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Abstract—Multibeam satellite systems are nowadays widely
employed, and their use is expected to grow in the next decades.
This has raised the interest for signal processing techniques able
to mitigate the interference among beams, since they could enable
a much more aggressive spectrum reuse. From an engineering
point of view, the system design must consider as an option
aggressive frequency reuse patterns, with the need to evaluate
the performance of the corresponding interfering canceling
techniques for the usual impairments and non-idealities ofthe
satellite link. In this paper, we investigate the effect of apractical
impairment of great importance, namely, the attenuation due to
the rain, on the performance of a return link which performs
MMSE interference canceling. Analytical expressions are derived
for a number of performance measures based on the statistical
characterization of the rain attenuation.

Index Terms—Multiuser detection; on-ground beamforming;
rain fading; multibeam satellites.

I. I NTRODUCTION

In the last few years, the use of multiple spot beams in
modern broadband satellites has increased, in an effort to serve
higher throughput demands with a scalable cost. For this task,
frequency reuse among users beams is required and, if total
spectrum reuse is the goal, then it is necessary to somehow
counteract the interference among beams that appears due to
the side lobes in the satellite’s radiation pattern.

Recently, many studies such as [1], [2], [3] have been
conducted in order to evaluate the performance of interference
mitigation techniques. As shown in these references, the trend
is to shift the complexity of the extra processing needed to the
Earth segment, by relaying the whole set of received signals
to the gateway station. More specifically, the performance of
the return link of such a full on-ground architecture was in-
vestigated in [4], featuring an adaptive coding and modulation
(ACM) enhanced DVB-RCS physical layer. Results showed an
increase in throughput at the cost of some loss in availability.

From an information theoretic point of view, the return
link corresponds to a multiple access channel (MAC) [5]. Its
maximum sum rate is known to be achieved via successive
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interference cancellation with minimum mean-squared error
filtering at each stage (MMSE-SIC) [6]. However, much sim-
pler, linear alternatives, such as the zero-forcing (ZF) receiver
or the plain linear MMSE receiver (LMMSE) ([7], [8]) are
also popular because of their lower computational complexity.

However, the use of these techniques demands new sys-
tem design strategies that predict their performance, under a
number of practical impairments, and make design decisions
accordingly. One of the most important impairments, specially
in bands such as the Ka band and above, is the attenuation
induced by the presence of rain in the link.

In this paper, we will focus on studying the performance of
a return link impaired by rain fading. It will be shown that the
achievable sum rate tends to suffer a constant loss as the SNR
increases, and that such loss can be computed in closed form
from the parameters of the rain fading distribution. Moreover,
an expression for the probability of outage of the instantaneous
capacity will be derived, and the behavior of a given user’s
SINR after interference canceling will be additionally studied,
showing that it results in a scaling of its original value by
a rain-dependent variable; all these results will be testedby
detailed computer simulations.

The remainder of the paper is structured as follows: Sec-
tion II describes the system model and the performance metrics
that will be studied, Section III derives expressions for the
system MSE and the performance of a single user in terms
of SINR, Section IV presents analytical expressions for the
maximum sum rate of the system under rain fading, Section V
reports the results obtained by computer simulations and,
finally, conclusions are drawn on Section VI.

II. SYSTEM MODEL AND PERFORMANCEMETRICS

A. Model under Study

The object of study consists of a single satellite which gives
service to a region covered byK beam spots; a single user
link is active at a given time and carrier block at each beam.
The satellite uses a fed reflector antenna array withN (N ≥
K) feeds to exchange signals with the user terminals (UT).
All these signals will be relayed through a feeder link to the
gateway station (GW) on Earth. In the sequel, we will assume
a single gateway and neglect the possible impairments caused
by the feeder link.



Figure 1. Descriptive graphic of the system model assumed.

The mathematical model of the return link reads

y = Hs+ n (1)

wherey is anN×1 vector that contains the symbols received
at each feed,s is a K × 1 stack of the symbols transmitted
by each user,n is the N × 1 vector of zero-mean complex
white Gaussian noise samples, such thatE

[

nnH
]

= N0 ·Σ,
andH represents theN ×K channel matrix (see Fig. 1 for a
graphical description). The channel flat-frequency response is
parameterized as

H =
√
P ·GA (2)

whereP is the transmit power, which we will assume equal
for all users, and each matrix is described in the following
paragraphs.

1) Feed Radiation Pattern and Path Losses: G is assumed
to be anN ×K matrix that accounts for the gains of the feed
radiation pattern, the on-board attenuation and the free space
losses; recall that the feeder link is considered transparent.
Matrix G can be considered deterministic upon the assumption
of fixed stations on Earth.

2) Atmospheric Fading: The attenuation due to atmospheric
phenomena can be significant in bands such as the Ka-band.
In this study, we will focus on the effect of rain fading upon
the performance of our system. To do so, we use the common
assumption (see for instance [9]) that rain attenuation, indB,
can be modeled following a log-normal distribution, as spec-
ified in Recommendation ITU-R P.1853; letLi be the power
loss suffered by thei-th user, in dB, thenLi ∼ LN (µi, σ

2
i ),

where µi is the log-normallocation parameter and σi the
shape parameter. Consequently, the corresponding amplitude
attenuation value in natural units will be expressed as

li = 10−
Li
20 (3)

and the associated complex fading coefficient as

ai = lie
jφi (4)

whereφi represents random fluctuations in the phase; in this
study, its behavior will be left unexplained because, as we
will show, it will have no effect on the performance metrics
considered.

Following the considerations above, matrixA can be ex-
pressed as

A =











l1 0 · · · 0
0 l2 · · · 0
...

...
. ..

...
0 0 · · · lK





















ejφ1 0 · · · 0
0 ejφ2 · · · 0
...

...
. . .

...
0 0 · · · ejφK











= LΦ

(5)

Firstly, it is important to notice thatAHA = AAH = L2.
Secondly, through all the work we will be assuming that the
different li are independent, that is, that the spatial correlation
among the rain attenuation experimented by the different
beams is negligible. As explained in [10], this correlation
decreases fast with the beam radius, so that it can be neglected
for most beam sizes of practical interest; as an example, in
[9] the correlation is treated as zero for a beam diameter of
250 km.

B. Performance Metrics

1) Maximum Sum Rate: Recall that, from an information
theoretic point of view, the satellite RL is a MAC channel
and, thus, the achievable sum rate is upper bounded by the
expression of theergodic capacity, that is [11],

K
∑

i=1

Rk ≤ C = E

[

log2 det

(

I+
1

N0

HΣ−1HH

)]

(6)

where we are assuming full Channel State Information (CSI)
at the receiver. Throughout this paper,C will be referred to as
the maximum sum rate, while its value before performing the
expectation, i.e.,log2 det

(

I+ 1

N0
HΣ−1HH

)

will be called
instantaneous capacity.

The interest of this metric relies on the fact that it provides
an upper bound to the achievable performance. Moreover, the
MMSE-SIC receiver is known to achieve the maximum sum
rate in an ideal case [6] and, as it will be shown, insights
on the spectral efficiency of much simpler receivers can be
derived from it also.

2) Mean Squared Error after LMMSE: One of the main
drawbacks of the MMSE-SIC combiner is its complexity,
which may render it unusable in systems with a large number
of users. Among the remaining interference mitigation tech-
niques, the plain LMMSE receiver is one of the most popular
ones, partly because of its optimum balance between noise
suppression and interference cancellation, and also because of
its relatively low computational complexity. Its expression is



as follows: from the received vectory, the transmitted symbols
would be obtained aŝx = WHy with [7]

WH =
(

I+HHΣ−1H
)−1

HHΣ−1. (7)

We will be interested in studying the mean-squared error
(MSE) after combining, which is defined asE{|x− x̂|2}. Its
covariance matrix, denoted asQ, would read as

Q = Rs −RsyR
−1
y Rys =

(

I+
1

N0

HHΣ−1H

)

−1

(8)

where the error for thei-th user would be expressed as

ǫ2i = Qii (9)

so that, averaging over all the users, the following expression
is obtained

ǫ2 =
1

K
traceQ. (10)

3) SINR after LMMSE: For the case of the LMMSE
receiver, it is possible to go even further and derive the
expression of a specific user SINR after performing this
processing. In fact, one of the main interests for studying the
MSE metric is that its expression is closely related to that of
the SINR:

ρi =
1

ǫ2i
− 1

=
1

Qii
− 1

= hH
i

(

Σ−1 +HiH
H
i

)−1
hi

(11)

wherehi denotes thei-th column ofH andHi is the result of
removing thei-th column fromH. Note that the well-known
last equality can be obtained, after some derivations, fromthe
identity

[

B−1
]

11
=

1

B11 − u1B
−1
1 v1

(12)

whereB is a matrix of the form

B =

(

B11 u

v B1

)

. (13)

Before going further, let us make a useful simplification:
from now on, we will assume thatE

[

nnH
]

= N0I. This
assumption comes without loss of generality since, in any case,
Σ is positive semidefinite by definition, and therefore admits
a factorization of the formΣ = Σ

1
2Σ

H
2 , so that all the results

that will be derived from now on could be straightforwardly
extended by simply substitutingG by Σ−

1
2G.

III. C HARACTERIZATION OF MEAN SQUARED ERROR AND

INDIVIDUAL SINR

In this section, we will start by characterizing the MSE and,
from its expression, we will obtain the SINR of a given user.
In order to accomplish this task, we will make a high SNR
analysis.

In the high SNR regime, the LMMSE receiver converges to
the Zero Forcing (ZF) receiver; recalling Equation (10), the
expression of the MSE can be approximated by

ǫ2 ≈ 1

K
trace

(

1

N0

HHΣ−1H

)

−1

. (14)

From the assumption above, and plugging the expression of
H from Equation (2), the result is

ǫ2 =
1

K
trace

(

P

N0

AHGHGA

)

−1

=
1

K
· N0

P
trace

(

A−1(GHG)−1A−H
)

=
1

K
· N0

P
trace

(

L−2(GHG)−1
)

.

(15)

Now, in the absence of rain fading, the mean squared error
would read as

ǫ2u =
1

K
· N0

P
trace

(

(GHG)−1
)

=
1

K

N0

P

K
∑

i=1

(GHG)−1
ii

(16)
while the rain attenuation changes this expression to

ǫ2 =
1

K
· N0

P

K
∑

i=1

l−2

i (GHG)−1

ii (17)

which is, in principle, a random variable provided that the
values li are random. In general, the pdf ofǫ2 cannot be
computed in closed form. However, its mean value can be
obtained by

E
[

ǫ2
]

=
1

K
· N0

P

K
∑

i=1

µ̃imi (18)

upon the assumption of independence among the different rain
attenuation coefficients, and wherẽµi = E[l−2

i ]. Moreover,
if all the coefficients share the same mean, then the result
simplifies to

E
[

ǫ2
]

= µ̃ǫ2u. (19)

In other words, the existence of rain fading scales the system
mean squared error by a factorµ̃.

The same formulation can be used to obtain the SINR
experienced by a single user after LMMSE combining at the
receiver. From (11), substitution yields

ρi =
1

ǫ2i
− 1 =

1

l−2

i ǫ2ui
− 1 = l2i (ρui + 1)− 1, (20)

whereρui represents the deterministic post-combining SINR
of the i-th user without rain.

In order to analyze this expression, we will need the
probability density function (pdf) of l2i . To do this, we will
make use of the following, more general result:

Let di = 10αLi, α < 0, then the pdf ofdi is (see Appendix
A)

fd(di) = − 1√
2πσ

· 1

di ln di
· e− 1

2

(ln(α−1 ln di)−β)
2

σ2 (21)
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Figure 2. Probability density function of the random variable di = 10αLi

for different values ofα andµ, for fixed σ = 1.

with β = µ + ln ln 10, di ∈ (0, 1) and µ and σ denoting
the log-normal parameters introduced in Section II-A2. For
illustration purposes, Fig.2 plots the pdf for different values
of the log-normal parameters andα.

Coming back to our problem, settingα = −1/10 yields
the pdf of l2i . Now the effect of rain fading at high SINR
can be roughly seen as a scaling by a random variable in the
range (0, 1) whose mean and variance lack of closed-form
expressions but can be computed numerically. Note that the
SINR does not depend on the rain fading experienced by other
users; this is so because at high SNR the LMMSE receiver,
like the ZF receiver, tends to cancel all the interference.

IV. CHARACTERIZATION OF THE SUM RATE

In this section, we will present the statistical characterization
of the sum rate and of theinstantaneous capacity C̃, i.e.,
the value of the maximum sum rate before performing the
expectation. For this purpose, approximations for low and high
SNR will be made, assuming perfect CSI at the receiver. While
the former will be shown to share interesting symmetries with
the MSE at high SNR, the latter will prove much more useful
from an engineering point of view, since it will allow to
compute in closed form the performance loss induced by the
rain only from its statistical parameters.

A. High SNR

Firstly, let us rewrite the instantaneous capacity in the
following way,

C̃ = log2 det

(

I+
1

N0

HHH

)

= log2 det

(

I+
P

N0

AHGHGA

)

= log2 det

(

I+
P

N0

L2GHG

)

(22)

by using the well-known identity det (I+BC) =
det (I+CB) [12]. Now, if the SNR is high, then we
can approximate

C̃h ≈ log2 det

(

P

N0

L2(GHG)

)

= log2 det

(

P

N0

GHG

)

+ log2 det(L
2)

= Chu −
(

−
K
∑

i=1

2 log2 li

)

= Chu −∆c

(23)

whereChu stands for the sum rate without rain –which is
assumed deterministic– and∆c is a random variable which
denotes the detriment in capacity caused by rain fading. If we
denoteξi = −2 log2 li, and recalling thatli = 10−

Li
20 , then

we have for the probability distribution of

ξi = −2 log2 10
−

Li
20

=
1

10 log10 2
Li

≈ 1

3
Li,

(24)

so that

ξi ∼ LN
(

µi + ln

(

1

3

)

, σ2
i

)

, (25)

finally yielding

∆c =

K
∑

i=1

ξi ξ ∼ LN (µi − ln(3), σ2
i ). (26)

Unfortunately, the distribution of a sum of independent
log-normal random variables does not have a closed-form
expression. There are, however, a couple of alternatives that
we can follow in order to complete the characterization of
∆c. Firstly, a log-normal approximation for the distributionof
the sum was derived in [13] by matching the first and second
order moments. Following this result, we would obtain

∆c ∼ LN (µT , σ
2
T ),

σ2
T = ln

(

∑K
j=1

e2µj+σ2
j (eσ

2
j − 1)

(
∑K

j=1
eµj+σ2

j /2)2
+ 1

)

,

µT = ln





K
∑

j=1

eµj+σ2
j /2



− σ2
T

2
.

(27)

This approximation, however, results in almost intractable
expressions which provide limited insight on the behavior of
the term∆c. In order to obtain simpler expressions, we will
now make use of the assumption ofK being relatively large;
in this case, we can resort to the Central Limit Theorem (CLT)
to obtain

∆c ∼ N
(

1

3

K
∑

i=1

eµi+σ2
i /2,

1

9

K
∑

i=1

(

eσ
2
i − 1

)

e2µi+σ2
i

)

. (28)

See Appendix B for a complete proof.



This new formulation is of great practical interest. Its
most immediate application is the computation of the outage
capacity, namely

Pout(C) = P [C < CTH ]

= P [Λc > Chu − CTH ]

= Q





Chu − CTH − 1

3

∑K
i=1

eµi+σ2
i /2

1

3

√

∑K
i=1

(

eσ
2
i − 1

)

e2µi+σ2
i



 .

(29)

Another important use is the computation of the maximum
sum rate, i.e.,

C = E

[

C̃
]

= Chu − E [∆c]

= Chu − 1

3

K
∑

i=1

eµi+σ2
i /2.

(30)

From an engineering point of view, this result is rather
interesting. It implies that, as the SNR rises, the effect ofrain
attenuation upon the maximum sum rate of such a multibeam
satellite system is that of a constant loss in natural units,whose
expression can be conveniently computed in closed form. In
other words, the maximum achievable sum rate will increase
as the SNR increases –since that will be the behavior ofChu–
and the loss induced by the rain will always be the same and,
more importantly, its value can be determined in closed form
from the statistical parameters of the log-normal distributions.

B. Low SNR

To find an approximation for the low SNR regime, we will
make use of the common approximationln(1 + x) ≈ x.
Starting from (22), if we denote byλi{P} the i-th largest
eigenvalue of matrixP, we obtain

C̃ =

K
∑

i=1

log2

(

1 +
P

N0

λi

{

L2GHG
}

)

≈ 1

ln 2

K
∑

i=1

P

N0

λi

{

L2GHG
}

=
P

N0 ln 2
trace

(

L2GHG
)

=
P

N0 ln 2

K
∑

i=1

l2i ‖gi‖2.

(31)

It is worth noticing the similarities between the instanta-
neous capacity at low SNR and the MSE at high SNR; indeed,
in the case where all the pdfs share the same parameters, the
maximum sum rate is

Cl ≈ E{l2}Clu (32)

where this time the sum rate without rain is denoted byClu.
As we can see, the maximum sum rate is scaled by a factor
between zero and one, depending only on the rain statistics;
its value can be computed via numerical integration as will be
shown in the next section.
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Figure 3. 1-CDF of the considered rain attenuation distributions.

V. SIMULATION RESULTS

A. Scenario Description

In order to test the validity of the above derived approxi-
mations, Monte Carlo simulations have been carried out for
a scenario inspired on practical data. This section reports
the obtained results, showing the accuracy of the expressions
derived and their ranges of applicability.

The simulated scenario, for which some parameters are
summarized in Table I, featuresK = 100 beams covering the
whole Europe area; the satellite antenna pattern was provided
by ESA, and corresponds to an array fed reflector antenna
with N = 155 feeds. The user link operates at 30 GHz (Ka-
band) and has a total available bandwidth of 500 MHz with
full frequency reuse among the beams. Each user, however, is
served by a single carrier with baudrate equal to 4 Msymb/s
and guard bands that amount to the 11% of its bandwidth [14].
Users employ ACM based on the specifications given by the
DVB-RCS2 standard [15].

Results have been averaged for a total of 1,000 rain fad-
ing realizations. The 100 beams have been split in halves
between two possible rain fading profiles, one featuring
(µ = −2.6 , σ = 1.3) and the other(µ = 1.03 , σ = 1);
50 beams were assigned to each profile. The former was
obtained by fitting to the empirical data reported in [16], which
corresponds to the city of Rome; on the other hand, the latter
has been designed so as to produce an average rain attenuation
of 4.6 dB, thus allowing to simulate a more rainy environment.
Fig. 3 shows one minus the cummulative distribution function
of each of these log-normal attenuation profiles.

A wide range of transmit powers has been covered for
illustration purposes, although it is worth stressing thatthe
most extreme values do not correspond to practical cases. Also
note that, for the remainder of the paper, the term Equivalent
Isotropic Radiated Power (EIRP) will refer to the EIRP per
carrier.



Table I
SIMULATION PARAMETERS

Simulation parameters

Atmospheric fading (µ = −2.6 , σ = 1.3)

(µ = 1.03 , σ = 1)

UTs location distribution Fixed, one per beam

Feed gain patterns Provided by ESA

Level of CSI Perfect CSI

Receiver noise figure 2.5 dB

Total receiver noise temperature 517 K

B. Results

Fig. 4 depicts the evolution of the SINR of a single user,
picked at random, as a function of the EIRP per carrier. The
figure shows how the derived approximation fits well above
35 dB of transmit power. As previously stated, the value of
E
[

l2i
]

seems to lack of a closed form expression, but it can
be readily computed via numerical integration. The result
obtained for this case was close to -3 dB which, as expected,
is the separation between both curves –in the y axis– for
high values of EIRP. Note that the derived approximation is
intended for high SNR only, although it holds here for most
of the power range because the interferers to the selected user
share the same rain statistics parameters.

On the other hand, Fig. 5 shows the evolution of the
maximum sum rate. For this case, approximations for both
high and low SNR regimes are available, fitting rather well
below 20 dBW and above 40 dBW, respectively; it is worth
noticing that 42 dBW to 50 dBW is the range of EIRP values
considered in the DVB-RCS implementation guidelines [17];
for comparison purposes, the figure also plots the performance
results obtained by the described system when employing
the DVB-RCS2 modulation and coding specifications. Again,
the computation of the approximation at low SNR requires
numerical integration to findE

[

l2i
]

, while a closed form
expression is available for the high SNR interval; let us remark
that, although the curves with and without rain fading seem to
converge, there always exists a detriment in capacity, which
is additive in natural units and obeys to Equation (30). From
this equation, the performance of the system above EIRP =
40 dBW can be accurately predicted from the deterministic
value ofChu and the rain statistics, as shown in the figure.

The behavior of the detriment in capacity is also exemplified
in Fig. 6 by means of the probability of exceedance, that is,
the probability of the detriment∆c exceeding a certain value,
shown in the x axis. Although the accuracy does not seem
remarkable, it does provide information about the system’s
behavior by taking into account only the statistics of the rain
fading.

VI. CONCLUSIONS

In this paper, we have obtained expressions for the SINR
and maximum sum rate of a multibeam satellite system that
performs LMMSE interference canceling but suffers from rain

10 20 30 40 50 60 70
−20

−10

0

10

20

30

40

EIRP (dBW)

S
IN

R
(d

B
)

 

 
Post-MMSE SINR with rain fading
Post-MMSE SINR without rain fading
Derived aproximation

Figure 4. Post-MMSE combining SNR of a user, chosen at random. Half
of the users experiment (µi = 1.03, σi = 1) and the other half (µi =
−2.6, σi = 1.3).

10 20 30 40 50 60 70
10

0

10
1

10
2

10
3

EIRP (dBW)

C
a
p
a
ci

ty
(b

p
s/

H
z)

 

 

Sum rate without rain fading
Sum rate with rain fading
High-SNR aproximation
Low SNR aproximation
DVB-RCS2- without rain fading
DVB-RCS2 - with rain fading

Figure 5. Evolution of the sum rate as a function of the EIRP per carrier.
Half of the users experiment (µi = 1.03, σi = 1) and the other half (µi =
−2.6, σi = 1.3).



20 40 60 80 100 120 140 160
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

∆c (bps/Hz)

P
ro

b
a
b
il
it
y

o
f
ex

ce
ed

a
n
ce

 

 
Analytical approx.
Monte Carlo

Figure 6. Probability of the detriment in capacity exceeding some value.
Half of the users experiment (µi = 1.03, σi = 1) and the other half (µi =
−2.6, σi = 1.3).

attenuation. It has been shown that, as the SNR grows, the loss
in terms of sum rate tends to be a constant value depending
only on the statistics of the rain fading processes, while a
user’s SINR tends to suffer a scaling which depends on its
rain attenuation only. Computer simulations have demonstrated
the accuracy of the derived expressions, illustrating alsoother
relevant issues such as the probability of outage and the
performance gap with respect to a system employing DVB-
RCS2.

APPENDIX A
DERIVATION OF THE PDF OF10αLi

As already stated, the rain attenuation in dB follows a
log-normal distribution, but in this work we will be more
interested in modeling it in natural units, though, since this
is the value that appears in matrixL. Its expression will be
given by li = 10−

Li
20 where we are assuming thatLi is a

value to be subtracted in dB, and therefore the minus sign in
the exponent is necessary. However, through this work we will
need to characterize the pdf not only of the attenuation, but
also of its value squared. For this reason, we will state the
more general problem of deriving the pdf ofdi = 10αLi, with
α < 0, and we will changeα according to our needs.

This is nothing but the problem of deriving the pdf of a
random variable transformation, which can be written as

di = g (Li) = 10αLi . (33)

According to [18], the pdf of a transformation follows

fd(di) = fL(g
−1(di))

∣

∣

∣

∣

∂g−1(di)

∂di

∣

∣

∣

∣

. (34)

From this expression, differentiation and substitution yields

g−1(di) =
ln di
α ln 10

∣

∣

∣

∣

∂g−1(di)

∂di

∣

∣

∣

∣

=
1

|α| di ln 10
(35)

where we have used the fact thatdi will always be positive.
Now, recalling that

fL(Li) =
1

Li

√
2πσ

· e− 1
2

(lnLi−µ)2

σ2 , (36)

we can substitute to obtain

fd(di) =

1

di|α| ln 10
1

ln di

α ln 10

√
2πσ

e−
1
2

(ln(α−1 ln di)−ln ln 10−µ)2

σ2

= − 1√
2πσ

· 1

di ln di
· e− 1

2

(ln(α−1 ln di)−β)2

σ2

(37)

with
β = µ+ ln ln 10. (38)

In what refers to thecumulative distribution function (cdf),
its expression is obtained by integration and results into

Fd(di) = −1

2

(

−2 + erfc

(

− ln
(

α−1 ln di
)

+ β√
2σ

))

= Q

(

ln
(

α−1 ln di
)

− β

σ

)

.

(39)

APPENDIX B
PROOF OFEQUATION (28)

First of all, we must prove that the CLT can be applied in
this case, even though the random variables are not i.i.d. The
following is known to be a set of sufficient conditions for the
CLT to hold (see [18, p. 283]):

1) The sum of the variances tends to infinity as the number
of variables increases:

lim
n→∞

n
∑

i=1

σ2
i = ∞. (40)

2) There exist somec > 2 and some finiteK such that
∫

xcfi(x)dx < K ∀i. (41)

The first proposition is trivial to prove in our case, since
σ2
i > 0 ∀i. With respect to the second proposition, we need

to prove that some central moment of order higher that two
is finite for all the involved variables. To do so, we will first
obtain the expression of any central moment as [19]

mξ(c) =

∫

xcfξ(x)dx =
1

3
ecµ+σ2c2/2. (42)

From this expression, it is clear that the second condition
also holds and, as a consequence, the CLT can be applied. The
expression of∆c would then be



∆c ∼ N
(

K
∑

i=1

µ̂i,
K
∑

i=1

σ̂2
i

)

(43)

where µ̂i and σ̂2
i stand for the mean and variance of thei-

th log-normal component, respectively (note that the ordinary
log-normal distribution parametersµ and σ2 represent dif-
ferent things, namely, thelocation parameter and thescale
parameter), and their expressions follow

µ̂i = mξ(1) =
1

3
eµ+σ2

i /2 (44)

and

σ̂2
i =

∫

(x− µ̂i)
2fξ(x)dx

=
1

9

(

eσ
2
i − 1

)

e2µi+σ2
i ,

(45)

thus concluding the proof.
It is important to notice that the probability of∆c being

negative, i.e.,

P [Λc < 0] = 1−Q



−
∑K

i=1
eµi+σ2

i /2

√

∑K
i=1

(

eσ
2
i − 1

)

e2µi+σ2
i



 (46)

is negligible because, in general, the argument of theQ
function will be a large negative number, thus renderingQ ≈ 1
and P [Λc < 0] ≈ 0. This is consequent with its physical
meaning, since rain attenuation cannot cause an increase in
the performance of the system.
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