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Abstract—Spectral precoding and windowing are two effective
approaches to reduce out-of-band radiation (OBR) in multicarrier systems. Their performance comes at the price of reduced
throughput and additional computational complexity, so there
is strong motivation for simultaneously using both techniques.
We present a novel design that jointly optimizes the precoder
and window coefficients to minimize radiated power within a
user-selectable frequency region. Results show that the proposed
design achieves a better OBR/throughput/complexity tradeoff
than either of these individual techniques separately.
Index Terms—OFDM, out-of-band radiation, sidelobe suppression, windowing, spectral precoding.

I. I NTRODUCTION
Due to its inherent advantages, orthogonal frequency division multiplexing (OFDM) has established itself as the
most popular multicarrier modulation scheme: it is spectrally
efficient, robust against frequency-selective fading thanks to
the cyclic prefix (CP), and well matched to multiple-input
multiple-output (MIMO) operation [1]. Nevertheless, it has
some drawbacks, including large spectrum sidelobes which
cause high out-of-band radiation (OBR). To alleviate this issue,
many techniques have been proposed, which can be broadly
categorized as frequency-domain and time-domain methods.
Frequency-domain techniques suitably modify the samples
at the input of the inverse fast Fourier transform (IFFT).
Deactivating subcarriers near the band edges to shape the
spectrum is simple but very inefficient, due to the high subcarrier sidelobes. Multiple choice sequence techniques [2], [3]
require the transmission of side information with each symbol,
increasing system overhead. Data-dependent techniques, such
as constellation expansion [4] or subcarrier weighting [5],
[6], are computationally expensive, as they require solving an
optimization problem per OFDM symbol.
Spectral precoding is another frequency-domain approach to
mitigate OBR, by which the transmitted sequence is computed
as a linear combination of the data [7]–[11]. In general,
precoding introduces distortion, so appropriate decoding is
required at the receiver to avoid error rate degradation. If
the precoding matrix has orthonormal columns, its effect can
be easily inverted at the receiver without noise enhancement
[9]–[11]. Nevertheless, orthogonal precoding (OP) generally
suffers from high computational complexity. On the other
hand, active interference cancellation (AIC) methods, which
can be seen as a particular case of spectral precoding, use
some reserved subcarriers for OBR reduction without altering
the data subcarriers. Thus, AIC is transparent to the receiver,
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which merely discards the cancellation subcarriers [12], [13].
The complexity of AIC methods is significantly lower than
that of OP, but at the expense of worse OBR performance.
In both cases, additional subcarriers are required, with the
corresponding impact on throughput.
Time-domain schemes modify the samples at the IFFT
output. Standard filtering [14] is simple, but usually requires
filters with long impulse responses, which decreases the
effective guard interval of OFDM symbols. Data-dependent
techniques like adaptive symbol transition [15] incur additional
complexity, similarly to their frequency-domain counterparts.
The typical rectangular pulse in CP-OFDM can be replaced by
a pulse (or window) with soft edges, resulting in much sharper
sidelobe decay in the frequency domain, a technique known as
weighted overlap-add (WOLA) [16] or windowed OFDM (WOFDM) [17]. The complexity of W-OFDM is low as compared
to other OFDM-derived waveforms [18], but at the price of
reduced efficiency due to the need to extend the symbol length.
Different window functions are discussed in [19]. Among
them, the raised cosine (RC) window is commonly used for
its good performance and straightforward implementation [20].
The window can also be specifically tailored to minimize OBR
over a desired range of frequencies [21].
Time- and frequency-domain approaches have their own
advantages and drawbacks, and their tradeoffs involving OBR
reduction, computational complexity, and throughput efficiency need not be the same. Such tradeoffs should improve
by simultaneously acting in both domains; for example, a
spectral precoder could be designed for a given window, as
in [22]. Our goal is to further improve on such approach
by jointly optimizing both precoder and window coefficients.
Further differences between our design and [22] include: (i)
we allow to target arbitrary frequency ranges by leveraging
the design from [21] rather than using notch frequencies;
(ii) we allow redundant spectral precoders, establishing the
overall throughput efficiency once this redundancy is taken
into account together with the symbol length extension due to
windowing. The benefits of the proposed joint design, which is
data-independent and can be computed offline, are illustrated
for two particular precoding techniques which do not affect
the bit error rate, namely OP and AIC.
II. S YSTEM M ODEL
Consider an OFDM signal generated with an IFFT of
size N . Let K = {k1 , k2 , · · · , kK } denote the set of active
(m)
subcarriers, and xk
be the data modulated on the k-th
subcarrier in the m-th symbol. The baseband samples of the
multicarrier signal are then given by
s[n] =

∞
X
X

(m)

2π

xk hP [n − mL]e N k(n−mL) ,

(1)

m=−∞ k∈K
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where L is the hop size in samples, and hP [n] is
the shaping pulse, with Fourier transform HP (ejω ) =
P
∞
−jωn
. The analog baseband signal is
n=−∞ hP [n]e
s(t) =

∞
X

s[n]hI (t − nTs ),

(2)

n=−∞

where Ts is the sampling interval, and hI (t) is the impulse response of the interpolation filter in the Digital-to-Analog
ConR∞
verter (DAC), with transform HI (f ) = −∞ hI (t)e−j2πf t dt.
With ∆f = N1Ts the subcarrier spacing, let us define


(3)
ϕk (f ) ≜ HP∗ ej2π(f −k∆f )Ts ,
ϕ(f ) ≜ [ ϕk1 (f ) ϕk2 (f ) · · ·

ϕkK (f ) ]T .

(4)

The pulse hP [n] extends from n = 0 to n = L+Q−1, so that
the first and the last Q samples of any consecutive symbols
overlap. The central samples of hP [n] are fixed to 1 to avoid
distortion at the receiver: hP [n] = 1 for Q ≤ n ≤ L − 1;
whereas the edge samples hP [n] for n = 0, 1, . . . , Q − 1
and n = L, L + 1, . . . , L + Q − 1 are to be designed. The
gradual transition from 0 to 1 results in a sharper PSD.
On the other hand, the effective CP length is reduced to
NCP = L − N − Q samples due to the Q-sample overlap
between consecutive symbols; therefore, for a given effective
CP length (determined by the maximum expected length of the
channel impulse response), windowing results in a throughput
+NCP
efficiency reduction by a factor NN
+NCP +Q .
III. P OWER S PECTRAL D ENSITY
Let dm ∈ CD , with D ≤ K, be the data sequence to
transmit. Each entry of dm is independently drawn from an
M -ary constellation C with zero mean and unit variance,
so that E{dm } = 0 and E{dm dH
m′ } = δmm′ ID . Thus,
R = K −D is the precoder redundancy. The vector of samples
in the m-th block is denoted as
xm ≜ [ x(m)
k1

(m)

xk2

···

(m)
xkK ]T .

(5)

We consider linear memoryless precoding, for which {xm } is
generated from {dm } as
xm = Gdm ,

(6)

where G ∈ CK×D is the precoding matrix. Then, as shown
in [23], the power spectral density (PSD) of s(t) is given by
Ss (f ) =

|HI (f )|2 H
ϕ (f )GGH ϕ(f ).
LTs

|HI (f )|2 H H
h M (f )GGH M (f )h.
LTs

The goal is to minimize PW with respect to the pulse h and
precoder G. This general problem can be stated as

h[n] = 1, Q ≤ n ≤ L − 1,
min PW (h, G) s. to
(12)
structural constraint on G.
h,G
The second constraint in (12) depends on the particular
precoder structure (e.g., OP or AIC) as discussed below.
Problem (12) is nonconvex in general. However, if either
h or G is fixed, the corresponding subproblem becomes
manageable. Thus, we propose to cyclically minimize PW
with respect to these parameters (pulse and precoder).
A. Optimal window for a given precoder
For fixed G, the weighted power in (11) becomes PW =
hH Z(G)h, where Z(G) ∈ C(L+Q)×(L+Q) is given by
Z ∞
|HI (f )|2 H
M (f )GGH M (f )df, (13)
Z(G) ≜
W (f )
LTs
−∞
which is Hermitian positive (semi-)definite. Then the following
convex subproblem is obtained:
min hH Z(G)h
h

s. to

J H h = 1,

(14)

where J ∈ C(L+Q)×(L−Q) comprises columns Q + 1 through
L of IL+Q , and 1 ∈ CL−Q is the all-ones vector. The
solution to (14) can be readily found in closed form: letting
Je ∈ C(L+Q)×2Q comprise columns 1 through Q and L + 1
through L + Q of IL+Q , then JeH h contains the edge samples
of h, given by JeH h = −(JeH Z(G)Je)−1 JeH Z(G)J 1.
B. Optimal precoder for a given window
The PSD from (10) can be rewritten as
Ss (f ) = tr{GH Φ(f ; h)G},

(15)

I (f )|
where Φ(f ; h) ≜ |HLT
M (f )hhH M H (f ). Thus, letting
s
R∞
AW (h) ≜ −∞ W (f )Φ(f ; h)df , PW in (11) becomes

PW = tr{GH AW (h)G}.

(16)

1) Orthogonal precoder: With OP, the structural constraint
on the precoder reads as GH G = ID , yielding
(9)

Thus, Ss (f ) in (7) can be rewritten in terms of G and h as
Ss (f ) =

−∞

2

and h ∈ CL+Q comprises the (conjugated) pulse samples:
h∗ [L + Q − 1] ]T .

Let W (f ) ≥ 0 be a weighting function, giving emphasis
to those frequencies over which PSD reduction is important.
Then, the weighted power, which quantifies OBR, is given by
Z ∞
W (f )Ss (f )df.
(11)
PW =

(7)

Note that ϕ(f ) in (4) can be rewritten as ϕ(f ) = M (f )h,
where M (f ) ∈ CK×(L+Q) is given entrywise by

1 ≤ p ≤ K,
[M (f )]pq = ej2π(q−1)(f −kp ∆f ) ,
(8)
1 ≤ q ≤ L + Q,

h ≜ [ h∗ [0] h∗ [1] · · ·

IV. J OINT P RECODER AND W INDOW D ESIGN

(10)

min tr{GH AW (h)G}
G

s. to

G H G = ID ,

(17)

whose solution G comprises the eigenvectors of AW (h)
corresponding to the D smallest eigenvalues.
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2) AIC precoder: The data vector dm is directly mapped
to D of the K active subcarriers, whereas the remaining R =
K − D subcarriers are used for cancellation. Let S ∈ CK×D
comprise the D columns of IK corresponding to the indices
of active subcarriers to which the data is directly mapped,
and let T ∈ CK×(K−D) comprise the remaining K − D
columns of IK . Then the structural constraint on the AIC
precoder is G = S + T Θ, where S, T are fixed whereas Θ ∈
C(K−D)×D is a free parameter. Minimizing PW = tr{(S +
T Θ)H AW (h)(S + T Θ)} w.r.t. Θ is a convex quadratic
problem with solution Θ = −(T H AW (h)T )−1 T AW (h)S.
However, this may result in too much power being allocated
to cancellation subcarriers, resulting in undesirably large PSD
peaks. To control the size of these peaks, a regularization term
can be introduced, leading to the following subproblem:
min tr{(S + T Θ)H AW (h)(S + T Θ)} + γ∥Θ∥2F ,
Θ

(18)

where larger values of the regularization parameter γ ≥ 0 will
result in lower spectral peaks. The solution to (18) is given by
Θ = −(T H AW (h)T + γIR )−1 T AW (h)S.
C. Cyclic optimization
To obtain an approximate solution to (12), we first initialize
h0 as an RC window. Then, for k ≥ 1, we solve:
OP:

Gk

=

arg min PW (hk−1 , G)
s. to G G = ID

AIC:

Gk

=

arg min PW (hk−1 , G) +
G

s. to G = S + T Θ
OP & AIC:

hk

=

(19)
γ∥Θ∥2F
(20)

arg min PW (h, Gk )
h

s. to J H h = 1.

bits/s. Hence, the metric for throughput efficiency

is

η=

Rb
1 − R/K
=
,
Rb,ref
1 + Q/(NCP + N )

(22)

R
which depends on the relative precoder redundancy K
and the
Q
relative window redundancy NCP +N . Thus, a given efficiency
η can be achieved with different (R, Q) values, by using longer
windows with fewer redundant subcarriers, or vice versa.
The proposed design is data-independent, so it can be computed offline. Regarding online complexity, windowing takes
2Q complex multiplications per OFDM symbol (cm/symb) at
the transmitter, whereas no additional complexity is incurred
at the receiver; with respect to the precoder, one has:
• OP. The online complexity at each of transmitter and
receiver is K(K −R) cm/symb, if multiplication by G or
GH is implemented directly, but it becomes R(2K − R)
cm/symb with Clarkson’s reduced complexity approach
[24], which will be assumed in the sequel. With this, the
total complexity including windowing and precoding is
2R(2K − R) + 2Q cm/symb.
• AIC. At the transmitter, AIC requires R(K − R)
cm/symb. At the receiver end, the R cancellation subcarriers are just discarded, with no additional complexity.
The total complexity is thus R(K − R) + 2Q cm/symb.

VI. R ESULTS

G

H

K log2 M
(N +NCP )Ts

(21)

Note that the sequence of objective values PW (hk , Gk ) for
OP, or PW (hk , Gk )+γ∥Θk ∥2F for AIC, is non-increasing and
bounded below, so it must be convergent. Although there is no
guarantee that the global optimum of (12) is found, simulation
results validate the good performance of the proposed scheme.

V. R ECEIVER OPERATION , E FFICIENCY, AND C OMPLEXITY
At the receiver end, after synchronization, the CP and the Q
overlapping samples between consecutive blocks are removed.
After an N -point FFT and equalization, the vector r ∈ CK
with the samples of active subcarriers is obtained. With OP,
data can be estimated as DEC{GH r}, where DEC{·} is an
entrywise operator returning, for each entry, the closest symbol
in the constellation; since G has orthonormal columns, noise
enhancement is avoided. On the other hand, AIC is transparent
to the receiver: data can be estimated as DEC{S H r}, i.e.,
cancellation subcarriers are simply discarded.
Each OFDM block, carrying D data symbols, is sent every
(K−R) log2 M
D
= (N
LTs seconds, so that the bit rate is Rb = LT
+NCP +Q)Ts
s
bits/s. For the same effective CP length NCP , the baseline is
given by a system with no precoding (R = 0) and without
windowing (Q = 0), whose corresponding bit rate is Rb,ref =

We study the performance of the proposed joint precoder
and window (JPW) design in a CP-OFDM system with IFFT
size N = 256 and CP length NCP = N/4. The DAC filter is
lowpass with HI (f ) = 1 for |f | ≤ 2T1 s and zero otherwise.
There are K = 65 active subcarriers, located symmetrically
about
n the carrier frequency. The
o weighting function is W (f ) =
∆f
1
1
1, ∀ 8Ts + 2 ≤ |f | ≤ 2Ts , and zero otherwise.
A. Windowing and Orthogonal Precoding
For a given efficiency η, JPW provides the flexibility to
trade off complexity and OBR reduction by choosing R and
Q. Fig. 1 shows the PSD obtained by JPW with orthogonal
precoding (JPW-OP), along with that of standard CP-OFDM
with 5 null subcarriers at each band edge, for the above system
parameters and fixing η = 84.6%. Note that (R, Q) = (10, 0)
corresponds to orthogonal precoding with rectangular pulses,
whereas (R, Q) = (0, 58) reduces to the optimal window
design from [21] with no precoding. It is seen that windowing,
by itself, is unable to provide a fast rolloff at the passband
edge; an orthogonal precoder, without windowing, performs
much better in this regard, but the associated online complexity
is significantly higher. The tradeoff provided by JPW-OP is
clearly seen in Fig. 1, and also in Table I. For (R, Q) =
(8, 12), JPW-OP provides a 4.3-dB OBR improvement with
respect to the standard orthogonal precoder, with 82.3% of its
complexity. With (R, Q) = (6, 23), complexity can be reduced
to 63.9%, with just a small OBR degradation of 0.5 dB.
Table I also shows the results for a simplified design in
which the window is fixed to an RC pulse, and then the
orthogonal precoder is optimized for this fixed window, as
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TABLE I
O NLINE C OMPLEXITY AND OBR ( RELATIVE TO THAT OF PLAIN
CP-OFDM WITH 10 NULL SUBCARRIERS ) OF JPW-OP AND RC-OP.
η = 84.6%.

0
-20

-10

Power spectral density (dB)

-40

-20

(R, Q)
cm/symb

-60
0.1

-30

0.11

-40

0.12

0.13

0.14

plain OFDM
(R,Q) = (10,0)
(8,12)
(6,23)

-50

0.15

OBR, dBr
JPW-OP
RC-OP

(4,35)
(2,47)
(0,58)

(8, 12)
1976
82.3%

(6, 23)
1534
63.9%

(4, 35)
1078
44.9%

(2, 47)
606
25.2%

(0, 58)
116
4.8%

−31.8
−31.8

−36.1
−30.6

−31.3
−28.9

−24.1
−22.8

−10.6
−9.0

−3.9
−2.8

TABLE II
O NLINE C OMPLEXITY AND OBR ( RELATIVE TO THAT OF PLAIN
CP-OFDM WITH 10 NULL SUBCARRIERS ) OF JPW-AIC AND RC-AIC.
η = 84.6%, S PECTRAL PEAK ≤ 2 dB.

-60
-70

(R, Q)
cm/symb

-80
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

f·T s

Fig. 1. PSD of the proposed JPW-OP design for different (R, Q) pairs.
η = 84.6%, N = 256, NCP = N/4, K = 65.

Power spectral density (dB)

(10, 0)
2400
100%

0

0

-10

-20
-40

-20
-60
0.1

-30

0.11

0.12

0.13

0.14

0.15

-40
-50

plain
(10,0)
(8,12)
(6,23)
(4,35)
(2,47)
(0,58)

-60
-70
-80
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

f·T s

OBR, dBr
JPW-AIC
RC-AIC

(10, 0)
550
100%

(8, 12)
480
87.3%

(6, 23)
400
72.7%

(4, 35)
314
57%

(2, 47)
220
40%

(0, 58)
116
21%

−9.9
−9.9

−28.3
−26.5

−29.8
−27.8

−23.6
−22.2

−10.6
−9.0

−3.9
−2.8

(JPW-AIC) is significantly lower than that of JPW-OP. Fig. 2
shows the corresponding PSDs for η = 84.6%. In each case,
half of the R cancellation subcarriers are placed at each of the
passband edges, and the regularization parameter γ is adjusted
to prevent spectral peaks above 2 dB. It is seen that both
AIC precoding without windowing, i.e., (R, Q) = (10, 0),
and windowing without precoding, i.e., (R, Q) = (0, 58),
present serious limitations in terms of sidelobe suppression.
By suitably choosing (R, Q), performance can be significantly
improved, as seen in Fig. 2 and Table II. As a side benefit, for
R ≤ 6, the joint use of windowing and precoding turns out to
avoid spectral peaks altogether in this case. Fig. 3 shows the
convergence of the cyclic scheme (19)-(21) in this setting.
Interestingly, JPW-AIC may be able to provide OBR reduction levels comparable to those obtained with the standard (i.e.,
no windowing) orthogonal precoder, with much less online

Fig. 2. PSD of JPW-AIC for different (R, Q) pairs. η = 84.6%. Spectral
peak is limited to 2 dB. N = 256, NCP = N/4, K = 65.

-5

-5

JPW-OP

B. Windowing and AIC precoding
In addition to being transparent to the receiver, AIC is
computationally much simpler than orthogonal precoding.
Thus, the online complexity of JPW with AIC precoding

-15

-15

-20

-20

dBr

-10

dBr

proposed in [22]. This approach, termed ”RC-OP”, corresponds to performing (19) for iteration k = 1 of the JPWOP design, and then stopping. (We denote ”RC-AIC” the
analogous strategy for AIC precoders). Whereas JPW-OP
and RC-OP have the same online complexity for a given
(R, Q) pair, it is seen that jointly optimizing the precoder
and the pulse improves OBR performance, e.g., by 5.5 dB
for (R, Q) = (8, 12). Nevertheless, the RC-OP design may
be attractive in dynamic spectrum access scenarios requiring
frequent recomputation of precoder and window parameters
due to the varying availability of spectral subbands.

JPW-AIC
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-25
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-30

-30

-35

-35

-40

0
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15

20

-40

(R,Q)=(2,47)
(4,35)
(6,23)
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0

5
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15

20
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Fig. 3. Convergence of the proposed designs in terms of OBR in the setting
of Figs. 1 and 2.
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TABLE III
O NLINE C OMPLEXITY AND OBR ( RELATIVE TO PLAIN OFDM WITH NULL SUBCARRIERS ) OF DIFFERENT DESIGNS . N = 256, K = 65.
η
NCP = N/4
OP (R)
AIC (R)
W-OFDM (Q)
RC-OP (R, Q)
JPW-OP (R, Q)
RC-AIC (R, Q)
JPW-AIC (R, Q)
NCP = N/16
OP (R)
AIC (R)
W-OFDM (Q)
RC-OP (R, Q)
JPW-OP (R, Q)
RC-AIC (R, Q)
JPW-AIC (R, Q)

90.8%
cm/symb
1488 (6)
354 (6)
33 (16)
1030 (4,11)
266 (4,11)
cm/symb
1488 (6)
354 (6)
56 (28)
1026 (4,9)
262 (4,9)

dBr
−14.5
−6.3
−1.8
−14.5
−15.6
−12.7
−14.2
dBr
−18.3
−3.5
−1.9
−14.0
−15.3
−9.4
−11.1

87.7%
cm/symb
1952 (8)
456 (8)
90 (45)
1510 (6,11)
376 (6,11)
cm/symb
1952 (8)
456 (8)
76 (38)
1508 (6,10)
282 (4,19)

dBr
−22.8
−7.9
−3.2
−23.5
−24.6
−20.9
−22.3
dBr
−27.1
−4.5
−2.4
−27.1
−29.0
−14.5
−16.4

complexity. From Tables I and II, it is seen that for the same
efficiency (η = 84.6%), JPW-AIC with (R, Q) = (6, 23) performs only 2 dB worse than the standard orthogonal precoder,
400
with just 2400
= 16.7% of the complexity (which is all placed
at the transmitter). This is further illustrated in Table III, which
shows the results obtained in this setting for two CP lengths
(N/4 and N/16) and for different efficiency values, and where
we have picked the pair (R, Q) corresponding to the largest
OBR reduction for JPW-OP and JPW-AIC in each case. For
all AIC-based schemes, spectral peaks are kept below 2 dB.
VII. C ONCLUSION
Energy efficiency is a critical aspect of wireless transceivers,
and thus it is important to exploit all available tools at one’s
disposal to perform a given task with the lowest energy
consumption. We have shown that, for multicarrier systems,
the combination of spectral precoding and windowing has the
potential to provide sidelobe suppression comparable to that
of standard precoding while sustaining the same throughput,
but with much less online complexity. The proposed design
for jointly computing precoder and window coefficients can
be run offline, and it can be flexibly adapted to emphasize
suppression over a user-selectable frequency range.
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