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Abstract—Accurate Direction of Arrival (DoA) estimation with
Partially-Connected (PC) arrays is hindered by dimensionality
compression in the analog domain. This loss of spatial informa-
tion restricts the degrees of freedom (DoF) available, degrading
the performance of high-resolution algorithms. To recover the lost
DoFs, we propose an approach that reconstructs the equivalent
spatial covariance matrix (SCM) of the fully digital array. The
method leverages the discrete Short-Time Fourier Transform
(STFT) underlying the PC measurements, and formulates SCM
reconstruction as a Generalized Least Squares (GLS) estimation
problem. The resulting estimator, asymptotically efficient, is
validated across multiple scenarios with numerical results.

Index Terms—Direction of arrival estimation, hybrid analog
and digital arrays, covariance matrix reconstruction, array signal
processing.

I. INTRODUCTION

Accurate estimation of the Direction of Arrival (DoA) is
fundamental for next-generation 6G MIMO, radar, and satellite
communications [1], [2]. To mitigate the prohibitive cost of
Fully Digital (FD) arrays, which require a dedicated radio
frequency (RF) chain per antenna, Hybrid Analog-Digital
(HAD) architectures [3] and emerging paradigms such as Fluid
Antennas [4] have gained significant traction. While Fully-
Connected (FC) HAD arrays offer maximum beamforming
flexibility, Partially-Connected (PC) HAD architectures pro-
vide a more hardware-efficient implementation by mapping
disjoint antenna sub-arrays to a limited number of RF chains,
significantly reducing the number of phase-shifters [3]. To fur-
ther minimize hardware, passive beamforming networks such
as the Rotman lens replace active components with passive
analog devices to drastically reduce power consumption and
cost [5]. However, this efficiency comes at the cost of reduced
flexibility, as the analog beamforming is limited to Discrete
Fourier Transform (DFT) configurations.

However, since the number of RF chains is generally
much lower than the number of antenna elements, HAD
architectures reduce the degrees of freedom (DoF) required
for high-resolution subspace algorithms like MUSIC, which
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rely on the Spatial Covariance Matrix (SCM) of the FD
array [6]. Furthermore, HAD architectures require a codebook
of analog beamforming configurations. Minimizing the size
of the codebook is critical to reducing the sensing time,
which requires analytical parameterization to avoid losing vital
spatial information. Works as [7] or [8] propose techniques
for estimating the SCM with a single RF-chain using DFT
beamforming, the latter also extended to FC [9] and PC
[10] architectures, respectively. These contributions lack a
statistical characterization of the estimation process, leaving
room for further improvements.

In our previous work [11], [12], we addressed the FC
scenario, demonstrating that the estimation process can be sig-
nificantly improved while reducing the size of the codebook by
exploiting inter-RF-chain correlations and the specific statistics
of measurement errors. Also for the FC case, a convenient
parameterization of the sensing codebook is developed in
[13], leading to the application of an asymptotically efficient
Generalized Least Squares (GLS) estimator, although the
results cannot be transferred to PC arrays, which are usually
preferred in practical applications for hardware complexity,
power consumption and scalability reasons.

In this paper, we derive a GLS estimator for the SCM
of the FD array by explicitly exploiting the inter-sub-array
output correlations of PC arrays, formulated through a discrete
Short Time Fourier Transform (STFT). The proposed approach
improves the performance of DoA estimation with independent
sub-arrays, when used in conjunction with high-resolution
subspace methods.

Notation: Throughout this paper, upper- and lower-case
boldface letters denote matrices and vector, respectively. The
entry in the uth row and the vth column of the matrix A is
denoted by A[u,v], and the uth element of the vector a is
denoted by a[u]. The operations (-)*, (-)7 and (-) represent
the complex conjugate, transpose and Hermitian transpose. ®
denotes the Kronecker product. The N x [N identity matrix is
denoted by Iy, while 0y n represents an M X N matrix
of zeros. The operators | - |, || - |2 and E[] represent the
absolute value, the ¢5-norm and the expectation, respectively.
The operator vec(A) refers to the vectorization of the matrix
A, formed by stacking its columns into a single vector. A
block-diagonal matrix with constituent blocks Ag,..., Ax_1
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Fig. 1: Geometry of the problem. ULA with NV antennas, Nrp
RF chains, and L impinging sources.

is denoted by blk diag(Aq,..., An_1).

II. SIGNAL MODEL

We assume L uncorrelated narrowband sources impinging
on a Partially-Connected (PC) hybrid analog and digital array
with N antennas and Ngrp sub-arrays, each connected to an
independent RF-chain (Fig. 1). The number of antennas per
sub-array is ), with N = @) - Ngp, and constant inter-element
distance equal to d = A/2 for wavelength . Each sub-array is
equipped with an analog combiner formed by () phase-shifters
and constant amplitudes.

We assume K time snapshots distributed in M batches,
during which the phase-shifter configuration remains constant,
changing after a time window of Kj; = K/M snapshots.
Following downconversion and sampling, the signal x(¢) goes
through the analog beamforming in the mth batch as

Ym(t) = BEx(t + mKyy)
= B (A()s(t + mKy) +n(t+mKy)), (1)

for 0 < m < M and 0 < t < Ky Here, s(t) =
[s0(t),...,s5_1(t)]" is the transmitted source vector, mod-
eled as a zero mean, random vector with covariance R, =
diag(cZ,...,02 ;). Noise is a complex white Gaussian
random vector n(t) € CV*! with zero mean and a covariance
matrix o2 Iy. The matrix A(v) = [a(vo),...,a(r_1)] €
CN*E named the array manifold, encodes the DoA informa-
tion; its /th column is the steering vector of the ¢th source
expressed by a(yy) = [1,...,e/ =0T for a perfectly
calibrated array, with the directional sine 1, = 7 sin(6).

The set of beamforming matrices {B,, € CN*Nxr} js
referred to as the codebook of the PC-HAD array, and such
that each B,, follows a block diagonal structure

B,, = blk diag (b0 b, Nee—1) » 2)

where b, ,, € C@*! is the beamforming vector of the nth
sub-array in the mth batch. For Fourier beamforming, we

synthesize beams pointing at spatial frequencies (or directional
sines) Wy, n:
binnlg] = Q7121 0<q<Q. (3)

After beamforming, the received signal y,, € CNex1 jg still
zero mean with SCM S,,, € CNrrxNer:

S 2 E[ym(t)ynlzlb(t)] = Brlr{Rmea 4)
where R, = E[z(t)x’(t)] is the SCM of the equivalent FD
array given by R, = A(¢¥)R A () + 021Iy. Since R; is
diagonal, the SCM is Hermitian Toeplitz and it can be entirely

characterized by the 2N — 1 entries of the spatial covariance
sequence 1, € CN=1x1 gych that

Tz [k] £ R, [k’ O]a rw[_k] = T‘; [k]’

III. GLS ESTIMATION OF THE SCM

0<k<N. (5

In this section, we develop a GLS framework to estimate the
covariance vector 7., without assuming any prior knowledge
about the number of sources or the powers involved. The
underlying discrete STFT formulation of the PC measurements
will be exploited to establish a formal linear mapping between
batch covariance matrices {S,,} and the sequence r,, ulti-
mately leading to an optimal estimate of .

A. STFT Driven Codebook Design

Let Sy,[u,v] = BH[:,u]R,.B,,[:;,v] be the covariance
between outputs of sub-arrays 0 < wu,v < Ngg. Given
the block diagonal structure of B,, in (2), the uth column
only contains non-zero entries for the uth sub-array. Mapping
global indices to local ones via p = u@ +p’ and g = vQ + ¢/,
where 0 < p/,¢ < (@, the beamformer entries become
B, [uQ + p',u] = Q1/2e/“m.«?" Invoking the Hermitian
Toeplitz property R.[p,q] = rz[p — q] [7] and defining the
phase difference Aw,, , £ Win,u —Wm,v, the covariance matrix
simplifies as:

Sonlus] = Q137 alp! — g/ (u— 0)QJe e )

rq
Q-1 )
= E _ —JWm,uq
- g=—Q+1 w(AwU7v7 q]r1 [q + (U U)Q]e ) (6)

where the change of variables ¢ = p’ — ¢’ collapses the
double sum. The weighting function w(Aw,, ., q] absorbs the
remaining inner sum over ¢’ and it is defined as:
min(Q—1,Q—1—q)

1 - /
N e JAWuvg" (7)

Q

Under uniform steering, with all sub-arrays steered toward the
same direction, i.e., w,, = Wm,u VU (see Fig. 1), the phase
difference is zero, Aw,, = 0, and a discrete STFT emerges:

w(Awy,v, q]
¢ =max(0,—q)

Q-1
Synlu, v] = Z — %)Tm[q + (u — v)Qle™74m1. (8)
g=—Q+1

The entries of S, are spectral coefficients obtained by parti-
tioning the 2N — 1 samples of the covariance sequence into
2Ngr — 1 overlapping segments of length 2Q) — 1, applying a
triangular window to each segment, and projecting the result
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onto the frequency w,,. Following this path, we design the
codebook as a set of M = 2() — 1 beamforming matrices. The
steering direction for each batch is chosen from a (2Q) — 1)-
DFT grid as
27
29 -1
Remark 1: The STFT interpretation in (8) provides a unified
framework that extends the existing literature to explain the
DFT beamforming in PC architectures. In the analog beam-
forming limit (Ngg = 1,Q = N, M = 2N —1), the expression
of S,,, £ 8,,[0, 0] matches the result obtained in [7], since (8)
provides 2N — 1 samples of the spatial power spectrum:

m 0<m<2Q - 1. 9)

Wm

Q-1
Sy = Z ( - M)rw[q]e*j‘“mq 0<m< 2N -1
=—Q+1 Q

Conversely, for the FD scenario (Ngg = N,Q = 1, M = 1),
the expression reduces to Sy, [u,v] = Ry[u,v] = ri[u — ],
which corresponds to the covariance values of the FD array.
B. GLS Formulation

In practice, the entries of the true batch covariance matrix
{S.} are not directly observable. Instead, we rely on esti-
mates, typically computed via the sample average as:

Ky—1
Sm=Ky Y ymyp(t) 0<m<M—1. (10)
t=0

If we aggregate these measurements into the vector
p = [vec(So)7T,...,vec(Sr—1)"]7, (11)

we have that the observation p is asymptotically distributed
as a complex Gaussian vector [14]1-[16]', with mean

p(ry) 2 E[p] = [vec(So)?,...,vec(Sp—1)" 1", (12)
and block-diagonal covariance matrix defined as
Ry (ry) 2 E[(p — p(r))(p — p(ra))"] = (13)

= K, - blk diag(S] © S,.... S5 _1 ® Spr_1).

Note that while S,,, depends on the unknown sequence 7, we
omit this dependence for clarity. Consequently, a feasible GLS
estimator of the spatial covariance sequence (5) is obtained by
solving

7o = argmin [|R, Y2 (p — p(ra)) |3, (14)
where Rp is a consistent estimator of R,(r;) obtained by
replacing {S,,} with {S,,} in (13). Under this consistency,
the solution of (14) shares the same asymptotic properties as
the GLS estimator which uses the true R,(r,) [17].

The solution to (14) can exploit the linear mapping between
the covariance sequence r, and the vector p(r,) through (8)
and (12). Specifically, since each \S,,, is Hermitian Toeplitz, it

"While [16] offers a method for HAD architectures, it employs a general
model that does not exploit the specific hardware structure for direct co-
variance estimation. This leads to a multi-dimensional optimization problem
with prohibitive computational complexity, making the technique suitable only
when the number of sources and their approximate locations are known a
priori.

is uniquely determined by only 2 Ngr—1 entries. By combining
this property with the spectral representation of the entries
S [u,v], we can decompose the vectorized matrix vec(S,,)
into a cascade of linear operators:
vec(Sp) = S [0, 0lvec(Dy)+
Nir—1
+ 3 (sm [, 0]vec(DT) + 8., [0, n]vec(Dn))
n=1

= 37 Pf p (Longe—1 @ Q) Pyry, (15)

where {D,, € {0, 1}VrexNer} are basis matrices defined as
D,[u,v] = 1 if v —u = n and zeros otherwise. This
decomposition decouples the measurement process into a
spatial expansion operator Pj:

P, =[P}, ... (16)
Psn = [0020-1)n@, 120-1,002q0-1) 2(N-@)-ngl,  (17)
followed by a 2Ngr — 1 windowed DFT (I3ng.—1 ® ) with
Qfu, q] = (1 - |gl/Q)e 7", (18)

for 0 < u < 2Q and —Q < g < Q. The spectral selector
Py, selects the spectral coefficients in the mth batch as

T T
’ PS,2NRF72] I

P,y =Dy 1 @ el (19)

where e,, € {0,1}2Q=1x1 js defined such that e,,[m] = 1
and zeros elsewhere. The final Hermitian Toeplitz operator
maps the selected spectral coefficients into the vectorized
matrix vec(S,,) via

S7 = [vec(Dyg—1), - - -, vee(Dy), ..., vec(DY,._1)]. (20)
Thus, the aggregated vector p(r;) in (12) can be expressed as
P(ry) = (I @ ) Pp(Iange—1 ® Q) Pory = $ry,, (21)

with all the scanned spatial frequencies grouped into the
codebook matrix Py = [PfT 0 Pf A1) T Substituting
(21) into the optimization problem (14), the GLS solution
reduces to a closed-form estimator:

7o = (TIR1®) W R p.
The overall computational complexity of the proposed method
is O(N3). Although the estimator involves multiple matrix
multiplications, the block-diagonal structure of Ep allows
for highly efficient evaluation via batch-level processing. The
complexity of the product ¥ R; W is dominated by M in-
dependent batch-level multiplications of the form X/ (S’;LT ®
.SA’;l)ET. These terms can be efficiently computed using the
techniques developed in [15], which avoid the explicit forma-
tion of high-dimensional Kronecker products and significantly
reduce the computational complexity. However, the algorithm
ultimately requires the inversion of the matrix (¥ R; L),
which entails a complexity of O(N?3) and constitutes the
dominant computational bottleneck.

(22)

The estimator 7, is uniquely determined if (¥ R, '¥) in
(22) is invertible. If the sample averages {S’m} in (10) are
computed using Kp; > Nrp snapshots, then R, is positive
definite, and invertibility is equivalent to ¥ being full column
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rank, i.e., rank(¥) = 2N — 1.

Lemma 1. The matrix ¥ = (I @ 37)P(Iang, -1 ® Q)P
has full column rank, i.e., rank(¥) = 2N — 1, if the codebook
size satisfies M > 20Q — 1.

Proof. We rely on two rank properties: rank(A @ B) =
rank(A) - rank(B), and rank(AB) = rank(B) for any full-
column rank matrix A [18]. By applying the properties,
we preserve the full column rank of W if each constituent
matrix has full column rank: (i) The columns of X7 in
(20) are formed by vectorized matrices vec(D),,) that select
disjoint matrix diagonals. As these diagonals do not overlap,
the columns are mutually orthogonal (vec(D,,)?vec(D,,) =
trace(DH D,,;) = 0 for n # n'), giving X7 full column rank.
(ii) For M = 2Q — 1, P in (19) is a square permutation
matrix, hence invertible. For M > 2Q — 1, Py retains this
submatrix preserving full column rank. (iii) €2 in (18) is
square and full-rank because it factors in invertible matrices as
Q = (2Q —1)FW, where F is a (2Q — 1)-point DFT matrix
and W is a diagonal matrix with strictly positive weights:
{1- |q\/Q}(?=__1Q+1. (iv) By definition, P, in (16) is formed
via shifted identities with disjoint columns, yielding a full
column rank of 2N —1. Consequently, the full rank of Py prop-
agates through the product, yielding rank(¥) = 2N — 1. O

IV. SIMULATIONS

We validate our proposal via MC = 2 - 10 inde-
pendent Monte Carlo realizations. The transmitted signal
vector s(t) is complex Gaussian distributed, with normal-
ized power per source such that af,g = 1 V¢ thus,
the signal-to-noise ratio is defined with respect to the
noise power: SNR = —10log(c2) [dB]. Performance is

evaluated via the Root Mean Square Error: RMSE =
\/WlL S M By — 6:4), where {6} is the true (th
source DoA and {HAM} is the corresponding estimate in the 7th
realization. DoAs are estimated by applying the Root-MUSIC
algorithm [1] to the reconstructed covariance matrix R,.
Theoretical limits are provided by the averaged Root Cramer-
Rao lower bound (RCRB): RCRB = \/ % ZL:_Ol CRB(6,),
where the expression of CRB(f;) can be found in [16].

We compare our proposal against three baseline schemes
suited to the PC architecture: (i) (BSA) [10], which employs
DFT-based uniform steering but yields suboptimal perfor-
mance by neglecting the required statistical weighting; (ii)
Dynamic Covariance Orthogonal Matching Pursuit (DCOMP)
[19], which relies on K distinct pseudo-random beamforming
matrices?; and GramNet [20], a deep-learning-based covari-
ance estimator adapted from switch-based architectures to
partially-connected using proposed uniform steering; (iv) for
Nrr = N, the Asymptotic Maximum Likelihood (AML)? [15]
is used.

2In pseudo-random beamforming, the phase of each phase-shifter is drawn
from a uniform distribution ¢/ (0, 27).
3Note that GLS for FD architectures (N = Ngp) is equivalent to AML.

Unlike sparse recovery alternatives [19] that can handle
L > N sources, our method is limited by the N —1 degrees of
freedom of the ULA [1]. However, the proposed method effec-
tively overcomes the hardware-constrained scenario L. > Ngg
[21], achieving near-efficient performance as demonstrated in
our simulations. To focus on the region of practical interest,
the figures display results with RMSE < 5°.

First, we evaluate the RMSE of the methods relative to
the angular separation between two closely spaced sources,
located at fp = 0° and 63 = A. As shown in Fig. 2a the
GLS estimator demonstrates rapid convergence to the RCRB
as A > 0.87° it exhibits a performance close to RCRB for
any number of RF chains. Alternatives perform considerably
worse in low Ngp regimes, whereas our proposal maintains
robust performance and converges to the AML benchmark in
the FD limit (Ngrg = N).

The following simulations evaluate the RMSE with L = 5
angular closed sources at §, = {—8°,—2.5°,0°,2.5°,6°}. We
begin by noting that while DCOMP can achieve an RMSE
lower than 1° in less congested environments (see Fig. 2a), its
performance degrades in the complex scenario analyzed here.

Fig. 2b displays the impact of SNR on estimation accuracy.
Specifically, for Ngr = 2 we observe a performance plateau
at high SNR, behavior caused by a lower or equal number
of RF chains than targets, Ngg < L, as demonstrated in
[21]. Remarkably, for Ngp = 8, only our proposal remains
close to the RCRB. Finally, in Fig. 2c, we examine the
impact of the number of snapshots K. The efficacy of the
GLS framework is heavily dependent on the quality of the
whitening matrix estimate ﬂp. As K increases, the sample
covariance matrix S,,L provides a more consistent estimate of
the error statistics, allowing the GLS estimator to weight the
measurements more effectively. The simulation confirms that
the proposed method approaches the RCRB as samples grows,
validating the asymptotic efficiency of the GLS formulation.
While asymptotically efficient, the reliance on second-order
statistics makes the framework less suited for low-snapshot
regimes (K < 100) where alternatives, such as sparse recovery
techniques or machine learning methods, are typically favored.

V. CONCLUSION

This work has considered the estimation of the Spatial
Covariance Matrix of the equivalent Fully Digital array in
PC-HAD architectures by establishing a novel analytical link
between analog beamforming and the discrete STFT. This
interpretation allowed for the design of a structured codebook
that ensures the complete reconstruction of spatial informa-
tion, effectively bridging the gap in the existent literature
between analog beamforming and Fully Digital architectures.
The resulting GLS estimator incorporates measurement error
statistics to achieve asymptotic efficiency. From the numerical
analysis, it was concluded that the framework outperforms
other alternatives even in scenarios with a minimal number
of RF chains and closely spaced sources. Further work on the
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Fig. 2: N = 32 and Ngr € {2, 8,32}. (a) RMSE as a function
of angular separation. SNR = 0 dB, K = 1736; (b) RMSE as a
function of SNR. 6, = {—8°,—2.5°,0°,2.5°,6°}, K = 1736;
(c) RMSE as a function of K. 0, = {—8°, —2.5°,0°,2.5°,6°},
SNR = 0 dB.
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complexity reduction would be of high interest for practical
purposes.
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