, with respect to a, of the power of the notch filter output
when the input is the observed signal y(i). Due to the presence of a in both the numerator and the denominator of
(2), this output power is a nonquadratic function of a. It is known that in the noise-free case this cost function is
unimodal, with its only minimum at ag = ag = —2 coswy as desired [15], [16]. Seeking this minimum is feasible
via e.g. an on-line gradient descent procedure, but obtaining an off-line estimate based on this paradigm is not
straightforward. Moreover, the presence of the noise term w(¢) in (1) will ater the location of this minimum, unless
the pole contraction factor is sufficiently close to one [16].

For these reasons, we consider the minimization of the output power but fixing the denominator in (1), i.e. the
notch filter transfer function becomes now

Az, (z71)
Ha pr(z7l) =222 2
07b7 (Z ) Ab(T’Zﬁl) (3)
where b is now a fixed parameter. A typica choice for b is the true parameter a( = —2 coswyp; Since ag is not

available, later on we will present a means to select b.

I1l. CLOSED-FORM ESTIMATOR BASED ON A NORMALIZED |IR NOTCH FILTER

As a first step in the development of the frequency estimator, the appropriate normalization for the recursive
data prefilter is derived. Then the estimate is presented in closed form, together with the iterative procedure for the
selection of the prefilter.

A. Choice of normalization factor
Direct minimization of the power of e(i;ao) = Ha, .- (27 1)y(i) with respect to a, leads to a biased estimate of

ag. To see this, write this power as

- (" ;

B0} = - [ Hapns ()PS, (@) @

where S, (w) is the power spectral density (psd) of y(¢), which is the sum of the psd's of s(i) and u(), namely
Sy(w) = Ss(w) + Su(w) ©)

where
Ss(w) = — [6(w +wo) + 0(w —wo)],  Su(w) =0y (6)
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Therefore the output power (4) can be split into the signal and noise induced terms:

E{e’(i5a0)} = Js(ao) + Ju(ao), (7)
2

a — R Jwo)|2
Js(GJO) 47T|Hao,b,r(e )| ) (8)
n@w) = 5 [ Hagu el ©

M) = o . ao,b,r .
Substituting the expression of the notch filter Hz, 5 -(2~!) one obtains
. a? o — ag)>

Jila) = (o — do) (10

4 (1 = 712)2 —r(1 +r2)aob + r2(ad + b2)’
_ o (L+72)ad — 4ragh + 2r26* — 2rt 42
= . 11
Ju(ao) Oy (1 _ 7'2) [(1 + 7“2)2 _ 7“2b2] ( )

Note that the signal induced term J(ag) is minimized when ay = ao, as desired. On the other hand, since the

noise induced term J,,(ao) is a function of ao, the minimum of E{e?(i;ao)} will depend on the noise power o 2.
As aresult, minimizing (4) in the presence of noise will result in a biased frequency estimate. This bias problem
would be avoided if the noise induced term could be made independent of the parameter @ . To do so, and in view
of (11), we propose to normalize the IIR notch filter by the following strictly positive function of a ¢, parameterized
by b and r (withr € [0,1[ and b € [-2,2] ):

My = /(14 72)3 — dréioh + 2262 — 204 + 2. (12)
This results in a new IIR notch filter )
= _ Haopr(271)
H& r b= 2 . 13
07b1 (Z ) Ma07b7r ( )
The expression of the power of the corresponding output é(i; a o) = Ha, b, (2 1)y(i) is now
E{EQ(Z.; dO)} - js(d()) + ju; (14)
- Js(a = Ju (@
Ja(ao) = 2( o) R, g A}f 0) (15)
ao,b,r ao,b,r

By design, J, is independent of @,. On the other hand, the global minimum of J,(do) is still located at ao = ay.
Although J, (@) is no longer a quadratic function of @, (in contrast to J,(do)), it turns out that it till enjoys
a unique minimum at ag = ag. This can be seen by noting that the only solution different from ay = ag of

dJs(ag)/0ag = 0 is
2(1 —rb+r2b? — %)
4drb — (1 4+ r2)ag

which can be easily shown to correspond to a maximum of J,(ao).

g = (16)

B. Frequency estimator

In order to obtain a frequency estimator in closed form based on the ideas of the previous subsection, we adopt
an LS approach.

Given b, r, we define as before the output of the normalized IR notch filter as é(i;a o) = Hag .- (27 )y(i). The
empirical power is then obtained as

N
Py (o) = g S0 &), (a7
=3
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In order to obtain the minimizer of (17) we must solve
N e~
S e 4o) 22080 _ (18)
=3 dao
To do so, let w(i) be the signal obtained by prefiltering the data (i) with the all-pole filter 1/4,(rz~1). Then we
can write

1

e(i; ag) = [w(i) + Gow(i — 1) + w(i — 2)], (19)
Mz b,
from which one readily obtains
de(izap) 1 - o . .
i v [(2rb = (14 r2)ao) (w(i) + wi - 2))
+2(1 — rbig + 262 — rHYw(i — 1)} . (20)

Thus the LS minimizer must satisfy the quadratic

InaG: +nnag — 20n = 0, (21)
where
N
wo= Yy [(1 +72) (w(i) + w(i — 2))* = 2(1 +720* — r* + 2)22(i — 1)} : (22)
=3
N
Iy = Y [2rba?(i— 1)+ 1+ r?)w(i — 1) (w(i) + w(i — 2))] (23)
=3
ov = Y [rb(w(i) + wli = 2))” + (14725 = rtw(i = 1) (w(i) +w(i - 2)] (24)
=3

Of the two roots of (21), one corresponds to a maximum of P (@) and the other one is the solution sought:

vk +80non
Gy = I Vy F 819NQN, (25)
29N
which provides the desired frequency estimate as
Wy = arccos (—%) , with  ag = sgn(ao) - min{2, |ao|} (26)
For sufficiently large IV, a ssimplified version of (25) can be derived. Note that for large NV, the following hold:
R R -
mZmQ(n)zmZxQ(n—l)%mZxQ(n—Z), (27)
=3 =3 =3
R -
N 3 wn)w(n — 1) ~ N 3 Zw(n — Dw(n —2). (28)
=3 =3

Hence, the estimate (25) asymptotically converges to
2 (1412 =b%) po+ (1+72) p2+ VA

dn = — 29
& 2rhpo + (L1 72) ] 9
where
A = [P (1+r* =0 po+ (L+7?) p2]2
+ 8 [rbpo + (1 + 7“2) p1] [rb (po + p2) + (1 + r2b? — 7“4) Pl (30)
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and with the empirical autocorrelation coefficients defined as
1 N
Pp = N _3 2 w(@)w(i—p) for p=0,1,2. (31
In order to check the unbiasedness of the proposed estimator, note that the prefiltered signal w(:) consists of a
sinusoid in colored noise, and that the empirical autocorrelation estimates (31) asymptotically converge to the true

values

cos(pwp) o2 2P~ ldz

li = 4+ . 2
NS PP |Ap (redwo) |2~ 275 | Ap (rz—1) Ap (r2) (32)

Using the residue theorem for the evaluation of the integral in (32), it is found that

. N 2
Alim po = (L+7%) & + Qag b, (33)
) )
dmpr= by = T unr (39
. a2
1\}{1100 P2 = —T2 (TQ - b2 + 1) gT,b + (?O - 1) Qag,b,r> (35)
with
2
. O—u
Er,b = B ) (36)
(1= r2) ((1+72) = r252)
2
(6%
Qag,b,r (37)

2 ((1 — 122 — (14 r2) agh + 2 (a2 + b2)) '
Substituting in (29) the asymptotic values of p,, given by (33)-(35), it isfound that @, convergesto ag = —2 cos (wyp).
Thus the proposed estimator is asymptotically unbiased.

C. Relation with the PHD estimator

In the case of a single rea-valued tone, the PHD estimate [9], [10], [12] is obtained in terms of the unit-norm
eigenvector [vg v1 v2]? corresponding to the smallest eigenvalue of the 3 x 3 sample autocorrelation matrix
po P1 P2
o Po P>
P2 P11 Po
where g, denotes the lag-p sample autocorrelation coefficient of the observations y(7), given by:
1 N
o= > uyli—p). (38)

D
1=p+1
The corresponding eigenvector is symmetric (v = vp), and the frequency estimate is taken as the angular position

w of the zero of the transfer function vo + v127 1 + vgz~2 [12]
x =2 =2
W = arccos <M—M> . (39
4p1
In the same vein, a similar estimator was derived in [13] based on the linear prediction property of sinusoidal
signals. Termed Reformed PHD (RPHD), it is obtained under a constrained LS criterion and is given by

Vow) 2
W = arccos <’yN VN 851\[) ; (40)

48N
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where

YN =

-

(IvG) + 4G —2)* =29 - 1)), (4D

=3

By = D ) +yli—2)y(i —1). (42)

=3
Consider now the IIR notch filter-based closed-form estimator (25)-(26). It turns out that for the particular case
r = 0 (i.e. when no data prefiltering is applied), the frequency estimate (26) corresponds to the RPHD estimate
(40), whereas the estimate obtained by using the asymptotic expression (29) in place of (25) corresponds to the

PHD estimate (39). Hence, both PHD and RPHD are obtained as particular cases of the proposed scheme.

D. Iterative update of the data prefilter

Observe that, if properly chosen, the data prefilter 1/A4,(r2~1) has the potential to enhance the desired frequency
over the noise, thus improving the effective SNR. So far we have assumed that the parameter b of the prefilter is
fixed a priori. Note that this parameter determines the angular position of the poles of the data prefilter, and thus
ideally one would like to choose b = a¢g = —2 coswy. Since wy is of course not available, it seems natura to use
an iterative scheme in which the prefilter is designed at each iteration based on the frequency estimate obtained in
the previous step. In the first iteration, » = 0 can be used (and thus the RPHD estimate is used to initialize the
recursion), after which a suitable value r > 0 is set. The iterative procedure is summarized as follows:

1) Obtain an initial estimate . based on RPHD (i.e. (25) with r = 0).

Set r to a suitable value r € (0,1). For k=1, 2, 3, ...

2) Set b = a{* ") and obtain the prefiltered data w(i) = [1/Aywm (rz=1)]y(i).

3) Compute the new estimate &é’“) using (25).

4) Repeat Steps 2 and 3 until convergence. Obtain the frequency estimate @ via (26).

IV. PERFORMANCE ANALYSIS

By a Taylor series argument, and assuming small errors, the MSEs of the estimates @y and ap = —2 cosw, are

easily shown to be related by
__ MSE(ao)
—

MSE(&o) wo ¢ 10,7} (43)

T 4sin®wg
First we derive the MSE of a, for afixed value of b. Once this is done, a recursion for the MSE of a (()k) at iteration

k will be obtained, which will yield the desired MSE value after convergence.

A. MSE for fixed b

For given values of b and r, the estimate ag must satisfy
N

> e (izao) ¢ (i;a0) = 0, (44)

=3
where ¢ (i; ag) = [0¢e (i;a)/0al ,_g, - Assuming small errors, we can use a first-order expansion of Fy (ao) around

.1
FN(GO)Zm

aQ
Fy (ao) ~ Fy (ao) + B (ao — ao), (45)
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where
OFyN(a)

= = 46
B da ... (46)
Using the weak law of large numbers, the evaluation of 3 for sufficiently large N yields
2
«
8= 5 . 47)
2M§07byr {(1 —r2)" —r (1 +7r2)aph+1r? (a3 + bQ)}
The terms neglected in (45) go to zero faster than |ao — ag| when N is sufficiently large.
It follows from (45) that the MSE is
- - E[F2Z(a
MSE(a0|b):E[(ao—ao)2|b} ~ %. (48)

The evaluation of E [F]%,(ao)] for large N is done in the Appendix. The resulting asymptotic expression for the
MSE is

2
2 Cagr [(1=12)7 =1 (L 72) agh + 12 (a3 +12) |
MSE (ao|b) ~ 2 1 2) [p2,-2 2)2 ’ (49)
N -SNR Mg ., (L=12) [02r2 — (1 +12)?]
where
Cooir = 2[aobr(1+7%) — (1 =122 = (a2 + b*)r2]* x {(4 — 302 + af) + 4b(ao — ad)r

— [4(1 +b%) = (3 + 7b%)ad — ad]r® — 4b[(2 + b*)ag + ag)r®
—[4(1 = 3b*) — (7 + 3b*)ad)r" — 12baor® + (4 + ad)r®} . (50)

For the particular case » = 0, (49) reduces to the following known approximation for the MSE of the RPHD

estimator [13]:
4 [a§ — 3ad + 4]

NSNR?(a3 +2)2°

M SERPHD ~ (51)

B. Evolution of the MSE

The previous analysis assumed b was fixed. At step k of the proposed iterative estimation scheme, the MSE of
a'™ will be approximately given by the expected value of (49) after setting b = b (¥):

MSE (ag’“) ~E {MSE (agm b(k>)} (52)

Since the iteration sets b(%) = Fz(()k’_l), we assume that 5*) = ao + e(®), with () a zero mean random variable

with variance

E{(c")2} = E{(b™ - a0)?} = msE (aff V). (53)
Let f(b) = MSE (d(()k’)\ b), and consider a second-order expansion of f(b(¥)) around a:
of(b) (e®)? 821 (b)
(k)Y ~ (k) ZJ\7)
FO) = flao) +e™ =5 - t o |, (54)
Taking the expectation of (54), one has
_(k)\ 1 _(k-1)\ 0*f(b)
MSE (ao ) ~ f(ao) + MSE (ao ) o | (55)

At the first iteration, @) coincides with the RPHD estimate, and hence MSE (&(()0)) is given by (51).
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The evaluation of f(ag) shows that
(1 —r)3ho(ag,r)

_ 7 56
f(ao) N SNR? %9
where
ho(ao, T’) =
A +7)? —adr)? [A0+r?) (1 +r)? + ad(r? — 1073 — 272 — 2r — 3) + af(3r? — 2r + 1)]
(14 )1 +72)2 — a2r2] [2(1 + 7)(1 + 72) — 3a2r + a3]’ '
On the other hand, X )
0°f(b) _r (1 —r)hl(zao,r)7 (57)
oL/ P N SNR
where ; )
Z —0 pm(r)aom
h _ m= . 58
(a0, ) (14 7)(2r3 + 2r2 — 3aZr + 2r + a2 + 2)4(1 + 2r2 + r* — r2a2)3 (58)
The terms p,,,(r) are polynomia functions of r of degree up to 20.1
As k goes to oo, the MSE at convergence can be obtained from (55) since
_(00)) 1 _(c0)) O°f(D)
MSE (ao ) ~ f(ao) + 2MSE(aO ) o |, (59)
Solving equation (59) and using (43), one finally has
2(1—1)3
M$ (a}(()oo)) ~ 5 ( T) ho(a‘O) T') . (60)
[2N SNR? — 72(1 — r)hy(ag,7)](4 — a?)

C. Numerical examples

Computer simulations had been carried out to validate the theoretical MSE of the proposed estimator. The
magnitude of the input sine wave is set to /2 and its phase is randomly selected in [0, 27[. All results are averages
of 10% independent experiments.

The theoretical MSE at convergence (60) as a function of » and for different sequence lengths N is shown in
Figs. 1 and 2, for SNR = 10 and 0 dB respectively. The sinusoid frequency is wg = 0.47. Also shown are the
empirical results obtained after three iterations of the proposed estimator. This empirical MSE agrees reasonably
well with the theoretical expression, more so for large IV, as expected. We aso note that, as r approaches 1, this
match requires larger values of N. Observe that considerable improvements with respect to RPHD (r = 0) can be
achieved by selecting r > 0.

Fig. 3 shows the theoretical and empirical MSE versus N in a very noisy setting (SNR=—10 dB), again for
wo = 0.47 and with » = 0.8. It is observed that convergence is achieved in two to three iterations. Even in this
low SNR setting a good match between the theoretical and experimental values is obtained if IV is large enough.

1The exact expressions of p,,(r) are available upon request.
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Fig. 1. Mean squared frequency errors versus r, SNR=10 dB, wp = 0.47.
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Fig. 2. Mean squared frequency errors versus r, SNR=0 dB, wy = 0.47.

August 1, 2008

0.6 0.7 0.8 0.9

10

DRAFT



11

O  Simulated MSE (1 iteration)
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Theoretical MSE (at convergence)| |

MSE, dB

Fig. 3. Mean squared frequency errors versus N, SNR=-10 dB, r = 0.8, wp = 0.47.

V. SELECTION OF THE POLE CONTRACTION FACTOR

As seen above, a proper choice of » can improve noticeably the performance of the estimate. Fig. 4 shows the
behavior of the theoretical MSE in terms of » for wg = 0.4w, N = 5000 and different SNR levels. The optimal
parameter rq, Minimizing the MSE depends on the SNR. The higher the SNR, the larger r o is for a given iteration
number. On the other hand, if the SNR is sufficiently low, a value of r too close to 1 in the first iteration can result
in degraded performance. Thus in low SNR settings the performance of the proposed estimator becomes sensitive
to the initial choice of the parameter r. Fig. 5 plots the theoretical MSE versus r» for wy = 0.47, N=10000, SNR
= 0 dB. It is seen that rqy also depends on the sequence length V.

Fig. 6 and Fig. 7 display rqy as a function of the iteration number for different NV and SNR levels, and for
wo = 0.47 and 0.1 respectively. It is seen that oy increases with the iteration number. The initial and final values
of ropt @lso depend on wg, N, and the SNR level.

These observations motivate the selection of a different pole contraction factor » () at different iterations. In
practice, no a priori information is available on the input sine wave so that its frequecy may fall outside of the
prefilter passband, especially for small SNR and/or short data lengths. Therefore it makes sense to use a wider
passband at the first iteration that becomes narrower as iterations evolve. This ‘bandwidth thinning’ strategy is
common in the design of adaptive notch filters [15]. A simple way to do this is to let » grow exponentialy from
() to afina value r(°) according to

D = e (1A <A< 1. (61)

The parameter \ determines the change rate of r (%), which should be larger for large data lengths in order to speed
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up convergence. On the other hand, with short data records a slower variation of r should help increase sensitivity
to the presence of the sine wave. Thus, A should somehow be inversely proportional to V.

In our simulation studies, we apply the algorithm with the numerical values
r) =0.75; () =0.995.
The value ) = 0.75 was chosen as the smallest pole contraction which has significant effect on the bandwidth
of the notch filter, corresponding to the worst situation, where small sequence length N is available and low SNR
environment is considered. The value r(>) = 0.995 was found to yield most accurate results in estimating the sine

wave frequency.
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Fig. 4. Mean squared frequency errors versus r, wp = 0.4m, N=5000.
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Fig. 5. Mean squared frequency errors versus r, wp = 0.47, SNR=-10 dB, N=10000.
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VI. SIMULATION RESULTS

In the following experiments we have made use of the following parameter values for the adjustment of the pole
contraction factor: () = 0.75, »> = 0.995, and

A(N) =0.93/(1 + (N/200)?). (62)

Fig. 8 shows the MSE aong the iterations for wy = 0.4, setting SNR = 10 dB, and for N = 20, 200 and 1000.
Similarly, in Fig. 9 we fix N = 200 and consider SNR = 0, 10 and 20 dB. Also shown is the (approximate) CRLB
for this frequency estimation problem [17]:

12
N3 SNR’
A noticeable improvement can be observed with just one iteration; furthermore, convergence is achieved in about

varcr (@Wp) & (63)

four iterations, and the achieved MSE is very close to the CRLB.

Next we compare the proposed estimator (using four iterations) with the RPHD [13] and ML [3] estimators.
Fig. 10 shows the MSE versus SNR for wg = 0.47 and N = 200. The ML estimate performs very close to the
theoretical optimum in the whole range SNRe [—5,20] dB considered. The proposed estimate is also very close
to this optimum, except at very low SNR, and with a much smaller computational cost. The MSE of the RPHD
estimate is considerably far above the CRLB.

Fig. 11 plots the MSE versus N for wy = 0.47, SNR=10 dB. Again, in addition to outperforming RPHD, the
MSE achieved by the proposed estimate is very close to the CRLB as soon as N > 20.

Fig. 12 shows the variation of the MSE as a function of wq for SNR = 10 dB and N = 20. The proposed estimate
performs close to the CRLB for wy close to 0.5, whereas the ML method attains this bound for wg € [0.17,0.97].
Fig. 13 shows the corresponding results when the data length is increased to N = 200. The range of frequencies
over which the proposed estimate attains the CRLB has significantly expanded. These results highlight the good
behavior of the proposed method in high SNR even for short data records.

Fig. 14 shows the MSE as function of wg for N = 1000 in a noisy setting for which SNR = 0 dB. Performance
is comparable to that of the ML estimator, and to the CRLB (except near the critical frequencies {0, 7}). This
shows that the proposed estimator can yield optimum estimation performance even with low SNR levels provided
the data length is sufficiently large.

From Figs. 10-14, we can conclude that the proposed estimator is superior to the RPHD estimator and can achieve
very good estimation performance. It can approach the CRLB for sufficiently high SNR and/or high data lengths.

VIlI. CONCLUSIONS

An asymptotically unbiased estimator for single sinusoid detection in the presence of white noise was presented.
This new estimator minimizes the LS cost function given by the output of a normalized IIR notch filter. It was
shown that the estimator variance can approach the CRLB under different SNR levels if the number of data points
is sufficiently large. The accuracy of this estimator and its computational simplicity make it attractive in practice
and is a motivation for further generaization to the case of multiple sinusoid detection.
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Fig. 10. Mean squared frequency errors versus SNR, wy = 0.4,

Fig. 11. Mean squared frequency errors versus N, wy = 0.47, SNR = 10 dB.
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APPENDIX

For notatinal convenience, let f(z~') = Hayp,r(27") and G(2 ') = [0Hap,(27")/0a] ,_, . Specifically, one

has Bl
o
6™ = T — T 64

ap,b,r
where B(z~!) is a second-order symmetric polynomia (i.e., B(z) = B(z~')z~2) given by

B(z™Y) = [2rb — ap(1 + 7“2)] +2(1 — agbr 4 b*r? — 7“4)2_1 +[2rb —ao(1 + 7“2)]2'_2. (65)

Introduce also the signals

Il
=
N|
A
SN—
@
—
~.
SN~—
+
]
Py
N|
A
SN~—
I
=~
>
S—

€ (i;a0)

Y (isa0) = G(z7Hs(i) + Gz Huld)).

Using these, we can write

1 N N
E[FY (a0)] = mZZE[e(i;ao)w(i;ao)e(j,ao)w(ﬁao)]

s
- DN Ela(i)z() Ek(0)k())]
i=1 j=1
1 N N
+ 3 DY E(i)o(h)(i)k ()]
=1 j=1
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Since v(1), k(i) are Gaussian, it holds that (see [18])

Elo(@)v()r()x()] = El(@)o(5)] Elx()x(5)]

+ E[u(@)r(7)] E[v()x(@)] + E[o(D)x ()] E[v(7)x(7)] -

Therefore we can write
E[FX (a0)] =To+Ti+ To + T

where
1 N N
To = -5 .Y El@)z()]E[s(i)r()],
i=1 j=1
1 N N
T, = —QZZE[v(i)v(j)]E[H(i)fe(j)],
S
T, = — > Y E[p(i)s()]E[(i)s()],
i=1 j=1

Ty = 15 3 S EROROIERGIRG) = B o)),

20

(66)

(67)

(68)

(69)

(70)

(71)

Note that F [v(i)k(3)] is the derivative with respect to a (evaluated a a = a) of the noise gain of the normalized

notch filter H(z~1). By design, this noise gain does not depend on a and therefore T'3 = 0. On the other hand, in

order to evaluate T,y we use the following approximation for large V:

N-1
Ty = — 3 (N—[DE[()a(+ D] E[s(i)s(i +D)
I=—N+1
1 —1 . . ' . 1 N-1 . . ' .

= Ele(i)z(i + DI E[p(r(i + )] - 57 Y MER(Dz(i + D] Els(i)s(i + )]

l=—N+1 I=—N+1
~ % S Efa(i)e(i + D) Es(i)r(i+1)].

l=—00

Let {hx}7, be the impulse response of H(z~!). Then we have
l=—00 k=0
= U—]\I;E Z Z hia(i — k)hpx(i — m)}
m=0 k=0

_ %E{[ﬁ(z*)x(i)f}z :

since x(i) is a sinusoid with frequency wo and H(z~!) has zeros at z = e*7«o,

Similarly, the following approximations for T'; and T can be derived for large V:

2

no~ JRE{[HGEGE )

T, ~ N“E{[Hz(z_l)u(i)] (G ()]}
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Due to the symmetry property of the numerators of the transfer functions H(z~'), G(z~!), it holds that the

right-hand sides of (74) and (75) are equal; thus 11 ~ T5. Finally, using the residue theorem, we have

4
QO—uCaO;bJ’

(1—7r2)|b2r2 — (1+ r2)2} 7

E[Fy (a0)] =~ 2Ty ~
NM3

a(),b,T

(76)

where Cy, 1. is given in (50).

(4
(2
(3l
(4
(9]
6]
(7
(8l
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(1]
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