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Spectral precoding is effective in reducing out-of-band radiation (OBR) in multicarrier systems, but it introduces distortion in the data, requiring a suitable decoder at the receiver.
Thus, trading off OBR reduction, implementation complexity,
and error rate is of paramount importance. We present a precoder design which minimizes OBR under constraints on the
distortion at each individual data subcarrier. By judiciously
choosing the distortion profile, the decoding task can be significantly alleviated, with a sizable improvement in terms of
implementation complexity with respect to previous designs.
Index Terms— OFDM, spectral precoding, out-of-band
radiation, sidelobe suppression
1. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is a mature technology with significant advantages: it is spectrally
efficient, robust against multipath effects, and well matched
to multiple input multiple output (MIMO) implementation.
Due to these, the Third Generation Patnership Project (3GPP)
has agreed on cyclic prefix (CP)-based OFDM as the modulation technique for 5G phase 1 [1]. But OFDM also has
drawbacks, such as large spectrum side lobes, causing high
out-of-band radiation (OBR) and adjacent channel interference. Traditionally, OBR has been mitigated via guard-band
insertion, filtering, and/or pulse shaping [2, 3]. These techniques are straightforward, but they either degrade spectral
efficiency or decrease the effective CP length.
Over the years, new OBR reduction approaches have been
proposed. Constellation expansion [4] and multiple choice
sequences [5] require transmitting side information, causing
system overhead. Subcarrier weighting [6, 7] and adaptive
symbol transition techniques [8] are data dependent, i.e., they
require solving an optimization problem for each OFDM
symbol. Active interference cancellation (AIC) methods
modulate some reserved cancellation subcarriers with appropriate data-independent linear combinations of the symbols
transmitted on data subcarriers [9] [10]. AIC can be seen as a
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particular case of a more general family of techniques known
as spectral precoding. A number of precoder designs have
been proposed according to different criteria, e.g., smoothing
the time-domain waveform [11, 12], introducing out-of-band
notches [13, 14], contrast energy ratio [15], or other heuristics
[16, 17, 18]. In general, these methods suffer from high complexity at both transmitter and receiver, where the precoding
and decoding operations are respectively implemented.
We have recently proposed in [19] a design which trades
off OBR reduction and decoder complexity by constraining
the overall normalized mean squared error (NMSE) that the
precoder introduces in a data block. We have observed that
this total distortion constraint (TDC) design results in an
uneven NMSE distribution among subcarriers, as shown in
Fig. 1. In this example with 492 data subcarriers, the average
NMSE was constrained to 0.015. As they contribute more towards OBR, edge subcarriers get more distorted than central
ones. The highly distorted edge subcarriers are more prone to
errors and dominate receiver complexity: the decoder needs
more iterations to achieve a given error rate.
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Fig. 1. Normalized MSE for the TDC design. TDC = 0.015.
Based on these observations, and to improve on the TDC
design, we explore the possibility of setting different NMSE
constraints on each data subcarrier. In this way a userselectable NMSE profile can be specified, providing more
flexibility and control in the tradeoff between OBR reduction and the required number of decoder iterations. Similarly
to the TDC design, the new individual distortion constraint
(IDC) design results in precoding matrices which are approximately low rank, a property which can be exploited to further
reduce complexity.

2. SIGNAL MODEL
An N -subcarrier OFDM system with subcarrier spacing ∆f
Hz, cyclic prefix length Ncp and rectangular pulse shaping is
considered. From [20], the spectrum of the kth subcarrier is
φk (f ) = ϕ(f /∆f − k)G(f ) for k = 0, . . . , N − 1, where


π(N +Ncp )ν
sin
(N +Ncp )ν
N
N

ejπ
(1)
ϕ(ν) ,
sin πν
N
and G(f ) is the frequency response of the D/A interpolation
filter, assumed here to be an ideal brickwall lowpass filter
with bandwidth equal to half the sampling rate. Let φ(f ) =
T
T
[ φ0 (f ) · · · φN −1 (f ) ] and x = [ x0 · · · xN −1 ] , with xk
the sample modulating the k-th subcarrier for a given OFDM
symbol. The power spectral density (PSD) is given by
H

2

H

H

Px (f ) ≈ E{|x φ(f )| } = φ (f )E{xx }φ(f ).

(2)

Assume that Nd ≤ N subcarriers are allocated for data
transmission, whereas a number Nc = N − Nd  Nd of
cancellation subcarriers are specifically modulated to aid in
OBR reduction. Let S be the N × Nd matrix comprising
the columns of IN with indices given by the positions of data
subcarriers, and let T comprise the remaining Nc columns of
IN . Note, S H S = INd , T H T = INc and S H T = 0. Let d
be the Nd × 1 data vector in the given OFDM symbol, and let
G be the N × Nd precoding matrix, so that
x = Gd = (SP + T Q)d,

(3)

where P = S H G (size Nd × Nd ) and Q = T H G (size
Nc × Nd ). As long as P 6= INd , precoding will distort the
data subcarriers, so that the symbol error rate will degrade
unless proper compensation is applied at the receiver.
Assuming E{d} = 0 and E{ddH } = INd , (2) becomes
Px (f ) ≈ tr{GH Φ(f )G},

Φ(f ) , φ(f )φH (f ). (4)

Let B denote the out-of-band frequency range. Defining the
N × N positive (semi)definite matrices
Z ∞
Z
ATOT ,
Φ(f ) df,
AOBR ,
Φ(f ) df, (5)
−∞

B

the total transmit power and OBR are respectively given by
Z ∞
PTOT =
tr{GH Φ(f )G} df = tr{GH ATOT G}, (6)
−∞
Z
POBR =
tr{GH Φ(f )G} df = tr{GH AOBR G}. (7)
B

3. PROPOSED PRECODER DESIGN
The data subcarriers are modulated by S H x = P d 6= d.
With k · kF denoting the Frobenius norm, the total NMSE is
1
E{kP d − dk2 }
=
kP − INd k2F .
E{kdk2 }
Nd

(8)

In the TDC design from [19], the constraint kP − INd k2F ≤
Nd TDC is imposed, with TDC ≥ 0 the maximum allowable
NMSE. On the other hand, with ei the i-th column of INd ,
the NMSE experienced by the i-th subcarrier is given by
2
E{|eH
i (P d − d)| }
= kP H ei − ei k2 ,
H
2
E{|ei d| }

(9)

i.e., the squared Euclidean distance from ei to the i-th row of
P . In the proposed IDC design, the NMSE (9) on each subcarrier is constrained to a maximum value 0 ≤ i  1. The
transmit power is also constrained: let P0 = tr{S H ATOT S}
be the transmit power for (P , Q) = (INd , 0), i.e., when using null subcarriers and no precoding. The design becomes





kP H ei − ei k2 ≤ i ,
i = 1, · · · , Nd ,
min tr{GH AOBR G} s.to
H
tr{G
ATOT G} ≤ βP0 ,
P ,Q



SP + T Q = G,
(10)
where 0 < β ≤ 1 is a scaling factor which can be adjusted to
prevent undesirable spectral spurs [21].
Problem (10) is a Least Squares (LS) problem with Nd +1
Quadratic Inequality (QI) constraints, and hence convex. Although it can be solved in principle using any suitable package, this becomes impractical as the number of subcarriers
increases. This is particularly important in dynamic spectrum
access systems which must reconfigure their transmission parameters as spectrum availability changes over time. Thus,
we seek alternative approaches with less complexity. In particular, we note that LS problems with a single QI constraint
(LSQI) can be efficiently solved via the Generalized Singular
Value Decomposition (GSVD) [22, Ch. 12]. Our approach is
to replace Problem (10) by a sequence of much simpler LSQI
problems.
To this end, note first that for fixed P , (10) reduces to
an LSQI problem with respect to Q, similarly to [19]. On
the other hand, let pei , P H ei , and given ` ∈ {1, · · · , Nd },
consider Problem (10) for fixed Q and pei for all i 6= `, i.e.,
the minimization is carried out with respect to pe` only: in this
way, an LSQI problem is obtained, whose only constraint is
kpe` −e` k2 ≤ ` . In fact, the resulting LSQI problem is highly
structured and can be solved in closed form without resorting
to the GSVD (details are skipped for brevity).
Based on this facts, we propose to minimize POBR sequentially and iteratively, first with respect to Q and then with
respect to the rows of P ; at each step, the corresponding optimization variable is affected by a single QI constraint. The
proposed iterative method is summarized in Algorithm 1.
In this way, the original problem is replaced by a sequence
of easy-to-solve LSQI problems which clearly produces a sequence (Pk , Qk ) of feasible points for problem (10). In addition, the sequence of objective values POBR (Pk , Qk ) is nonincreasing and therefore convergent, since POBR is bounded

(`)
pek+1,` ← arg minpe` POBR (Pk+1 , Qk )
2
kpe` − e` k ≤ `
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below. Finally, the convergent point must be feasible because
the feasible set is closed.
At the receiver, after timing and carrier synchronization,
the CP is discarded and an N -point FFT is applied. At its
output, the samples at the Nc cancellation subcarriers are discarded. Channel equalization is applied to the Nd data subcarriers, resulting in the following Nd × 1 vector of samples:
r = P d + w = d + ∆d + w,

(11)

where w is the noise vector, and ∆ , P − INd is the distorPNd
tion matrix, which by design satisfies k∆k2F ≤ i=1
i . As
in [19], the fact that ∆ is small suggests the use of iterative
decoding: initializing dˆ0 = r, the estimate of the data vector
d is obtained at iteration k as
k = 1, 2, . . .

(12)

where DEC{·} is an entrywise hard-decision operator, returning for each entry its closest point in the constellation.
4. COMPLEXITY ANALYSIS
It is important to quantify the implementation complexity of
any OBR reduction method, both at the transmitter and the
receiver. Regarding the transmitter, directly implementing (3)
requires (Nd + Nc )Nd complex multiplications per OFDM
symbol (cmults/symb). However, similarly to [19], the matrices ∆ and Q obtained with the proposed IDC design happen
to be approximately low-rank. Thus, their respective SVDs
can be truncated to their r∆  Nd and rQ  Nd principal
components, yielding accurate approximations of the form
H
Q ≈ LQ RQ
,

10

Fig. 2. Obtained PSDs for a system with N = 512, Nc =
20. ”Standard OFDM” refers to a system with (P , Q) =
(INd , 0).
100

dˆk = DEC{r − ∆dˆk−1 },
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end for
(N )
Pk+1 ← Pk+1d
k ←k+1
until convergence

H
∆ ≈ L∆ R∆
,
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Power spectral density (dB)

Algorithm 1 Precoder design with individual distortion constraints (IDC)
Initialize k = 1 and P1 = INd
repeat
Qk
←
arg minQ POBR (Pk , Q) subject to
PTOT (Pk , Q) ≤ βP0
∀ i ∈ {1, . . . , Nd }, pek,i ← PkH ei
for ` = 1, . . . , Nd do
P`−1
PNd
(`)
eH
eH
Pk+1 ← j=1 ej peH
k+1,j + e` p
` +
k,j
j=`+1 ej p

(13)

where L∆ , R∆ have size Nd × r∆ , whereas LQ and RQ respectively have size Nc ×rQ and Nd ×rQ . Then the transmitH
H
ter computes P d ≈ d + L∆ (R∆
d) and Qd ≈ LQ (RQ
d),
requiring only 2r∆ Nd + rQ (Nd + Nc ) cmults/symb.
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Fig. 3. SER in AWGN channel, N = 512, Nc = 20. TDC
design (left), IDC design (right).
On the other hand, receiver complexity is dominated by
the product ∆dˆk−1 in (12). If the total number of decoding
iterations is Nit , then direct implementation of such product
results in Nd2 Nit cmults/symb. Using (13) instead, this is reduced to 2r∆ Nd Nit cmults/symb. Nit will depend on the distortion present in the precoded signal, resulting in a tradeoff
between OBR reduction and decoding complexity as in the
TDC design from[19]. However, the fact that the IDC design
allows to fine-tune the distortion level on a per-subcarrier basis results in a more favorable tradeoff, as shown next.
5. NUMERICAL EXAMPLES
We compare the proposed IDC design with previous schemes,
in terms of OBR reduction, symbol error rate (SER), and implementation complexity. In the following numerical examples we consider a CP-OFDM system carrying 16-QAM data,
with 5 MHz bandwidth, N = 512 subcarriers and 1/32 CP.
The sampling rate of the D/A converter is 20 MHz, so that
B = [−10, −2.5] ∪ [2.5, 10] MHz.
In the first example, the IDC and TDC designs are compared for Nd = 492, so that 10 cancellation subcarriers are
reserved at each spectrum edge. To have similar behavior in
terms of spectral overshoot, the values βTDC = 0.974 and
βIDC = 0.98 were chosen. The average NMSE in the TDC
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Fig. 7. Distortion profile {i } of the proposed IDC design.

design was set to TDC = 0.015, whereas for IDC the NMSE
at each data subcarrier was set to i = 0.013. These values yield similar results in terms of OBR, as seen in Fig. 2.
Fig. 3 shows the SER of both designs in an AWGN channel. The proposed IDC design requires fewer decoder iterations (about 2) to cover the gap to the uncoded system,
whereas the TDC design needs 5 iterations to do so. For both
TDC and IDC, the resulting matrices ∆ (size 492 × 492) and
Q (size 20 × 492) were replaced by their best low-rank approximations with (r∆ , rQ ) = (12, 7), without compromising performance. With this, both precoders required 15, 392
cmults/symb. The decoder complexities for TDC (Nit = 5)
and IDC (Nit = 2) are 59, 040 and 23, 616 cmults/symb, respectively. Receiver complexity is thus reduced by 60%.
The IDC design is flexible enough to meet different system requirements. In the second example, the number of
cancellation subcarriers is Nc = 50 out of N = 512. Fig. 4
shows the PSDs obtained by the proposed method (with
βIDC = 1 and i = 0.003 for all i) and the orthogonal precoder design from [15]. Although IDC is outperformed in
terms of OBR reduction, it still provides satisfactory performance at only a fraction of the cost. Using (r∆ , rQ ) = (5, 8),
a single iteration suffices at the decoder, yielding 8,716 and
4,620 cmults/symb respectively at the transmitter and receiver. In contrast, even when using the low-complexity
implementation from [23], the orthogonal precoder requires
48,700 cmults/symb at both transmitter and receiver.
In the third example we consider a bandwidth-limited scenario with only Nc = 4 cancellation subcarriers available. In

this case, the orthogonal precoder requires 4,080 cmults/symb
at both transmitter and receiver. The OBR reduction obtained
by orthogonal precoding can be improved if one uses IDC
precoding instead, at the cost of additional complexity. Fig. 5
shows an example with βIDC = 0.983, i = 0.007 ∀i. In
this case, the decoder requires a single iteration, see Fig. 6(a).
Using (r∆ , rQ ) = (7, 4), the complexity incurred is 9,160
and 7,112 cmults/symb at the transmitter and receiver, respectively.
Moreover, with the IDC design it becomes possible to
further improve the performance by judiciously specifying a
non-uniform NMSE profile {i }. In particular, using the profile shown in Fig. 7, the OBR is further reduced by more than
6 dB as seen in Fig. 5, with the same values (r∆ , rQ ) = (7, 4),
and one additional decoder iteration, see Fig. 6(b).
6. CONCLUSION
The proposed spectral precoder design has manageable offline complexity, and provides significant flexibility when
achieving a tradeoff between out-of-band radiation reduction and on-line computational complexity. The fact that the
maximum distortion experienced by data subcarriers can be
specified on a per-subcarrier basis can be exploited in order
to reduce the number of iterations required by the decoder,
significantly reducing the computational complexity of the
receiver. In this way, system requirements can be met in a
broad variety of settings. Future research will address the
optimization of the per-subcarrier distortion profile.
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