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ABSTRACT

We considerthe blind equalizationproblemin single-user FIR

multichannelmodelsfrom the second-ordestatisticsof the chan-
neloutput.In particular we focusonthecaseof acorrelatecchan-
nel input, whosestatisticsareknown to the recever. The few al-

gorithmsthat are able to handlecolored sourcesusually require
exactknowledgeof the channelorder This is a major dravback
since channelorder determinationis a difficult issue. Recently
Gazzahetal. have presentedin SOS-basedhultichannelestima-
tion techniquewhich is robustto orderoverestimation.Although
theirmethodwasderivedassumingincorrelategourcesye shav

thatit canbe suitablymodifiedin orderto handlecoloredchannel
inputs. In particular it is shavn thatthe algorithmis still ableto

blindly computea bankof FIR pre-equalizersuchthattheoverall

channel pre-equalizeresponseeducedo anFIR transferfunc-
tion. This transferfunction dependnly on the sourcestatistics,
andin factit is known a priori by the recever, up to a comple

phaserotation. Thereforea post-equalizecan be designedn a
blind, straightforvard manner As expected,the methodremains
robustto orderovermodelingin the correlatedsourcecase.

1. INTRODUCTION

IntersymbolinterferencglSl) is thefactorthatlimits performance
in mary digital communicatiorsystemsandhenceadequatero-
cessingoy an equalizehecomesiecessarat the recever. Blind
channelequalizatioraddressethosetechniqueshat estimatethe
equalizemparameterdasedonly on the channeloutputwaveform
and knawledge of the statisticsof the transmittedsignal. This
eliminatesthe needfor trainingsequencesyhich decreasesystem
throughput.Second-ordestatistics(SOS)basednethodsare par
ticularly attractve,asSOScanbe moreaccuratelyestimatedrom
finite datarecordsthantheir higherordercounterpartsThe sem-
inal work in [11] shaved thatundercertainconditionsfinite im-
pulseresponsgFIR) single-inputmultiple-output(SIMO) chan-
nelscanbe equalizedby a bankof FIR filters, whosecoeficients
canbe computedfrom the channeloutput SOS. Following [11],
mary SOS-basedlind methodshave beendeveloped; see[10]
andthereferencesherein.

We considercommunicatiorsystemsn which the channein-
put statisticsare colored but knownto the receiver Correlated
sourcesmay arise for instanceas a result of channelencoding
[7], or from the use of nonlinear modulation formats such as
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continuous-phasenodulation(CPM) [9]. In eithercase,knowl-
edgeof the transmitterstructurewill provide the requiredsource
statisticsto therecever.

Most blind equalizatiortechniquesiave beendesigneased
on the assumptiorof a white channelinput, andthereforefail if
the sourceis correlated. Other methods,suchasthe onein [8],
requireno knowledgeof input statisticswhatsoger, which clearly
couldbeanadwantagein certainsituations.However, this knowl-
edgeis oftenavailable,andits useshouldintuitively improve per
formance. Among the algorithmsthat exploit sourcecorrelation
informationonefindsthosein [1, 4, 6]. Onecommondravbackof
thesemethodsds thatthey requirepreciseknowledgeof the chan-
nelorder In practice channebrderestimatiorbecomesdelicate
task [5], and thereforeblind algorithmsrobust to the effects of
channelorderoverestimatiorareof clearinterest.Recently Gaz-
zahetal. [2] have proposedan SOS-basednethodfor channel
identificationwhich is ableto accuratelyestimatethe channeim-
pulseresponsevhenthe assumedrderis greaterthanthe exact
channelorder Their method,however, wasoriginally devisedfor
uncorrelategources.

The goal of this paperis to shav that Gazzahs approactcan
be suitablymodifiedin orderto allow for coloredchannelinputs.
Althoughblind channelidentificationseemao longerfeasible,it
will be shavn that the techniqueis able to blindly determinea
‘pre-equalizer'whoseconvolution with the unknavn channelre-
ducedo anFIR filter whichdependsolelyonthesourcestatistics,
andmostimportantly it is knowna priori up to a comple phase
rotation. Hence a ‘post-equalizercanbe easily(andblindly) de-
signed,andits outputprovidesthe desiredestimateof thechannel
input. Evenwith correlatedsourcesthe methodremainsrobustto
channebrderovermodeling.

Thefollowing notationis adopted:bold lowercasdettersde-
notevectorswhile matricesaredenotecdy bold uppercaser cal-
ligraphicletters.(-)*, ()T, (-)*, denoteconjugatetransposa@nd
transposeonjugateespectiely. J is thedownshift squarematrix
with onesin the first subdiagonabnd zeroselsavhere, X is the
reversalsquarematrix with onesin the main antidiagonabndze-
roselsavhere,and;, is thek-th unit vector(dimensionshouldbe
clearfrom the context).

2. CHANNEL MODEL

The precisemodelto be considereds the FIR SIMO model

l
Xp = Zhianfi + Wn, (1)
=0



where{a,} is the zeromean,wide sensestationarysequencef
transmittedsymbols {x,, } is thep x 1 vectorof channeloutputs,
{wn} is ap x 1 zeromeanwhite noisevectorwith covariance
021, andthe p x 1 vectors{h;} representhe channelimpulse
responsethe numberof subchannels thusp. This multi-channel
modelmay ariseif multiple sensoraredeplg/edor if thechannel
outputis oversampledThechannefkelation(1) canberecastas

Xn = HSn + Wn, (2)

where,with m theequalizedength,

Xn = [ 5‘3: 5(7’1;7 1 i£7m+1 ]Ta
Wn = [ W;{ ngl ngm+1 ]T:
T
Sp = [ an QAnp-1 An—m—I1+1 ] s

and?H isanmp x (m+1) generalizedBylvestermatrix constructed
from the channelimpulseresponsd11]. A linearequalizercon-
sistsof anmp x 1 vectorg whoseoutputis just

ngn = gHHsn + gHwn.

Thusthe row vectorq” = g containsthe tapsof the com-
binedchannel-equalizampulseresponseThe vectorg is saidto
constitutea zero-forcing(ZF) equalizemwith associatedlelay if
q = #¥g hasasinglenonzeratapatthed + 1 position.
Thefollowing standardassumptions adopted.
Assumption 1. Thechannelmatrix H is tall andhasfull col-
umnrank. u

For this, theequalizedlengthm mustsatisfymp > m + [ (for
whichp > 2 is required). Then, if the transferfunctionsof the
p availablesubchannelslo not presentary commonroot, a cele-
bratedresultfrom [11] statesthatH will have full columnrank.
In thatcasejt is readilyseenthatany combinedchannel-equalizer
responsey canbeattainedby suitablychoosingheequalizewec-
tor g. In particular ZF equalizerof delays0 throughm +1 — 1
exist andaregiven by therows of the pseudoimerse*.

3. PRELIMINARIES
Let usintroduce

Ra(k) = E[xnxi_i], Rs(k) = E[snst_ ],
asthelag k autocorrelatiomatricesof the channebutputandthe
sourcesymbolsrespectiely. In the sequelwe will assumehat
the noiseis zero,asthe noisecomponentanbe subtractedrom
theoutputautocorrelatiomatricesR ; (k) usingastandardlevice
[11]: notethat

R (0) = HRs(0)H” + op L.
Sinceit is assumedhat# is strictly tall, the smallesteigervalue
of R.(0) is seento be s, andthereforeit canbe estimatedThen
we canconstructhe denoisedutputautocorrelatiommatrices

Ra(k) = Ra(k) — op 3™ = HRs (k)M . (3)

For corveniencelet usdefined = m + 1. Thefollowing assump-
tion onthe sourceSOSis made:

Assumption 2. The(d + 1) x (d + 1) autocorrelationmatrix
of thesourceprocess

i s} o

is positive definite. u

Following theapproachn [6], we introducethe Cholesly fac-
torization
Rs(0) = £L", (5)
with £ lower triangularwith positive diagonalelementgnotethat
Rs(0) > 0 dueto Assumption2) whichis known to therecever.
With this, we canintroducethe normalizedmatrices

H=%L, R,1)=L""R, )" (6)
Thenfrom (3) onehas
R.(0)=HH", R,(1)=HR,(1)H". @

4. REVIEW OF GAZZAH’'S APPROACH

Gazzabhs approacH2] canbe briefly describedasfollows. Con-
sidervectorsg, , g, satisfying
7éac(l)H& =0, ﬁﬁ(l)gd =0. (8)

Under our assumptionsH = #.L hasfull columnrank, which
equalsd. Thereforefrom (7), (8) yields

R:(1)"H"g, =0, Rs(1)H"g,=0. )
Obsere that
Hg, =£"q,, HYg,=L"q,
where
q =H"g, aq,=M1"g,

arethe correspondinghannel-equalizesombinedresponses.
Now, if thesources white with variances?2, thenonehas
L =o0,1, R:(1) =J. (10)

Thereforeq; andq, lie in the null spacesof J7 andJ respec-
tively. We concludethat

qQ = [a 0 - O]T
@ = [0 - 0 c]”

=cCi1€e1, (11)
= C4€d, (12)

with ¢1, ¢q someconstantsivhich neednot be nonzero. If the
zerosolutioncould be avoided, thenit is seenthatg, , g, would
constituteZF equalizerswith associatedlelays0 (minimal) and
d—1 (maximal). Todoso,[2] proposes$o maximizetheSNRatthe
equalizemutput. Sincethe signalandnoisetermsarerespectiely
gH s, andg® w,, thisoutputSNRis seerto begivenby

H H
SNR = 8 HR:(0H g (13)
Twg" 8
Thusthe problemcanbe castas
HT R.()g=0
maximize % subjectto or (14)

R.(1)g =0



Obsere thatthe null spaceof R (1) (or R(1)") hasdimension
mp—d+1. Letusfocusonthefirst constrainin (14),astheprob-
lemwith thesecondtonstrainis completelyanalogousLeti{; be
anmp x (mp—d+1) matrixwhosecolumnsform anorthonormal
basisof the null spaceof R, (1)". Thus,if R.(1)" g = 0, then
g satisfiegg = U, f for somevectorf. ThereforetheoutputSNR
(13) becomes
fIUE R, (0)ULE

o2 f4f
sincet/{'t4y = 1. The solutionf; maximizingthis SNRis the
eigervector of U R, (0)U1 correspondingo its largesteigen-
value. Theresultingequalizerg, = U:1f, is a ZF equalizerwith
zerodelay suchthatthe resultingoverall responses of the form
(11). The constante; in (11) canbe determinedwithin a phase
rotationambiguity inherentto the blind natureof the problem)by
notingthatg? R, (0)g, = a2|c1|*.

SNR =

5. THE COLORED SOURCE CASE

In thegeneralcaseonehasl # o,I andR;(1) # J. However,
asseenin [6], thesematricegpresentrich structurewhich canbe
exploited. In particular they arerelatedby

R.(1)=L"'J —era™)L, (15)

wherea = [ ax aq 17 is the coeficient vectorof the d-
th orderforward predictionerror filter (FPEF)for the sourcepro-
cess{an }. It is givenby

a=—-R;0)"'"Rs(1)"e1.
Thetransferfunctionof thed-th orderFPEFis then

d
a(z) =1+ Zaizik. (16)
k=1

Note thatJ — e;a® is a companionmatrix whoseeigervalues
coincidewith thezerosof a(z).

Now, if we requireagainthatg,, g, satisfy(8), we seefrom
(9) thatH” g, andH" g, lie in the null spacesf the matrices
R.(1)" andR,(1) respectiely. A potentially problematicsitu-
ationmay ariseif Rs(1) is nonsingularin which casethesenull
spaceseduceto {0}. Thenthecorrespondingqualizeoutputhas
no signalcomponentwhich is clearly undesirable.To avoid this
situation,we shallmake anadditionalassumption.

Assumption 3. Thecoeficientay is equalto zero. ]

Whenthisholds,R;(1) becomesingularin view of (15). Al-
thoughthis assumptions critical to the following analysis simu-
lationsin Section7 will shav thatthemethoddoesnotbreakdown
whenayg # 0.

Null space of R.s(1)”

Let usexaminethenull spaceof R, (1)7

whenag = 0:
R.(1)"v=0 = 3" —aef ™" v=0
=> @ —ae )L v=0
= ,CiHV = c1[ 1 o ag—1 ]T

wherethelastline followsfrom AssumptiorB, ande; isaconstant.
Thuswe concludethatif R (1)7g, = 0, then

L:iHHHgl :HHgl =all a Qd—1 ]T- 17)

Hencetheoverallchannel-equalizaesponse!’ = g reduces

to amultiple of theFPEFresponseyhosetransfeffunctionis a(z)
in (16).

Null space of R, (1)

On the otherhand, if a vectorv lies in the null spaceof R(1)
underAssumption3, then

Rs(1)v=0 = L 'J-eia®)Lv=0
= (J—elaH),Cv:O
= Lv =cgqeq
= v =cgfoeq.

The third line follows now from the fact that the null spaceof a
singulard x d companiommatrix is the spanof the vectore4, and
the lastoneis a consequencef £~ beinglower triangular; 3o
denoteghe(d, d) entryof £L71. Again, ¢, is anunknavn constant.
Hencejf R.(1)g, = 0, then
H%g, = cafoeq = H gy = caPol Peq. (18)
Thus, in this casethe overall channel-equalizeresponsa;f =
gl H is proportionatto thelastrow of theinverseCholesly factor
£, It is known from linear predictiontheory[3] that this row
containghe coeficientsof the FPEFof orderd — 1 for theprocess
{an}. Specifically if we denote

e = [Bacr - B Bo]
= p, (19)

thenthetransferfunctionof the (d — 1)-th orderFPEFis givenby
d-1 e

=1+ ) Hky7F 20

B(2) Z;@f (20)

(notethat By is positive real). However, dueto the orderupdate
propertyof predictionfilters [3], underAssumption3 it turnsout
thatthe FPEFsof ordersd andd — 1 coincide,i.e.

_ B
=

Obsere, however, that the 8;, coeficientsin (19) appearin re-
verseorder Hence,the transferfunction of the combinedre-
sponseqt = gfH is proportionalto z~(¢~Ya*(1/2*). This,
of coursejs thetransferfunctionof the badward predictionerror
filter (BPEF)for theprocess{an }.

Themagnitude®f theconstantg;, ¢4 canbeeasilyobtained.
First,from (18)it follows that

ag k=1,...,d—1 = «a(z)=p8(z)- (21)

gy Ra(0)g, = gl HH g, = |ca|?5. (22)

Obtaining|c; |? is slightly moreinvolved, but the approachs the
same.Noting thatthe vectorin the right-handside of (17) is just
B ' X3, onehas

g{JHHH&
le1|?

B3

g{lﬁx (0)g; =

(V. %] [ (23)




Onecanshaw thatthevector£™ X3 hasunit norm:
BX e xp = BYXIR.(0)XAB
B"R.(0)°B
_ ,BHL:*ﬁT,B
H
= €4 €4
1,

where the secondline follows from the fact that XR,(0) =
Rs(0)*X becauseR,(0) is Hermitian Toeplitz, and the fourth
from the definition of B in (19). Therefore,one has|c:i|* =
B3 (g1 Ra(0)g:)-

In both cases(g, or g;) an output SNR maximizationap-
proachcanbeundertaknexactly in thesamemannersin Section
4, in orderto avoid the zerosolution.

6. POST-EQUALIZATION

In the precedingsectionwe have shawvn thatin the coloredsource
case,and under Assumption3, the equalizerschosenfrom left

andright null vectorsof the lag-1 denoisedautocorrelatiorma-
trix R (1) of thechannebutputresultin combinedesponsethat
are proportional,respecitiely, to the forward and backward pre-
diction errorfilters for the sourceprocess.The FPEFand BPEF
are determinedby the sourcestatisticsalone,and thereforethey

are availableto therecever. As a consequenceyy virtue of the
‘pre-equalizersg,, g,, the (unknavn) SIMO channelis reduced
to a known (up to a scaling) SISO one. This meansthata ‘post-

equalizer’canbedesignedSeveralapproacheseempossible:

1. By using the two pre-equalizersg,, g,, a single-input
double-outputchannelwould be obtained,the FPEF and
BPEFbeingthe two subchannelsThesetwo subchannels
do nothave commonzeros sinceAssumption3 guarantees
the FPEFS transferfunction to be minimum phase while
the BPEF's will be maximum phasé. Hence,a double-
input single-outputZF post-equalizecould be readily de-
signed.

The problemwith this approachs that the residualphase
ambiguitiesin eachsubchanne(cf. the constants:, ¢4 in
(17) and(18)) areindependentwhich precludedirectde-
signof the post-equalizerit is possiblejn principle,to find
the relative phasedifferencebetweenthe two subchannels
by notingthat

g1 Ra(0)g, = (cica)(el’ Ra(0)ea). (24)

However, in mostpracticalcaseshelag<(d — 1) autocorre-
lation coeficientof thesourcee R, (0)eq, will have very

small magnitude. This will make estimationof cjc, via

(24) numericallytroublesome.

2. Anotheroptionis to usea singlepre-equalizefg, or g,),
andthendesigna Minimum MeanSquarecError (MMSE)
FIR postequalizerThis designcanbe carriedout because
the combinedresponsgg, or g,;) is known in adwance,
togetherwith the autocorrelationof the sourcesequence.
Sinceit is assumedhatthenoisevectoratthepre-equalizer
inputis whitewith covariances2,, theautocorrelatioriunc-
tion of thenoiseatits outputis alsoknown: thelag k auto-
correlationcoeficientis givenby o2 (g J*7g).

Lin fact,having |a4| < 1 is enoughfor theseto hold.

3. ThesimplestapproacHollows from notingthatthetransfer
function a(z) of the FPEFis minimum phase,andthere-
fore it canbe stably and causallyinverted. This suggests
usingg, aspre-equalizelandan all-polefilter 1/a(z) as
post-equalizer This hasthe adwantageof computational
simplicity over the MMSE approachwhich requirescom-
putationandinversionof the covariancematrix of the pre-
equalizeroutput. On the other hand, this straightfavard
designdoesnot take noiseinto account,so that noiseen-
hancemenproblemscouldappeamatlow SNRs.

Using this last approachthe algorith can be summarizedasfol-
lows:

1. EstimateR.(0), R.(1) from thereceveddata.

2. Estimater., asthesmalleskigevalueof R (0), andcon-
structthe denoisednatricesR . (0), R (1) in (3).

3. Performa SingularValueDecomposition(SVD) of ﬁm(l)
andretainin thecolumnsof ¢/1 themp — d+1 left singular
vectorscorrespondingo themp — d + 1 smallestsingular
values.

4. Computef, asthe unit-normeigervectorof /¥ R, (0)U,
correspondindo its largesteigevalue Amax, andlet g, =
Uifq. Also let c1 = 50 vV )\max.

5. Obtainthe pre-equalizeoutputy,, = (g¥x,)/c1.
6. Estimatethesourcedataviaa, = [1/a(z)]yn.

This extensionof Gazzahs algorithmremainsrobustto chan-
nel orderovermodeling.Note thatthe only pointin the algorithm
above at which the (estimatedxhannellenght! intervenesis step
3 (sinced = m + 1). If L is overestimatedthenfewer singular
vectorswill beretainedin /1. However, the resultingequalizer
will still performacceptablyexceptin the highly unlikely casein
which all the singularvectorsretainedhapperto be orthogonato
thesignalsubspace)xlthoughsomedegradationis expected.

7. SSIMULATION RESULTS

In thesimulationsa correlatedQPSKsource{a, } wasused.The
generatiorprocesswhich was chosenfor its simplicity andwith
illustrative purposesis asfollows:

—14j if (bnba2)=(00)
W) ALHG i (babaz)=(01)
"= —1—j if  (bnbaosz)=(10)

+1—35 if (bnbn2)=(11)

where{b, } is the input streamof i.i.d. bits (b, = 0 or 1 with
equalprobability). Theresultingautocorrelatiorcoeficientsare

2, k=0,
Elana,_;] =< =£j, k==2,
0, else.

It canbe checled thatthe resultingcoeficientsay, of the orderd
FPEFare,ford = 2qord = 2q + 1,

. 0, k odd,
Y%= (- E2)5*2, keven.

NotethatAssumption3,i.e. ag = 0, is satisfiedfor oddd, but not
for d even.
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Figurel: SERvs. SNR.Pre-equalizefengthm = 10, assumeahannelorder! = 3.
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Figure2: SERvs. SNR.Pre-equalizefengthm = 5, assumeahannelorder! = 3.

Considerthe following p = 2 subchannelsvith order! = 3

andcoeficients] hg h; hy; hs |=
0.3 0.4—3501 01402 —0.2+50.6
—-02—-3501 05-30.2 -05-30.1 0.4+ 50.2

We computedhepre-equalizeg; by themethoddescribedn Sec-
tion 6 for severalchoicesof theparameterskor performanceom-
parisonpurposesthe residualphaseambiguityis removed before
evaluatingthe symbolerrorrate (SER)for eachcase.This evalu-
ationwasmadeusing10® symbolsandaveragingthe resultsover
100independentrials.

Fig. 1 shavsthesymbolerrorrateobtainedwith the proposed
method. The vectorg, wascomputedandusedas pre-equalizer
usingseveral recordlengths(V = 200, 500, 1000 and 2000 re-
ceived samplegersubchanneljor the estimationof the autocor
relationmatrices.The pre-equalizeorderwasm = 10, andl = 3
(correctchannelorder)wasassumed Obsere that for theseval-
ues,d = m + | = 13 is odd,sothatAssumption3 is satisfied.

Thefirst setof curvesin Fig. 1 werecomputedy usinganall-
pole post-equalizei /a(z), while an FIR post-equalizatioffilter
designedunderthe MMSE criterion was usedfor the secondset

(the value of o2, wasestimatedasin step2 of the pre-equalizer
computationalgorithmin Section6). For a fair comparisonthe
samenumberof tapswastakenfor theFIR andIIR post-equalizers.
Sinceit is known a priori thatthe overall channel pre-equalizer
transferfunction is minimum phase,an associatedlelay of zero
canbetakenin theFIR post-equalizedesignwithoutperformance
loss.

Theresultsobtainedwith thetwo approachearequitesimilar,
which makesthe ‘quick anddirty’ all-pole post-equalizedesign
moreattractive givenits smallercomputationaload. In bothcases,
performancemprovesasmoresamplesareusedfor pre-equalizer
computation,as expected. Theseeffects are also evident in Fig.
2, which shavs theresultsobtainedunderthe sameconditions the
only differencebeingthatthepre-equalizeorderhasbeenreduced
tom = 5. Inthatcasepnehasd = m + | = 8 whichis even,so
thatAssumptiorBis violated(onehasa, = 0.2). Still, significant
reductionof the SERis obsered, so thatthe algorithmseemso
berobustto this effect.

Finally, Fig. 3 compareshe SER obtainedwith exact and
overestimate@hannebrders for thetwo casef ashort(m = 5)
andlong (m = 10) pre-equalizersboth with an all-pole post-
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Figure3: SERvs. SNR.All-pole post-equalizersV = 1000 symbolsusedfor estimation.

equalizer It is seenthat with a shortpre-equalizerperformance
degradeswhen the channelorderis overestimatedalthoughthe

schemes still ableto equalizethe channelj.e. it doesnot break
down. If alongerpre-equalizeis used,channebrderoverestima-
tion doesnot translateinto performancedegradation. This is as

expectedsincethedimensionof thesubspacéom whichthepre-

equalizeris extractedis m(p — 1) — I + 1, which grows linearly

with m.

8. CONCLUSIONS

We have shawvn how the algorithmof Gazzahet al. [2] for blind
identificationof FIR SIMO channelsanbeappropiatelymodified
in orderto accounfor sourcecorrelation(assuminghatthesource
statisticsare known to the recever). More precisely although
channeldentificationis nolongerfeasible themethodis still able
to blindly obtainpre-equalizersvhoseconvolution with the chan-
nel is known to the recever (up to a phaserotation). Therefore,
designof a post-equalizers straightforvard. The algorithmuses
second-ordestatisticonly of theobseredsignal,andit preseres
theappealingpropertyof theoriginalmethod2] of beingrobustto
channebrderovermodeling. Thecomputationatompleity of the
proposedxtensionis comparabldo thatof the original approach

[2].
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